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Randomized algorithms are hard to test, thus accentuating the need for formal
methods to ensure their correctness. When probabilistic separation logic was
first developed as a formal method for proving probabilistic independence be-
tween program variables, it was unclear whether this approach generalizes to
weaker forms of probabilistic separation used in program analysis.

We first overview existing work in Bunched logic — the assertion logic un-
derlying separation logic — and probabilistic separation logic for independence
in chapter 2.

In chapter 3, we extend probabilistic separation logic to reason about negative
dependence, a relation in which an increase in one variable makes others less
likely to increase. We demonstrate the utility of this program logic by analyzing
hash-based data structures, such as Bloom filters.

In chapter 4, we introduce a variation of probabilistic separation logic for
reasoning about dependence and independence. Specifically, we use it to estab-
lish conditional independence between programs variables in simple programs.

Last, in chapter 5, we present the unary fragment of BLUEBELL to provide a
more ergonomic way to reason about conditional independence and indepen-
dence. We illustrate its application through more intricate examples drawn from
cryptography, security, and probabilistic graphical models.

All the program logics developed in this thesis target imperative programs

that can sample from probability distributions.
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CHAPTER 1
INTRODUCTION

1.1 Probabilistic Programs

Whether one believes the world we live in is fundamentally deterministic or the
result of some dice rolling, probability offers a useful lens to model and analyze
various phenomena. For example: “Would it rain tomorrow?” “Who would
win US Open this year?” “"How unlikely are these constituencies to be divided
in a such biased way? ” These are all scenarios where we can use probability to

distill our uncertainties into some quantities.

For computer programs, probabilities again play an important role. For in-
stance, when an algorithm’s efficiency can vary largely depending on the in-
put, it makes sense to consider the average cost, which makes an assumption
about the program’s distribution and then computes the expected value of the
algorithm’s cost, when executed on inputs drawn from that distribution. Here,
the probability is not used by the program — we just use it to model our un-
certainties; moreover, we can also harness probabilistic mechanisms in the de-
sign of the algorithms. For example, while the deterministic version of Quick-
sort Hoare [1961] needs O(n?) comparisons to sort n elements at the worst case,
the randomized Quicksort partitions the array based on a randomized pivot and
makes the average cost for every scenario (including the worst case) O(nlogn).
Similarly, using random bits allows algorithms to guarantee better average per-
formance against adversaries in distributed systems [Fischer et al., 1985, Lynch,

1996] and cache management [Psounis and Prabhakar, 2001, Suri, 2020].



Randomness also has many other usages in algorithms. Randomized assign-
ments ensures fairness when we want different outcomes all have possibilities
to occur, each with the desired probability. In cryptography, randomness makes
the secrets hard to guess and thus leads to security guarantees. Randomness
also allows us to trade accuracy for efficiency. For instance, although find-
ing solutions for integer linear programming is NP-hard, randomized round-
ing [Raghavan and Tompson, 1987] finds solutions with a good probability and
runs in polynomial time. In primality testing, where the goal is to determine
whether a given number 7 is prime, Miller-Rabin primality test [Rabin, 1980]
probabilistically samples integers that may witness n to be composite and in
polynomial time determines n’s primality, with an exponentially small proba-

bility of mistaking a composite number as a prime.

Following early breakthroughs in randomized algorithms, the seminal work
Kozen [1981] gives formal semantics for a programming language that allows
the usage of randomness. Roughly, probabilistic programs in Kozen [1981] ex-
tend standard imperative programming language with a command for sam-
pling from distributions. Kozen presents two natural and equivalent semantics
of probabilistic programs: the first reflects the view of probabilistic programs
as standard programs reading a tape of random bits, and the second directly

interprets probabilistic programs as maps from distributions to distributions.

Expressing randomized algorithms as probabilistic programs pins down
their behaviors precisely through the formal semantics and then facilitates rig-
orous analysis of these algorithms. In the study of programming languages,
researchers developed various formal methods for systematically checking the

correctness of programs. One kind of formal method is deductive verification,



where we use an expressive logic to specify the desired behavior of a program
and apply logical rules, i.e., deduction, to prove the validity of such specifica-
tions. This thesis will focus on the deductive verification of probabilistic pro-

grams through program logic.

It is worth noting that, besides randomized algorithm, probabilistic pro-
gramming languages are also developed and implemented to describe compli-
cated probabilistic processes succinctly [Gordon et al., 2014]. There, an impor-
tant addition to the language is the conditioning operator, sometimes also called
the observe statement, which transforms a distribution to a conditional distribu-
tion. Notably, the effect of the conditioning operator can be simulated using a
while loop, but adding the conditioning operator in the language facilitates po-
tentially different implementations of this command, whose effect is computa-
tionally expensive to implement exactly and often only approximated. Histori-
cally, the design of randomized algorithms rarely use the conditioning operator,
Since we focus on verifying probabilistic programs for randomized algorithms
in this thesis, and we leave out the conditioning operator in our probabilistic

programming language.

1.2 Independence and Dependencies in Programs

In our discourse, we consider probabilistic program variables as a superset of
deterministic program variables: each probabilistic program variable’s value is
sampled from a distribution, and a deterministic program variable can be con-
sidered as sampling its value from a point-mass distribution. We also abbreviate

“probabilistic program variables” as “variables” sometimes.



An important and ubiquitous relation between two probabilistic programs
variables is probabilistic independence. Independence between two variables
means that their values are unrelated, i.e., knowing the outcome of one of the
variables does not change one’s knowledge of the distribution of the other, vice
versa. Intuitively (and somewhat tautologically), two probabilistic variables are
independent if they are derived from fresh and distinct sources of randomness,
like two coin flips. In contrast, a coin flip x and the derived variable x + 1 are
clearly not independent because the value of x dictates the value x + 1 gets.
However, two variables that use a shared source of randomness and even have
logical dependency can also be probabilistically independent. For instance, in
one-time-pad encryption, we assume a [-bit message m is drawn from some
distribution over binary strings, and we draw a key k from the uniform dis-
tribution over [-bit binary strings and encrypt the message m into ¢, defined
to be m xor k. This ciphered message c is probabilistically independent of the
original message m, though it is also clearly derived from the original message.
Also, in the degenerated case, when a variable is deterministic, then knowing its
value does not give any information about how the outcome of other variables
are sampled. Because of that, deterministic variables are independent from any

other variables.

Sometimes, two variables A, B are not exactly probabilistic independent but,
when we fix the value of a third variable C, then the values of A and B be-
come irrelevant. This is a case where A and B are conditionally independent given
C. Or, two variables A, B may be negatively associated in that when A attains a
higher value, then B tends to attain a lower value. We will refer to such re-
lations between program variables concerning their probabilistic dependencies

and independence as (in)dependencies.



Knowing the (in)dependencies between program variables can be extremely
helpful in program analysis for multiple reasons. First, sometimes ensuring the
desired (in)dependencies is straightforwardly the goal. For example, in cryptog-
raphy, perfect security means that the public information is independent from
the secrets. In multi-party secured computation, multiple parties want to com-
pute a value that depends on each party’s secrets without divulging their own
secrets. Perfect security is not an appropriate goal here because the different
parties want the computed result to be made public and often that value is not
independent from their secrets. A more appropriate goal is the conditional inde-
pendence of each party’s view and the other parties’ secrets given the outcome
of the computed result, so establishing that conditional independence proves

the protocol correct.

Second, (in)dependencies facilitates further analysis. For example, the law
of large numbers says that, if we draw a large number of independent sam-
ples from a distribution, then the sample average of the results converges to the
expected value. Various inequalities upper-bound the probability that the sam-
ple average deviates from the expected value for more than certain amount —
these inequalities are called the “concentration bounds.” Concentration bounds
can be applied, for instance, to upper-bound the probability that randomized
Quicksort terminates within some desired time bound on an arbitrary instance,
because the choice of each randomized pivot is independent and it is unlikely to
always choose the “bad” pivots. Some concentration bounds also hold for neg-
atively associated variables. Intuitively, if one variable getting a bigger outcome
means the others get smaller outcomes, then their deviation from the expected
value would likely cancel out. As an application, concentration bounds also

help analyzing the collision probability or overflowing probability of hash algo-



rithms: when we hash a fixed number of items into a set of buckets, one bucket
getting more items means less items can go to the other buckets, so the number
of items hashed to different buckets are negatively associated, and thus we can
apply concentration bounds to deduce that it is unlikely for many buckets to get

a lot of items.

Other than program analysis, we can also leverage (in)dependencies to rep-
resent a probabilistic model more concisely [Koller and Friedman, 2009], iden-
tify parallelizable computations, and perform more efficient probabilistic infer-

ence [Holtzen, 2021].

Analyzing (in)dependencies between probabilistic program variables, how-
ever, is intricate. First of all, testing probabilistic properties is hard. For deter-
ministic programs, we can run an implementation and test whether a property
is violated by the implementation; for probabilistic behaviors, however, test-
ing can only exhibit a finite number of execution traces, from which we can-
not conclude (in)dependencies between program variables in the distribution
of execution traces with certainty. Second, our mental model of probabilistic
(in)dependencies can be unreliable. As we illustrated above through the exam-
ple of one-time-pad encryption, somewhat counter-intuitively, logically depen-
dent variables can also be probabilistically independent. As another example,
consider the Bloom filter [Bloom, 1970], a widely-used randomized data struc-
ture for membership queries, which is highly space-efficient, at the price of re-
turning false positives sometimes. A Bloom filter stores a relatively small array
of 0-1 bits, and an item is mapped to a set of indices on the array using dis-
tinct hash functions and the corresponding bits are flipped to 1 when an item

is added. When analyzing the Bloom filter’s false positive rate, many sources



(e.g., Mullin [1983], Blustein and El-Maazawi [2002]) have mistaken the value
on different indices of the Bloom filter as independent,! while they are not be-
cause one index flipped to 1 means other indices are more likely to be 0. A
possible explanation of such confusion is that people may intuitively think that

independence is preserved through arbitrary composition, while they are not.

These difficulties all speak to the need for deductive verification of
(in)dependencies in probabilistic programs, whose rigor allows us to confi-

dently use (in)dependencies in analysis.

1.3 Separation Logic for Independence and Dependencies

Separation logic extends Hoare logic to reason about programs. Originally,
it was developed to verify programs that manipulate pointer data structures,
i.e., heaps. The core innovation is the introduction of ”separating conjunction”
(symbolized by =*), a logical connective that allows assertions about distinct,
non-overlapping regions of memory to be combined. Unlike traditional con-
junction P A Q that only requires the validity of two assertions P and Q, sepa-
rating conjunction P * Q also asserts the disjointness of the subheaps validat-
ing P and Q. At the program logic level, the signature frame rule allows local
reasoning about heap manipulations while preserving propositions on disjoint
pieces of memory. Using these new assertions and rules, Separation Logic ad-
dresses a critical limitation of classical Hoare logic, that reasoning about pointer-

manipulating programs was hindered by complex aliasing and interference be-

IThis issue is first pointed out by Bose et al. [2008], which also attempted to fix it. Chris-
tensen et al. [2010] later identified an issue in the definition of Stirling numbers of the second
kind in Bose et al. [2008]. Gopinathan and Sergey [2020] formally certifies the analysis using
the theorem prover ROCQ.



tween memory regions.

The ideas that “we can reason about separate components separately” makes
no special assumptions about heaps, so Separation Logic can be a general tool
for reasoning about resources that can be separated or shared among different
entities. A influential extension of heap-based Separation Logic is Concurrent
Separation Logic (CSL) [Brookes, 2007a, Vafeiadis and Parkinson, 2007, Brookes,
2007b], which leverages the separating conjunction to ensure that concurrent
modifications to the heap are localized and do not interfere with each other. It
has led to practical and scalable verification tools like Infer [Facebook] for au-
tomatically verifying properties important to security, concurrency and in other

domains.

More recently, probabilistic separation logic (PSL) by Barthe et al. [2019]
reappropriates Separation Logic for reasoning about probabilistic programs,
with the insight that independence is a separation between different compo-
nents of a distribution. They do not make the distinction between the store
and the heap — both are considered as memories — and build their program
logic for probabilistic programs interpreted as maps between distributions over
memories. In PSL, the separation conjunction P * Q asserts the indepen-
dence of the formula P and formula Q by requiring P and Q to use disjoint
sets of variables and the two sets of variables to be independent. PSL enjoys
a proof system analogous to Separation Logic, also with a frame rule, but in-
stead for establishing probabilistic independence of probabilistic program vari-
ables. While Barthe et al. [2019] demonstrates that their program logic, with
the help of domain-specific axioms, can establish probabilistic independence in

several cryptography-based examples, we want to know how much further we



can push this idea.

Concretely, we ask the following questions:

1. Can we also adapt separation logic for reasoning about ”probabilistic sep-
aration” notions that are weaker than independence, such as conditional

independence or negative association?

2. Can we make the assertion logic more expressive? For instance, existing
PSL conflated probabilistic independence and variable disjointness; can
we precisely assert probabilistic independence without assuming variable

disjointness?

3. Can this style of “probabilistic separation logic” scale to bigger, more com-

plicated programs?

1.4 Outline of the Thesis

In this thesis, we first overview the assertion logic underpinning separation
logic, Bunched Logic (abbreviated as BI for “the logic of Bunched Implications”),
in chapter 2. The original BI is an important stepping stone before we intro-
duce its variations and other practical models of probabilistic separation logic.
In chapter 3, we extend probabilistic separation logic to also support composi-
tional reasoning of negative association and call the new logic LINA. In chap-
ter 4, we introduce a new assertion logic DIBI, which extends BI with a non-
commutative conjunction for modeling dependent resources, and design a pro-
gram logic CPSL on top of DIBI for proving conditional independence in prob-

abilistic programs. Chapter 3 and Chapter 4 together give a positive answer to



Question 1.

Last, in chapter 5, we focus on the unary fragment of BLUEBELL, a pro-
gram logic designed for integrating unary and relational reasoning of proba-
bilistic program. The unary fragment of BLUEBELL gives an alternative program
logic for proving conditional independence and independence. While CPSL ex-
presses conditional independence using two different conjunctions, BLUEBELL,
inspired by Li et al. [2023a], introduces a modality to the logic for condition-
ing on distributions and expresses conditional independence using the modal-
ity and the usual separation conjunction for independence. This new modality
also allows us to express probabilistic dependence such as, depending on the
outcome v of the variable x, the variable y is distributed as some «(v). Mean-
while, similar to LINA and CPSL, BLUEBELL is a program logic developed for
imperative probabilistic programs. In BLUEBELL, we are able to decouple the as-
sumption of variable disjointness from assertion of probabilistic independence,
using the probabilistic independence Bl model proposed by Li et al. [2023a] and
permissions, a concept developed in the concurrent separation logic for tracking
who can read from and write into a resource. This feature also answers Question

2 positively.

In addition, we apply LINA and BLUEBELL on some non-trivial probabilis-
tic programs, demonstrating their potential to scale. CPSL is only applied to
smaller examples. One difficulty in applying CPSL to more complicated pro-
grams is that, as a result of our design choices, the program logic rules only
apply to assertions following certain syntactic restrictions. In designing BLUE-
BELL, we prioritize the ergonomics and no longer impose syntactic restrictions

to assertion logic; instead, all assertions can be used in the program logic rules.
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We also see this as a step towards a more scalable probabilistic separation logic,

thus making progress in answering Question 3.

We also want to note that chapter 2 is mainly based on prior work Docherty
[2019] and Barthe et al. [2019]. Chapter 4 is based on Bao et al. [2021]; Chapter 3
is based on Bao et al. [2022]; Chapter 5 is based on Bao et al. [2025].
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CHAPTER 2
BUNCHED LOGIC AND PROBABILISTIC SEPARATION LOGIC

2.1 Background

A key feature of Separation Logic is using bunched logic instead of the usual
propositional logic or first-order logic for asserting program states. Bunched
logic is a substructural logic formulated by O'Hearn and Pym [1999]. The usual
propositional logic satisfies three structural rules — WEAKENING, CONTRAC-
TION and EXCHANGE. Intuitively, WEAKENING allows one to add unused
things to the context; CONTRACTION allows one to contract duplicated things
in the context, and EXCHANGE allows one to exchange things in the context.
Bunched logic does not require WEAKENING and CONTRACTION. The lack of
contraction makes its contexts behave like non-duplicable resources; in addi-
tion, the lack of weakening makes its contexts behave like resources that have
to be used. While this choice of structural rules is exactly the same as in linear
logic, bunched logic also allows contexts joined by another connective ;" that

satisfies all three structural rules. That is, in sequent calculus style presentation,

I'ky i -y
WEAKENING —— CONTRACTION
iory oy
;o Iy 15 -6 ’
¢ v EXCHANGE-1 /\
IINRRVA8 B RN
DX
Lo, Iy, 1310 /\
EXCHANGE-2
Iy, I, 0,136 N/

(b) An example
(a) Substructural rules for bunched logic context
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bunched logic has the structural rules in fig. 2.1a. Contexts that interleave these
two connectives are tree-structured instead of list-structured, for example, as

the context given in fig. 2.1b, thus giving the logic the name bunched logic.

Since it allows different ways to combine the contexts, bunched logic pro-
vides a flexible foundation for reasoning about resources whose sharing and
separation need careful accounting. We can already see it from the connectives
in bunched logic. First, the two ways to combine the contexts induce two con-

junctions, the multiplicative conjunction * and the additive conjunction A,

| ) Ary ko Ary
TArgry 1 INTIN AR

Informally, the assertion ¢ * ¢ can be used to ensure properties ¢, ¥ hold on sep-
arate resources, while ¢ A ¢ allows us to assert the validity of facts ¢,y without
extra requirements. Analogously, bunched logic has a multiplicative implica-
tion as well as a standard implication —,

Doy oty

Tro=y 1 Trooy 71

The multiplicative version ¢ - ¢ asserts that combining current state with a
separate resource satisfying ¢ would validate , while ¢ — ¢ simply asserts

that fact ¢ implies y.

In this chapter, we first give a formal overview of bunched logic, introducing
its syntax, semantics, and proof system; we then show that the proof system is
sound and complete. All the methodology and proofs of this part are taken
from Docherty [2019]. What we aim for is to list the precise definitions and
results needed for the rest of the chapters; we also detail some cases of induction

proofs omitted in Docherty [2019] to illustrate how they are proved.

13



It is worth noting that there are varied presentations of bunched logic’s se-
mantics in the literature: the original paper by [O’Hearn and Pym, 1999] inter-
prets BI formula over doubly closed categories; early works in separation logic
often interpret Bl over partial commutative monoids that satisfies extra condi-
tions [Calcagno et al., 2007]; more recent works in higher-order concurrent sep-
aration logic use a customized resource algebra whose binary operation is total
and may not have a single unit, with extra functions on elements [Jung et al,,
2018], etc. We adopt the system from Simon Docherty’s thesis [Docherty, 2019],
because it provides a uniform account of various bunched logics, accompanied
with a completeness proof — we do not know if the proof system is complete

with other variations of semantics.

After introducing the metatheory of bunched logic, we introduce a proba-
bilistic separation logic based on bunched logic. First, we describe a concrete
bunched logic model Xp based on probabilistic memories, i.e., distributions
over program memories. In this model, separating conjunction can be used to
assert probabilistic independence. Then, we define an imperative probabilistic
language pWhile that operates on probabilistic memories. Last, in this chapter,
we describe a program logic that reasons about pWhile programs with speci-
tications asserted using the bunched logic formulas of the concrete probabilis-
tic model Xp. This program logic is a simplified but also generalized version
of probabilistic separation logic in prior work [Barthe et al., 2019] for proving

probabilistic independence.
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2.2 Bunched Logic (BI)

2.21 Syntax and Semantics

The set of BI formulas, Formgj, extends propositional formula with the multi-
plicative conjunction P * Q, and the implication P -+ Q and the unit / associated

with it.
PO:=peAP|T|L[I|PAQ|PVQ|P—Q|P*Q|P =0
Bl formulas are interpreted in a kind of mathematical structure named BI frames.

Definition 2.2.1 (Downwards-Closed BI Frame). A Downwards-Closed BI frame
is a structure X = (X,C,o, E) such that C is a preorder (i.e., a transitive and
reflexive relation), E C X, and o: X X X — £ (X) is a non-deterministic binary

operation, satisfying the rules in Figure 2.2.

ZEXOY — ZE€youx; (Commutativity)
WEtoz At€Exoy — ds(seyoz A wexos); (Associativity)
Jde € E (x € e 0 x); (Unit Existence)
ecE ANeCe — ¢ eE; (Unit Closure)
ecE AN yexoe — xLCy; (Unit Coherence)
ZEXOYAX' CxAY Cy — 37 (ZCzAZ ex’ oy). (Down-Closed)

Figure 2.2: BI frame requirements (with outermost universal quantification
omitted).

Intuitively, X is a set of states, the preorder C relates two states, the binary
operator o offers a way of combining states, and E is a set of states that act like
units with respect to o. The binary operator returns a set of states instead of a
single state, and thus it can be deterministic (at most one state returned) or non-

deterministic, partial (empty set returned) or total. In alternative presentations
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of BI frames as partial commutative monoids, the binary operator is defined to
be a partial map X x X — X. But the proof of Bunched logic’s completeness
relies on the frame’s admission of non-deterministic models Docherty [2019].
Furthermore, the non-deterministic combination is useful for reasoning about
probabilistic states, as we showcase in Chapter 3 for negative dependence. For
the preorder, there are two opposite but equally sensible readings of x C y where

x and y are interpreted as resources:

1. y as a resource is an extension of resource x and we can convert y to x by

using up some part of y;

2. Or, resource x converts to resource y.

To avoid confusion, in this thesis, we consistently use the first reading. Also, we

sometimes write x 3 y as an interchangeable notation for y C x.

The frame conditions define properties that must hold for all models of BI.
The first three properties (Commutativity), (Associativity), and (Unit Existence)
can be viewed as generalizations of familiar algebraic properties of monoids
to non-deterministic operations. (Associativity) is only in one direction be-
cause, together with (Commutativity), it also implies the other direction: if
seyozAwexos , then Aw(weroz At e (xoy)). (UnitExistence) also re-
laxes the usual unit existence axiom for monoids, which states that there is one
element e that is the unit for all other elements with respect to the binary op-
eration, to allow different units ¢ € E chosen for different x. (Unit Closure)
states that the set E is closed under the preorder C. (Unit Coherence) say that
if y can be obtained composing x with a unit e € E, then y is an extension of

x; roughly, this ensures that E only has elements that behave like units. Last,
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(Down-Closed) is another coherence condition for the order C and the composi-
tion o, which says that for z € x o y, then the composition of any x” smaller than
x and any y’ smaller than y contains an element 7" smaller than z. Informally,
it says that the resource conversion of the components x, y translates into the

resource conversion of the composition z.!

We then use a Kripke-style semantics for Bl. Given a BI frame, the semantics
defines which states in the frame satisfy each formula. Since the semantics is
defined inductively on formulas, we first need a specification of which states

satisfy the atomic propositions.

Definition 2.2.2 (Valuation and model). A persistent valuation is an assignment
V: AP — P(X) of atomic propositions to subsets of states of a BI frame satis-
tying: if x € V(p) and y I x theny € V(p). A Bl model (X, V) is a Bl frame X

together with a persistent valuation V.

We now give a semantics to BI formulas in a Bl model.

Ey T always
E 1 never
E 1 iff xeE

oy p iff xeV(p)

Ey PAQ iff xfEy Pandx Eq Q

Ey PvQ iff xEy Porx Ey Q

FEy P—Q iff forallyJdx,yEy Pimpliesy =y Q

Ey PxQ iff thereexistx’,y,zst.xJdx' €eyoz,yEy Pandz Ey Q
Fy P-=Q iff forally,zst. zexoy,yEy Pimpliesz |y O

R R R R R R R =R

Figure 2.3: Satisfaction for BI

Definition 2.2.3 (BI Satisfaction and Validity). Satisfaction at a state x of a model

(X, V) is inductively defined by the clauses in Figure 2.3. P is valid in a model,

1t is also possible to interpret BI formulas on structures without (Down-Closed) while still
ensuring soundness and completeness with respect to usual BI proof system and the persis-
tence of formulas, but other axioms ((Associativity)) needs to be more delicate. The assumption
of (Down-Closed) is common in the presentation of BI models in the literature.
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X o P,iff x Eq P forall x € X. Pisvalid, E P, iff P is valid in all models.

P | Q iff, for all models (X, V), for any state x € X, x |z P implies x = Q.

Where the context is clear, we omit the subscript V on the satisfaction re-
lation. With the semantics in Figure 2.3, persistence on propositional atoms

extends to all formulas:

Lemma 2.2.1 (Persistence Lemma). For all Bl formula P, if x | P and y 2 x then

y E P.

Remark The emphasis on properties being persistent roots back to the history
of intuitionistic logic. Classical logic has the law of excluded middle, v p vV —p,
which says that for any property p, either p holds or p does not hold. However,
with some readings of formula satisfaction, the law seems to be on precarious
ground. For instance, if we interpret x | p as saying that at state x, the fact
p has been verified to be true, and then, x = —p would be saying that at state
x, the fact —p has been verified to be true, then we should not expect the law
of excluded middle to be valid — it is possible that neither p nor =p has been
verified. This motivates non-classical logic without the law of excluded middle,
and furthermore, many properties that motivate such readings of formulas are
naturally persistent. For instance, suppose states are ordered by temporal order,
if p has been verified to be true at state x, then for every state x” following x, p

has been verified to be true at x’ too.
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AX Tor Bot
PrP PrT L+P
PFR OFR P+ Q;
v-E — v-I
PVQI—R PI—Q1VQ2
P+ P+R FR P+ A
Q A-I-R Q—/\_I_L M/\_
PrOAR PAQOFRR Pr O
PAQOFRR P+-0O0—>R PrQ
— -1 —-E
P+-O0—>R P+R
P+R orS P+«QOFrR PrQ =R SFQ
#-CON] — -1 «-E
PxQFR=xS PrQ =R PxSFER
—— %-UNIT — x-COMM
PA-Px1 PxQrQxP
x-ASSOC

(P*Q)*RA4- P = (Q *R)

Figure 2.4: Hilbert system for BI

2.2.2 Proof System

In the study of logic, we are not only interested in when a formula holds, which

is captured by the semantics, but also interested in how to prove a formula holds

— a useful approach is to derive new formulas using formulas known to hold

following syntactic rules in a proof system. We present a Hilbert-style proof sys-

tem for BI in fig. 2.4. This calculus extends a system for propositional logic

with additional rules governing the multiplicative connectives * and - and the

multiplicative unit /. These rules say that the multiplicative conjunction * is

commutative, associative, the multiplicative unit / interacts with * as expected,
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and - is adjoint to * just as the regular — is adjoint to A.

A useful proof system for a logic should be sound with respect to its seman-
tics. That is, if a formula ¢ is derivable from another formula ¢ using the rules
in the proof system, then  should always hold when ¢ holds. On top of that,
it is nicer if the proof system is also complete with respect to its semantics. That

requires, if ¢ always holds when ¢ holds, then y is derivable from ¢ as well.

2.2.3 Soundness and Completeness of BI

A methodology for proving the soundness and completeness of bunched logic is
given by Docherty [2019], inspired by the duality-theoretic approach to modal
logic Goldblatt [1989]. This proof introduces an algebraic semantics of BI by
interpreting the rules of BI proof system as algebraic axioms. First, Bl is proved
sound and complete with respect to the algebraic semantics. Next, the algebraic
soundness is used to establish soundness of the proof system with respect to the
Kripke semantics, and similarly, the algebraic completeness is used to establish

overall completeness.

Notably, a more straightforward proof for the soundness of the proof system
is by induction on the proof rules; here, we instead present the duality-theoretic

approach for proving soundness to illustrate the technique.

Algebraic Soundness and Completeness of BI Proof System

The algebraic semantics interpret Bl formulas into elements in a structure that

we call Bl algebra.
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Definition 2.2.4 (BI Algebra). A BI algebra is an algebra A = (A, Aa,Va,—a

, Ta,La,*a, =4, Is) such that, forall a, b, c,d € A:

* (A, Ap,Va,—a, Ta,Ls)isaHeyting algebra, ie., (A, Aa, Va, Ta, La) forms
a bounded lattice (with join and meet operations written V4 and A and
with least element 1 4 and greatest element T,) and — 4 is a binary opera-

tion such that a Ay b < cisequivalenttoa < b —, c.
® (A,=xa,l,)is a commutative monoid;

® axp b <ciffa <b =, c, where < is the ordering associated with the

Heyting algebra.

In the following, we drop the subscripts 4 when it is clear that we are re-
ferring to elements and operations in the BI algebra and overload the notations
T,L,*,-,1, which are also used as connectives in BI formulas. By Goldblatt
[1989], the residuation property a 4 b < ciff a < b -+, c implies the following

useful properties.

Lemma 2.2.2. Given any BI algebra A, for any a,b,c € A, the following properties

hold:
(avb)yxc=(axc)V(b=xc) (BI-Alg:Dist-1)
ax(bVve)=(axb)V (a=x*c) (BI-Alg:Dist-2)
a<a andb <D impliesa « b < a’ = b’ (BI-Alg:Coh)
lxa=L1l=ax1l (BI-Alg:Bot)

We can interpret bunched logic formulas in a Bl algebra A. Given an assign-

ment V from atomic propositions to the carrier set of A, we can extend it to an
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algebraic interpretation of bunched logic formulas [ -] » : Formg; — A by taking

the unique homomorphic extension of this assignment:

[plla=V(p)
[Tla=T
[]a=Tr
[1]a=1

[P AQ]a=[PlanlQ]a
[PvOla=[P]avIC]a
[P — Ola=[P]s — [2]~
[P+ Olla=[P]s+ [C]a
[P+ Q]la =[Pl = [Q]

Theorem 2.2.3 (Algebraic Soundness). If P + Q is derivable, then [Pl < [Q]a

for all algebraic interpretations [[—]| a.

Proof. By induction on the derivation of P + Q. For instance, for the case of *-
CONJ: if P + R and Q + S, then by inductive hypothesis, we have [P]la < [R]a
and [Q]a < [S]a for all algebraic interpretations [-]Ja. By BI-Alg:Coh, that

means [P]la * [Q]la < [R]a * [S]a; therefore, for any algebraic interpretation
-1
[P+ Ofa=[Pla=[Qlla < [R]a = [S]a=[R*S]a

To prove algebraic completeness, we construct a term BI algebra by quoti-

enting formulas by equiderivability.
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Definition 2.2.5 (Lindenbaum-Tarski Algebra). The Lindenbaum-Tarski algebra
corresponding to the bunched logic is the set of all equivalence classes of inter-
provable propositions. That is, define the equivalence relation P ~ Q as P + Q

and Q + P. Take I, Ty, and Ly tobe [I]-, [T]-, and [L]., respectively. Then we

define:
[P]- AL[Q]- =[P AQ]- (Lindenbaum-Tarski-And)
[P]-vL[Q]. =[PV O] (Lindenbaum-Tarski-Or)
[P]. > [Q]. = [P > Q] (Lindenbaum-Tarski-Imp)
[P]- + [Q]- = [P + O]~ (Lindenbaum-Tarski-SepAnd)
[P]. ¢ [Q]. = [P = Q] (Lindenbaum-Tarski-SepImp)

Lemma 2.2.4. The operations Ar, Vi, =L, *, 1 are well-defined. Also, the structure
({[P]~} PeFormg;» AL> VL, =1L, TL, L1, *L, =1, I.) in Lindenbaum-Tarski algebra forms a

Bl algebra.

Furthermore, let [ -] be the algebraic interpretation obtained by extending

the assignment p +— [p]. for each atomic proposition p.

Lemma 2.2.5. For any formula P € Formgy, [ P]L = [P]-.

The proof for lemma 2.2.4 and lemma 2.2.5 are straightforward, and we omit
them here. The Lindenbaum-Tarski algebra is crucially used in the proof of

algebraic completeness.

Theorem 2.2.6 (Algebraic Completeness). If [P]la < [Q]  for all algebraic inter-

pretations [—] 4, then P v Q is derivable.

Proof. For any P,Q € Formgy, if [P]la < [Q] . for all algebraic interpretations,
then [P]. < [Q]v in the Lindenbaum-Tarski algebra. By lemma 2.2.5, that
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means [P]. < [Q]-~. In addition,

[P]. < [Q]-

[Tl An [P < [Q]-

(P 4 T A P by TOP, A-E, A-I-R, and also by definition Lindenbaum-Tarski—-And)
&[T]. =a [P]. —a [Q]~ (By the residuation property of the bounded lattice)
S|[T].=a [P — 0]~ (By definition Lindenbaum-Tarski-Imp)
©TrFP—Q (Tor gives the other direction P — Q + T of equiderivability)

SPr By A-I-R, A-I-L, A-1, —-E
0 (By

Thus, if [ P]la <a [Q] 4 for all BI algebras, then P + Q. mi

Soundness of BI Proof Systems

Next, we establish the soundness and completeness of BI algebra with respect
to BI Kripke semantics. To show soundness, we first give a recipe to construct
a Bl algebra given a BI frame; in particular, the Bl algebra’s carrier set consists
of upwards-closed subsets of states in the Bl frame — we can think of these
subsets as states satisfied by specific formulas. This construction will help to
prove that: if there exists a BI model (X, V) in which P [£x ) O, then there
exists a Bl algebra and an algebraic interpretation [ -] 4, such that [ P[4 £ [Q] .

The construction is called the complex algebra of a BI frame.

Definition 2.2.6 (Complex Algebra). If X is a BI frame, then the complex algebra
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of X, written Com(X) is the structure (P=(X),N, U, —x, X, 0, %, =, E) where
Pe(X)={ACX|aeAANaClhb—obeA}
A—-xB={a|Vb.atbAbeA—becB}
AxB={x|3w,y,zzwCxAweyozAyeAAz€EB}

A-=x«B={x|Vw,y,z.(xCwAzeEwWoyAy€eA) - z€ B}

The complex algebra of any BI frame forms a Bl algebra.

Lemma 2.2.7. If X = (X,C, o, E) is a BI frame, then Com(X) is a Bl algebra.

Proof. Given X = (X,C, 0, E). Let us show that forany A € P=(X), A « E = E *

A = A and omit the rest of the conditions. For the first part,
AxE={x|3w,y,zwWECxAweyozAye AAz€E}
={x|3w,y,zwExAwezoyAze EAye A} (By Commutativity)
=ExA (2.1)
For the second part,
E«xA={x|3w,y,zwECxAweyozAye EAz€A}
D{x|3z,e;.,.zCxAz€e,0zNe, e EANZE A}
By Unit Existence, for any z € X, there exists e, € E such that z € e, o z. Thus,
E+«AD{x|3JzzExAz€eA}=A

On the other hand, by Unit Coherence and Commutativity, w € yoz Ay € E

implies that z C w, and thus,
ExAC{x|3w,zzwCxAZCwAz€A}
={x[Jz.zCxAz€A}

=A
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Therefore, A + E = E * A = A. O

The complex algebra is constructed in a way that allows us to regard any per-
sistent valuation on the BI frame as an algebraic interpretation of the complex

algebra.

Theorem 2.2.8. Let X = (X,C, 0, E) be a Bl frame and let V; : AP — P(X) be a
persistent valuation on X. Define the algebraic assignment Vy : AP — Com(X) by
letting Va(p) = VH(p) for all atomic proposition p. Define the algebraic interpretation

[—1a by taking the homomorphic extension of V, Then we have: x =+, P if and only if

x € [[P]a

Proof. We proceed by induction on P. We show the base case and one inductive
case, and omit the rest of the inductive cases.
e Case P = p: We have:

xEyp if xeV(p) iff xeVa(p) iff xe|p]a

e Case P =0 A Q»:

XEy Q1 AQy iff x|Eq Qrandx Eq; 0o (By satisfication rule)
iff xe[Qi]laandx €[Q2]a (Inductive Hypothesis)
ifft xe[Qilan[Q2]a
iff xe[Q1AQ:]a

(By the A operation in Complex algebra and the recursive definition of V)
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This equivalence between persistent valuations and algebraic interpretations
to complex algebra bridges the remaining gap between algebraic soundness we
proved in theorem 2.2.3 and overall soundness of the proof system with respect

to BI models.

Theorem 2.2.9 (Soundness of Bl). If P + Q is derivable, then P |= Q.

Proof. We prove the contra-positive. If P [= Q, then there exists a BI model
(X,V) and a state x € X such that x = P but x [ Q. By theorem 2.2.8, if we
define V; : AP — Com(X) by Va(p) = V(p), then we can extend it into an
algebraic interpretation V; such that x [z P if and only if x € [ P]a. Thus, there
exists algebraic interpretation [ -], of Com(X) such thatx € [P]laand x ¢ [Q]a.
So [Plla € [Q]a; since the order <q,, in the algebra is exactly the set inclusion
C, we have [P]la £ [Q]la. By algebraic soundness, that implies P + Q is not

derivable. O

Completeness of BI Proof Systems

In the following, we show the completeness of the BI proof system. Dual to
the approach for proving soundness, we show that if there exists an algebraic
interpretation [ -] 4 and some formulas P, Q such that [P]l4 £ [Q] 4, then there
exists a Bl model (X, V) such that P }~(x ) Q. To show that, we utilize a map
dual to the complex algebra construction in the soundness proof: here, given
an algebraic interpretation of BI formulas to that a BI algebra, we construct a Bl
frame corresponding to the BI algebra and a valuation to that BI frame corre-

sponding to the algebraic interpretation.

We first recall a structure on a bounded distributive lattice, called prime filter.
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Definition 2.2.7 (Prime Filter). If (L, A, V) is a bounded distributive lattice, a

filter F on L is a non-empty subset of A such that:

e fxe Fandx < ytheny € F.

e [fxeFandye Fthenx Ay € F.

A filter is proper if it is a proper subset of 4, i.e., it does not contain L. A
prime filter is a proper filter that in addition satisfies: if x Vy € F thenx € F or

yeF.

Given a Bl algebra, we can construct a BI frame whose states are prime filters.

We write Prf(L) for the set of prime filters on L.

Definition 2.2.8 (Prime Filter Frame). If A = (A, A,V,—, T, L, x,=,1) is a Bl al-
gebra, then the prime filter frame of A is defined as Prf(A) = (Prf(A),C,0,E)

where

FioF,={F € Prf(A) |VYa, € F1.VYa> € F>.a; * ap € F}

E={FePrf(A)|I € F}

We need to check that the constructed structure is a BI frame.

Lemma 2.2.10. If A = (A, A, V,—, T, L, %, 1) is a Bl algebra, then Prf(A) is a Bl
frame.

Proof. Let us show Unit Coherence and Down-Closed.
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For Unit Coherence, if ¢ € E, then for any x € Prf(A) ,

xoe={F €Prf(A) |Ya, € x.Yay € e.ay xay € F}
2 {F e€Prf(A) |Ya, €x.a, =1 € F}
={F € Prf(A) | Va; € x.a; € F}

= {F € Prf(A) |x C F}

Thus, y € x o e implies x C y.

For Down-Closed, for any x,x",y,y",z € Prf(A),if z € x oy and x’ C x and
y’" C y then for any a; € x’,a; € y’, it must a; € x,a; € y as well, and we have

ay xay € z. Thus, z € x’ o y'. O

Below, we show that any algebraic interpretation to A corresponds to a
“morally equivalent” persistent valuation on the prime filter frame Prf(A). This
result is in dual to theorem 2.2.8 used in the soundness proof. In the theorem
and its proof, we use the following notation: for any element « in a lattice, we

write
[a) :={x|a < x}.

By construction, any such [a) is upwards-closed and closed under meet, thus a

filter.

Theorem 2.2.11. Let A = (A,...) be a Bl algebra and let -] : Formp; — A be an
algebraic interpretation that homomorphically extends the assignment Vy : AP — A.

Define the persistent valuation Vi : AP — P(Prf(A)) on the prime filter frame Prf(:A)
by:
Vi(p) = {F € Prf(A) | Va(p) € F}

Then for F € Prf(A), we have F |=, P if and only if [ P]| € F .
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Proof. We proceed by induction on the formula P.

* Case P = p: For any F € Prf(A) and atomic proposition p, we have

FEy p iff FeVip) (By Kripke semantics fig. 2.3)
iff F e Pri(A)and Va(p) € F (By definition of V)
iff Va(p) e F (By assumption F € Prf(A))
iff [p] € F. ([-] extends Va(-))

e Case P = Q; * Q. For any F € Prf(A) and formula Q, Q»,

F Eq; Q1% 02

iff there exists F', Fy, F; s.t. F J F' € Fyo F,,F, =y, Q1 and F; =; Q>
(By Kripke semantics fig. 2.3)

iff there exists F', Fy, F; s.t. F 2 F' € Fyo F,, Q1] € Fyand [ Q2] € F;
(By inductive hypothesis and definition of the preorder in Prf(A))
For the forward direction, by definition of prime filter frames, [Q:] € F,
and [Q2] € F; imply that for any F’ € F, o F;, it must [Q] * [Q2] € F".

Thus, it implies that [Q; * Q2] € F.

For the other direction, if [Q; * Q2] € F, then [Q1] * [Q2] € F. We do a

case analysis:

— Suppose Q; is L, then [Q;]] = La. By BI-Alg:Bot, [Q1] * [Q2] = La.
And then F > 1,4, contradicting with F being a proper set. Thus, this

case is impossible.

- @ and Q; are both not L. This means that [[Q1]4), [[©Q2]») are both
proper filters. On the high level, we first show that F € [[Q]a)

[[©Q2]4), and then use that to show that there exist prime filters Fy, F;
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such that F € Fyo F; and [Q1]a € Fi and [Q2] s € F>, which would

then be used to show F |=q; Q1 * Q». First,

[([Q1]2) o [[Q2]2)
={F € Prf(A) | VYa € [[Q1]»).Vb € [[Q2]|»). a = b € F}

={F e Prfi(A) | Va,b. [Q1]la <aAn[Q2]a<b=axbeF}
By BI-Alg:Coh, [Q1]la < a and [Q2]la < b implies

[O1] * [Q2] <a *b.

Thus, our given F being a filter and [Q;] * [Q2] € F imply that
a = b € F for any such a, b. Therefore, F € [[Q1]s) o [[Q2]4)-

Next, define a predicate P such that P(F|,F,) = 1 if and only if F €
FioF, and [Q1]a € Fi and [Q2]la € F>. Because F € [[Q1]a) ©
[[Q2]4), we have P([[Q1] ), [[Q2]4)) = 1. This predicate P is a
prime predicate according to Docherty [2019] (cf. Definition 5.5) —
the proof follows from unfolding definitions and we omit it. Then,
applying the Prime Extension Lemma (cf. Lemma 5.7 of Docherty
[2019]), the existence of proper filters Fy, F, such that P(Fy,F>) =1
implies that there exists prime filters Fy, F; such that P(F,, F;) = 1.
Therefore. there exists Fy, F; such that F € F,, o F; and [Q1]a € Fy
and [Q:]a € F; — and by inductive hypothesis this means F, =, Qi

and F; q; Q. The existence of such F, and F; validates that F =,

01 * 0».

Now we are ready to prove completeness.
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Theorem 2.2.12 (BI Completeness). If P = Q for all BI models (X,V), then P + Q.

Proof. We prove the contra-positive. Assume P + Q is not derivable. By al-
gebraic completeness, there exists algebra A and interpretation [-] such that
[P] £ [Q]- Then, the element [ Q] is not in [[[P]), the least filter containing P.
Let F = [[P])-

e Pis 1. Then 1 + Q by the proof rule BOT, contradicting with P ¥ Q.

e Pisnot L. Then F = [[P]) is a proper filter. Define a predicate P such
that P(F’) = 1 iff [P] € F’ and [Q] ¢ F’. Because [Q] ¢ [[P]) and
[P] € [[P]), we have P(F) = 1. This predicate is a prime predicate, and
from prime extension lemma (cf. Lemma 5.7 of Docherty [2019]) it can

be established that there is a prime filter F” on A such that [P] € F’ and
[o] ¢ F.

Define a persistent valuation V; on Prf(A) by
Vi(p) = {F € Pri(A) | Va(p) € F}.

By theorem 2.2.11, we have Fq; | P and F«; | Q. Thus, P £ Q.

2.2.4 A Discrete Probabilistic Frame of BI

After displaying the metatheory of bunched logic, next we show a concrete ex-
ample of Bl model. We present a model based on probabilistic distributions over
program memories, which will be useful later in reasoning about probabilistic

programs.
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Definition 2.2.9 (Discrete Distribution). Given a set S, a discrete subdistribution
u is a countable support function u: X — [0, 1] satisfying >,y p(x) < 1. A (full)
distribution is a subdistribution that in addition }} .y u(x) = 1. We use D(X) to

denote the set of discrete (full) distributions u over X.

Now we can define program memories. Throughout this thesis, we fix a set

of variables Var and a set of values that the variables can take Val.

Definition 2.2.10 (Program Memories). Let S C Var be a set of variable names.
We call any function m: S — Val a program memory because such a map m as-
signs a value to each variable in S. Let Mem[S] denote the set of program mem-
ories from S to Val; and for each m € Mem|S], define the domain of m to be §

and denote it as dom(S)

As an example, the empty program memory Mem[0] = 0 — Val contains
exactly one element, which is a trivial map with an empty domain; we denote

the trivial map by ().

We need two operations on memories. First, a memory m with domain § can
be projected to a memory 77m with domain T if T C S, defined as nym(x) = m(x)
for any variable x € T. Second, two memories can be combined if they agree on

the intersection of their domains.

Definition 2.2.11. Given memories m; € Mem|[S], my € Mem|[T] such that

TsaTM) = msnrha, we define my »<my: SUT — Val by

mip(x) ifxeS\T

my ><m(x) = my(x) ifxeT\S

mi(x) =mp(x) ifxeSNT
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This operation is not defined when m, m, disagree on S N T. This operation is

well-defined exactly because m, m; agreeson SNT.

We also lift the projection map to distributions. We define the projection ng
to marginalize a distribution u on D (Mem[S’]) to a distribution on D (Mem|[S N

§’]): for any x € Mem[S N §],

msp() = ) p ).

x’eMem|[S’\S]

This gives us enough ingredients to define a probabilistic BI frame that will

later be useful for reasoning about probabilistic independence.

Definition 2.2.12 (A Discrete Probabilistic BI Frame). Define a discrete probabilis-

tic BI frame to be a structure Xp = (Xp, Cp, ®p, Ep) where

* Xp = UscvarD(Mem([S]);
e Distributions u; Cp uy iff yu; = Tdom (u),dom (uy) M2

* For distributions y; € D(Mem[S]), u» € D(Mem|[T]), the binary operation
®p takes the independent product of them iff S and T are disjoint:
{u | Vx e Mem[S UT], u(x) = ui(msx) - po(mrx)} if S, T disjoint

M1 ®p Yo =
0 otherwise

* Ep = UscvarD(Mem[S]);

We check that the structure Xp is a BI frame. In Barthe et al. [2019], they
check a very similar structure is a partial commutative monoid. The structure’s
carrier set consists of pairs of deterministic memories and randomized memo-

ries; our states can be viewed as a degenerated case of their states with trivial
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deterministic memories. Meanwhile, BI frames can be viewed as a generaliza-
tion of partial commutative monoids. So it intuitively follows from their result

that Xp is a BI frame.

Theorem 2.2.13. Xp = (Xp, Cp, ®p, Ep) is a Bl frame.

Proof. We show that it satisfies all the frame conditions. For instance,

Down-Closed If y; € u, ®p py, and p; Cp py, pfy Ep iy, then define X

dom(u,),Y = dom(u,), X" = dom(y), Y’ = dom(y)), and define u

nxuy Mz The fact that u, € u, ®p py implies that for any m € Mem[X U Y],

pz(m) = pe(mxm) - puy(mym);

Thus,

p(m) = (mxuy pz)(m)
.

m’eMem[XUY\(X"UY")]

= Z /Jx(Ter/ >4 m) . ,uy(ﬂ.Ym/ >d m)
m’eMem|[XUY\(X'UY")]

My (mxmy > my bam) -y (wymy > my > m)
mieMem|[X\X’] myeMem|[Y\Y’]

D, mlmxmism) |- Y py(aymy e m)

mieMem|[X\X’] myeMem|[Y\Y’]

Ty iy (m) - ﬂY’ﬂy(m)

e (m) - i, (m)

Hence, u € u; ®p uj, and by definition, u Cp ;.

We delay the full proof to appendix A. o
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This theorem indicates that, when given a set of atomic propositions and a
persistent valuation, we can interpret BI formulas on distributions over mem-
ories. In the next section, we will use BI formulas to specify probabilistic pro-

grams and also give proof rules for reasoning about probabilistic programs.

2.3 Probabilistic Separation Logic

In this section, we will overview probabilistic separation logic, which consists of
a set of rules for analyzing probabilistic programs. Each rule describes how
a probabilistic program transforms its input distribution into its output distri-
bution; and the input and output distributions are specified using BI formulas
interpreted on the concrete probabilistic BI frame Xp — we will introduce a set
of atomic propositions and a valuation so that the BI formulas can effectively

specify probabilistic programs.

At the high level, probabilistic separation logic will utilize a useful and com-
mon property in probabilistic distributions — independence — to reason about
irrelevant parts of a probabilistic programs modularly. Independence is often
defined for events. For a discrete distribution u : X — [0, 1], an event EV is a
map X — {0, 1}, and the probability of event EV is ) ,cx p(w) - EV(w), which
we will overload the notation and write as u(&%V). The independence of two
events says that the occurrence of one event does not tell anything about the

occurrence of the other event. Formally,

Definition 2.3.1 (Probabilistic Independence of Events). Given any distribution

u: X — [0,1], two events EV, EV; are independent if and only if
H(EV1NEV2) = u(EVH) - u(EV2).
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A set of events &V, ..., EV, are mutually independent if for any subset S C [n],

n()&V) = |uEV).
jes jes
For program analysis, another useful notion is the probabilistic indepen-
dence between two program variables, which says that knowing the value of
one program variable does not tell anything about the value of the other. To
formally define it, we need “a variable x takes a value v” to be an event, which
is the case for distributions over program memories. Given a distribution u over
D (Mem[S]), then for any x € S, we write the event {w € Mem[S] | w(x) = v} as

X =V.

We then define the probabilistic independence of variables as followings.

Definition 2.3.2 (Probabilistic Independence of Program Variables). Given any
distribution u : X — [0, 1] and two variables x,y € Var, if x = v|,y = v, are
events for any two values vy, v, € Val, then we define the variables x and y to be

independent if and only if: for any vy, v, € Val,

ux=viAy=vy) =pux=vy)- uly=va),

i.e., the events x = v and y = v, are independent. Similarly, a set of program
variables yy, ..., y, are mutual independent iff for any subset S C [n], for any set

of {v; e Val | i € §}

w((r=vo = [utr=w.

ie§ ie§
In the following, when talking about a set of variables, we will abbreviate

mutual independence as independence.

Another commonly used notion is the independence between two sets of

program variables. We can talk about value assignments on a set of variables
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in a similar way: given a distribution yu over Mem[S], for any X € S and m €

Mem|[X], we write X = m for {w € Mem|[S] | Vx € X.w(x) = m(x)}.

Definition 2.3.3 (Probabilistic Independence of Two Sets of Program Variables).
Given two sets of variables X,Y C Var, program memories on X and program

memories on Y, X,Y are independent if for any my € Mem|[X], my € Mem[Y],
(X =mxNY =my) = u(X =mx) - u(Y = my).

An equivalent condition is as follows: for any mx € Mem[X], my € Mem[Y]

such that my > my is defined,

nxuyp(myx »amy) = axpu(my) - mypu(my).

The probabilistic separation logic presented in this section will facilitate its
users to prove, track, and utilize the independence of (sets of) program vari-

ables.

2.3.1 A Simple Probabilistic Programming Language

We work with an imperative language pWhile that allows sampling from a set
of built-in primitive distributions. We first define the set of valid expressions &
and the set of allowed distributions D, and then define the formal grammar of
commands C. We assume a fixed set of typed program variables; x stands for
a numeric variable, while b stands for a boolean variable. The expression lan-
guage is standard. Distribution terms d € D can be Bern, for a Bernoulli (coin-
flip) distribution with bias v, Unif for a uniform distribution over elements in §,

or some other symbols interpreted into distributions — we will introduce them
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Esex=veVal|x,beVar|e =ey|ej+ey|e Xey| ...
D > d ::= Bern, | Unifg | ...
Cocu=skip|x«—e|x & d|if bthencelsec | c; ¢’ | whileb doc

Figure 2.5: pWhile command syntax

later when needed. We assume throughout that all expressions and distribu-
tion terms are well-typed; in particular, the value v in Bern, is a number in the

interval [0, 1], and S in Unify is a finite set whose size is |S]|.

For commands, pWhile has six kinds of programs: the no-op skip; assign-
ments x < e, which assign the evaluated value of the expression e to the pro-
gram variable x; sampling x & d for drawing a value from a distribution d
and assigning it to x; conditionals if b then c else ¢’ for branching on a (possibly
randomized) condition b; sequencing c ; ¢’; and loops while b do ¢ for iterat-
ing a command ¢ until the condition b is not true. We also write if b then c as

abbreviation of if b then c else skip.

Probabilistic Monad To concisely describe the denotational semantics of these

commands, we introduce operations on distributions and probabilistic monads.

Since D(X) is the set of distributions over X, we can view D as an operation
that maps a set into distributions over that set. This operation on sets can be
lifted to functions f: X — Y, resulting in a map of distributions D(f): D(X) —
D(Y) given by D(f) (1) (y) = 2 f(x)=y #(x). Intuitively, D(f) takes the sum of the
probabilities of all elements in the pre-image of y. These operations turn D into

a functor on sets and, further, D is also a monad [Giry, 1982, Moggi, 1991].

Definition 2.3.4 (Distribution Monad). Define unit: X — D(X) as unit(x) := d,
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where §, denotes the Dirac distribution on x: for any y € X, we have 6,(y) = 1 if
y = x, otherwise 6,(y) = 0. Further, define bind: D(X) x (X — D(Y)) — D(Y) by
bind(u, )(y) := Xpenr) P () (p) - p(y).

Intuitively, unit embeds a set into distributions over the set, and bind enables
the sequential combination of probabilistic computations. Both maps are natu-
ral transformations and satisfy the following interaction laws, establishing that

(D, unit, bind) is a monad:

bind(unit(x), f) = f(x)
bind(u, x — unit(x)) = u,
bind(bind(u, f), g) = bind(u, Ax.bind( f(x), g)).

The distribution monad has an equivalent presentation in which bind is replaced
with a multiplication operation join : D(D(X)) — D(X), which flattens distribu-
tions by averaging:

join(u) (x) = 3 u(p) - p().

p~p

Program Semantics Given a program memory containing all variables ap-
pearing in an expression, we interpret & terms as values in Val and interpret
D terms as distributions in D(Val) as in fig. 2.6. We overload the notation and
write [[e] for interpretation of expression e and [[d] for interpretation of distri-

bution d.

We can also interpret expressions on probabilistic memories through a lift-

ing. For any u € D(Mem[S]),

[ell(x) =bind(u, m + [e] (m))
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[viGm) =v

[x]|(m) == m(x)
[x = y]|(m) :=1if m(x) = m(y) else O
[x + y[(m) == m(x) + m(y)
[x x y](m) := m(x) x m(y)

l—>v
[[Bernv]] =< 0P 1-v

w0 fw#0and w # 1
wHﬁ ifwesS
w0 otherwise

[Unifs] = {

Figure 2.6: Semantics of Expressions and Distributions

Then we can interpret programs in pWhile as distribution transformers
D (Mem|[Var]) — D(Mem|Var]), as in fig. 2.7. The interpretation is standard.
The command skip simply outputs the input distribution; x « ¢ and x & d use
the monadic operation bind to compose the input distribution u with the updat-
ing map describing the output distribution corresponding to each deterministic
input memory m; last, ¢ ; ¢’ composes the interpretation of ¢ and ¢’ using usual

function composition.

Because the conditional if b then c else ¢’ allows a randomized guard b, inter-
preting it requires two more operations on distributions: a conditioning opera-
tion u | S to split control flow, and convex combination @, to merge control flow.
Given any distribution u € D(A) and event S C A, if u(S) > 0, the conditional

distribution of u given S is:

(1l 8)(a):=1{"
0 a ¢ S.

(2.2)
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[skip] (x) = u
[x < e](p) :=bind(u, m — unit(m[x — [e] (m)]))
[x & d](p) :=bind(u, m — bind(d,v — unit(m[x — v])))
[e: T =L Tl ()
[if b then c else ¢'[|(u) :=[c[(u | b=11) ®, ['| (1 | b =) where p := u(b = 1)
[abort](u) := 1w.0
[while b do c] () := }}i_)rrgoﬂ(if b then ¢)";if b then abort] (u)

Figure 2.7: Program semantics

When u(S) = 0, we leave y | S undefined. For convex combination, for any
Ui, 1o € D(A), we define u; &g up = pp and u; & up := puy. When p € (0,1),
(11 ©p pu2)(a) := p-ui(a)+(1-p) - pux(a). Conditioning and convex combination

are inverses in the sense that u = (u | S) ®,(s) (1 | (A\ S)).

The command abort is only used in the definition of the while loops and is
not accessible by the users. It disregards the input distribution u and returns a
subdistribution that assigns 0 to all possible outcomes w. The semantics of the
while loop while b do ¢ is the limit of [ (if » then c)";if b then abort] as n ap-
proaches to infinity. The limit, taken with the point-wise order, exists according
to the monotone convergence theorem [Abbott, 2015, Strichartz, 2000] because
the subdistribution’s mass is non-decreasing as n increases and is upper bound
by 1. In practice, we assumed that all loops terminate in finite steps, the limit is
always a full distribution, so all commands in pWhile can still be interpreted as

distribution transformers.
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2.3.2 A Concrete BI Model for Asserting Independence

We define some atomic propositions to describe distributions over program
memories UgscyarD(Mem[S]). The BI frame Xp defined in section 2.2.4 to-
gether with the valuation V* for atomic propositions defined below provide
a Bl model, on which we can assert properties such as distributions of variables,

and independence between variables.
Let atomic propositions
APp>p :=0wn(E) | E L u | Detm(E) | [E=E] | E[E] < (2.3)

where~ € {=,<,>}, b € {0, 1}, and ¢ € R is a constant. Roughly, Own(&) asserts
that the distribution of the expression & is fully determined; & ¢ u asserts that
the expression & has distribution yx; Detm(E) asserts that the expression & is
deterministic; [E; = &;] asserts that the expression &; and &, are always equal;
last, E[e] >« ¢ bound the expected value of an expression e with respect to a
constant c¢. In particular, since events are maps from memories to {0, 1}, which
are the same type as the interpretation of boolean expressions in the language,

we assume the set of expressions contains events as well.

We define the satisfaction of atomic proposition on program configurations

as follows. Let FV(e) be the set of free variables in expression e.

Definition 2.3.5 (Valuation). For u € Xp, define V* such that

o 1€ V*(Own(e)) holds if FV(e) C dom(u);
o ueVi(ety)iff FV(e) C dom(u) and [[e](u) = u’;

* u € V*(Detm(e)) iff FV(e) € dom(u) and [[e](u) is a Dirac distribution;
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o ue V(lere])iff FV(e) UFV(e’) C dom(u) and [[e](m) > [[¢’] (m) for

any m in the support of y;
* u € V(E[e] »= c) iff the expected value of expression e in y, i.e., E[e] =

ZmeMem[dom(y)] ﬂ(m) ' [[e]] (m)/ satisfies E[e] > C.

For an event ev, we also write Pr[ev] > ¢ for E[ev] v c.

It is straightforward to show that V* defined for these atomic propositions

is a persistent valuation.

Proposition 2.3.1. (Xp, V") forms a BI model.

With these atomic propositions, we can now use bunched logic formulas
to assert interesting probabilistic properties. For instance, we can assert the

independence between two variables using the following assertion.

Lemma 2.3.2. For any distribution u € Xp, for a set of variables {X;}ies, 1 £

*,es OWN(X;) iff variables {X;}es are distinct and mutually independent.

We present the proof in appendix A.

The assertion logic has all the axioms for atomic formulas stated in Barthe
et al. [2019, Lemma 3, 4]. While this set of axioms is not complete, they are

useful for reasoning about a rich family of probabilistic properties.

Lemma 2.3.3. The following axiom schemas are valid:

= [e1 = e2] = [ex=e] (Eq-Sym)
F[e1=e2] Afex=e3] — [er =e2] (Eq-Tran)
E Own(e;) — Own(ey) whenever FV(ey) C FV(ey) (Own-Incl)
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Note that = [e| = e1] is not an axiom — it is not sound, since it may not
hold in a randomized memory D (Mem[0]) with empty domain. We also have

axioms for uniformity propositions.

Lemma 2.3.4. The following axiom schemas are valid:

= [e1 = e2] A Unifs(e;) — Unif(e) (Unif-Tran)

= Unifg(e)) — [e) = e1] (Unif-Weak)

= Unifs(e,) — Unifs(f(e,)) for any bijection [ f] : S — S and FV(f) € FV(e})
(Unif-Bij)

2.3.3 A Program Logic for Reasoning about Independence

We now introduce the program logic layer of probabilistic separation logic. In
the spirit of other separation logic (e.g., [Reynolds, 2002, Brookes, 2007a, Jung
et al., 2018]), the logic is designed to prove separations and harness separations
to prove other properties more easily; in this case, the separation is probabilistic
independence. Similar to standard Hoare logic, it has judgments of the form
{P} prog {Q}, where prog is a probabilistic program command in C, and P, Q

are Bl formulas with atomic propositions in APp.

Definition 2.3.6 (Validity). A probabilistic separation logic judgment is valid,
written = {P} prog {Q}, if for all u € D(Mem|Var]) such that u P, we have

[prog] (1) E Q.

Next, we proceed to the proof system, which consists of program rules for
each command and structural rules that match any program command. As be-

tore, we use FV(e) to denote the set of free variables in an expression e.
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Program Rules The program rules are presented in fig. 2.8a. The rules RASSN
and SAMP are for randomized assignment and random sampling. Both rules
are presented with the trivial pre-condition T; in practice, one would want to
reason about assignments and sampling starting from general pre-conditions,
and we will derive variants of these rules with other pre-conditions using the

structural rules.

There are two rules governing conditionals. In COND, the precondition im-
plies that the randomized guard b behaves deterministically, and thus either
the guard b is true and ¢ executes or the guard b is false and ¢’ executes. If both
branches guarantee ¥ as the post-condition, then ¢ is also the post-condition
for the conditional. The rule RCOND, on the other hand, applies when the ran-
domized guard b is separate from the rest of the pre-condition — that is, it must
be probabilistically independent of the portion of the randomized memory cap-
tured by ¢. This independence is crucial for ensuring ¢ remains valid as the
pre-condition of both branches: each branch’s input distribution is obtained by
conditioning on the guard’s value in the original distribution; notably, that con-
ditioning operation can invalidate ¢ if the guard b and variables in ¢ are corre-
lated, even if they share no variables. To illustrate this, recall [Barthe et al., 2019,

Example 1],

Example 2.3.1. Suppose that x, y, z are boolean program variables, and let x be
the output of:

x & Unifg;y & Unifg;z «— xVy

In other words, x and y store the results of two fair coin flips, and z stores the
value of x vV y. Then x and y are independent in y, i.e., Own(x) * Own(y) holds
in u. However, if M C Mem| Var] is the set of all randomized memories where

z = tt, representing the event that z is true, then Own([)x] * Own([)y] does not
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hold in u | M. Intuitively, if we know z = #t, then x and y are correlated: if one is

false, then the other must be true.

We also need to be more careful when formulating the post-condition for
conditionals. Even when both the true branch and the false branch guarantee v
as the post-condition, it is in general unsound to conclude the post-condition v

for if b then c else ¢’. We also illustrate this through an example.

Example 2.3.2. Suppose that x, y, z are boolean program variables, and let u be
the output of:

z & Berny;;

if z then x & Berngo;y ¢ Berngg

else x & Berng ;y & Berng

In both the true branch’s output and the false branch’s output, x and y are
probabilistically independent, and thus validating Own(x) * Own(y) as a post-
condition. However, in u, x and y are not independent: when x is true, then
more likely is z true and the true branch to be executed, and thus y is also more

likely to be true; the case is similar when x is false.

To make sure that the post-conditions from the branches can be combined
into the post-condition of the conditional, the side condition of RCOND checks
that the part of post-condition ¢ determines unique portion of the distribution
over randomized memories. Formally, we adapt the following class of asser-

tions from separation logic [Reynolds, 2002].

Definition 2.3.7. A formula ¢ is supported (SP) if there exists a randomized mem-

ory u such thatif u’ = ¢, then u E /.

We can prove by induction that the following syntactic conditions ensure SP.

47



Lemma 2.3.5. The following assertions are SP:

nu=pgllx=vl|xtpuln*n

Last, the loop rule LOOP is in the same style of COND, which also requires
the guard to be deterministic as a consequence of the precondition ¢. This side
condition essentially restricts the loop to run a deterministic number of itera-
tions. In that case, if we have precondition ¢ and the program c preserves ¢ as
an invariant, then when the loop while b do c terminates, we have ¢ A [b = ff] as

the post-condition.

Structural Rules The structural rules are in fig. 2.8b and they apply to Hoare
triples with any command c as long as the pre- and post-conditions match. The

rules WEAK, TRUE, CONJ, and CASE are standard.

CONST is the rule of constancy from Hoare logic, which states that, if a for-
mula 7 does not mention any of ¢’s modified variables MV (c), then it can be
conjoined to the pre- and post-condition. This rule is not sound in standard sep-
aration logic — motivating the separating conjunction and the frame rule — but
it is sound in Probabilistic Separation Logic because writes in pWhile cannot

invalidate assertions about other variables.

But, the post-condition in CONST does not ensure that ¢ and 7 use proba-
bilistically independent variables. For this stronger guarantee, we need FRAME,
whose side conditions mention several classes of variables. Roughly speaking,
RV(c) is the set of variables that ¢ may read from, while WV(c) is the set of
variables that ¢ must write to (before possibly reading from). MV (c) is the set of

variables that ¢ may write to, so WV (c) is a subset of MV (c). Formally,
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Definition 2.3.8. RV, WV, MV are defined as follows:
RV(x, <« e,) 2 FV(e,) RV(x, & pu) =0
RV(c; ") £ RV(c) U (RV(c") \ WV (c))
RV (if b then c else ¢’) = FV(b) URV(c) URV(c')
RV (while b do ¢) = FV(b) URV(c)

WV (x, «e;) = {x} \ FV(e;) WV(x, & p) = {x:}
WV(c: ¢) = WV(c) U(WV(c) \ RV(c))
WV (if b then c else ¢’) £ (WV(c) N"WV(c')) \ FV(b)
WYV (while b do ¢) = WV(c)

MV (x, « e) = {x,} MV (x, & u) = {x,} MV (c ;") £ MV(c) UMV(c')

MV (if b then c else ¢’) £ MV (c) UMV(c") MYV (while b do ¢) £ MV (c¢)

Last, FRAME says that we can conjoin a formula 7 to both the pre- and post-

conditions if

1. n does not use any variables modified by the program c;

2. the program c only reads from the part of memories that the precondition

¢ describes;

3. the post-condition ¢ only talks about variables that the precondition ¢

already describes or variables the program c¢ writes to.

The first condition is standard in separation logic — separation logics for rea-
soning about heaps or concurrency also need an analogous condition. The sec-

ond and the third condition are needed because our star * asserts probabilistic
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independence: if ¢ reads from variables in 7, then the post-condition ¢ may not
be independent from 7; if ¢ talks about variables that are neither written by the
command ¢ nor described by ¢, those variables may be already correlated with
variables in 5. Together, this set of conditions guarantees that n refers to vari-
ables that are probabilistically independent of v, thus validating ¢ * 1 as the

post-condition.?

All these proof rules are sound.

Theorem 2.3.6 (Soundness). If + {¢} ¢ {¢} is derivable, then = {¢} ¢ {y}.

When proving the soundness of the program rules, we sometimes want to
focus on a smaller distribution y’ inside a given distribution u [= ¢, such that '
satisfies some sub-formula of ¢. Specifically, such reasoning is used in the proof
for CASE, CONST, and FRAME. To ensure there exists such a smaller distribu-
tion, we require the assertion logic to satisfy a key condition called restriction,
which says that to check whether a distribution satisfies ¢, it suffices to check
whether its marginalization on FV(¢) satisfies ¢. BI formulas in (Xp, V*) satis-

fies restriction:

Lemma 2.3.7 (Restriction). Let u € O (Mem[S]) and let ¢ be a BI formula. Then:

U@ e (o, (0) Eo.

We leave the proof for theorem 2.3.6 and lemma 2.3.7 to appendix A.

Barthe et al. [2019] demonstrates that probabilistic separation logic can be
used to prove the correctness of various cryptographic schemes, where security

relies on the independence of secrets and public information.

2There also exist other choices for the side conditions of FRAME — we stick with the choice
by Barthe et al. [2019].
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FHotefyl  r{y)cd {n}

SKIP SEQN p
F{¢} skip {¢} F{e} e {n}
DASSN
F {Detm{e) A ¢[e/x]} x «— e {Detm{x) A ¢}
xr € FV(er)
RASSN SAMP

Flonlb=tultc{y} +r{oAlb=f1}{y} E ¢ — Detm(b)
+ {¢} if b then c else ¢’ {y}

COND

Flo=[b=ul} c{y=[b=nl} r{p=x[b=fI}{y=[b=f1} ¢eSP
F {¢ * Own(b)} if b then c else ¢’ {¢ = Own(b)}

RCOND

F{o A [b =1t} c {p} E ¢ — Detm(b)
F{¢} while bdo c {¢ A [b =[]}

Loor

(a) Program Rules of Probabilistic Separation Logic

FeY el  E¢ oony -y
WEAK TRUE ——MMMM—
F{¢'} ¢ {y'} F{T}c{T}
F{p1} ¢ {¥n} F{p2} ¢ {¥n} F{e1} ¢ {¥1} F{p2} ¢ {¥2}
CONJ CASE
F{e1 A2} c {Y1 Ao} F{e1V 2} c{y1Vya}
F{e} c {¥} EV(n) "N MV(c) =0
CONST
F{e An}c{y An}
F{e} c {y} FV(n) NnMV(c) =0
E ¢ — Own(T URV(c)) FV(y) CTURV(c) UWV(c)
FRAME

F{e = n}tc{y =n}

(b) Structural Rules of Probabilistic Separation Logic

Figure 2.8: Rules of Probabilistic Separation Logic
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CHAPTER 3
A PROGRAM LOGIC FOR NEGATIVE DEPENDENCE

3.1 Overview

In the last chapter, we have seen a program logic for reasoning about proba-
bilistic independence. While independence is useful for many applications, it is
a strict requirement. A natural question is, what if we do not have perfect in-
dependence? Can we use other kind of probabilistic dependencies in program

analysis?

Utilizing probabilistic dependencies is, for example, important when we an-
alyze hashing-based probabilistic data structures such as hash tables and Bloom
filters. In these applications, a hash function # maps a universe of possible val-
ues, typically large, to a set of buckets, typically small, and items are looked
up through their hashes. The performance of hash-based data structures is cap-
tured by a variety of probabilistic guarantees, e.g., the space usage, the amor-
tized cost of insertion, the amortized cost of look-up, etc. One useful proba-
bilistic guarantee is the false positive rate: the probability that a data structure
mistakenly identifies an element as being stored in the data structure, when it
was not inserted. We may also be interested in load measures, such as the prob-
ability that a bucket in the data structure overflows. A typical way to analyze
these quantities is to treat random hash functions as balls-into-bins processes.
For example, hashing unique elements into bins can be modeled as throwing

balls into bins, where each bin is drawn uniformly at random.

While this modeling is convenient, one complication is that the counts of
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the elements in the different buckets are not probabilistically independent: one
bin containing many elements makes it more likely that other bins contain few
elements. The lack of independence makes it difficult to reason about multi-
ple bins, for instance, bounding the number of occupied bins. Moreover, many
common tools for analyzing probabilistic processes, like concentration bounds,
usually require independence. This subtlety has also been a source of prob-
lems in pen-and-paper analyses of probabilistic data structures (e.g., Mullin
[1983], Blustein and El-Maazawi [2002]). After many attempts to correct the
bounds for Bloom filter’s false positive rate [Bose et al., 2008, Christensen et al.,
2010] using pen-and-paper proofs, recently, Gopinathan and Sergey [2020] cer-
tified its analysis using a complex proof in ROCQ. We aim to develop a simpler
method to formally reason about hash-based data structures and balls-into-bins
processes, drawing on a key concept in probability theory: negative depen-

dence.

While there are multiple incomparable definitions of negative dependence,
Joag-Dev and Proschan [1983] proposed a notion called negative association (NA)
that shares many good probabilistic properties of probabilistic independence.
First, some standard theorems about sums of independent random variables ap-
ply more generally to sums of NA random variables. In particular, the widely-
used Chernoff bound, which intuitively says that the sum of independent ran-
dom variables is close to the expected value of the sum with high probability,
holds also for NA variables. Intuitively, it is unlikely for all variables to at-
tain high values compared to their expected value, and equally unlikely for all
variables to attain low values; thus, their sum most likely stays close with the
expected value of the sum. Second, negative association is preserved by some

common operations on random variables. For instance, variables that use an
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independent source of randomness are independent — a crucial property that
validates FRAME in probabilistic separation logic; while this does not hold for
negative associated variables, the following variation holds: if X,Y are nega-
tively associated, and Z is obtained by applying monotone map on X, then Z,Y
are also negatively associated. Such closure properties allow one to prove neg-

ative dependence in a compositional way.

In this chapter, we introduce a program logic for proving and utilizing neg-
ative association and independence. While probabilistic separation logic intro-
duced in the last chapter can assert independence using the multiplicative con-
junction, its assertion logic cannot express negative association. Inspired by this
approach, we think of asserting negative association using another multiplica-
tive conjunction, but that means we need to support multiple multiplicative
conjunctions in the assertion logic. For that purpose, we propose M-BI, an ex-
tension to bunched logic where each element in M is associated with its own
multiplicative conjunction and implication. In the following, we first present a
BI model for asserting negative association, then combine it with the BI model
for asserting probabilistic independence into an M-BI model, and last, we de-

sign a program logic that incorporates compositional proof principles of NA.

3.2 Negative Association

We now define negative association precisely and state its properties. Negative

association is a property of a set of random variables, formalized as follows:

Definition 3.2.1 (Negative Association (NA)). Let Xi,...X, be random vari-

ables. The set {X;}; is negatively associated (NA) if for every pair of subsets
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1,J € {1,...,n} such that I nJ = 0, and every pair of both monotone or both
antitone functions! f : Rl — R and g : RVl — R, where f, g is either bounded

below or bounded above,? we have:

E[f(XnieD - g(X;,jed)| <E[f(X,ieD] Elg(X;,je).

We can view NA as generalizing independence: a set of independent random
variables is NA because equality holds. NA also strengthens negative covariance,
a simpler notion of negative dependence that occurs frequently in statistics lit-

erature. Negative correlation [Rice, 2007, Chapter 4.3] of Xi, . .., X, says that

Eﬂxsﬂmm

i€[n] i€[n]
which automatically holds if {Xi, ..., X,} are negatively associated. To see that,
we show the following;:
Lemma 3.2.1. Let Xi,...,X, be a sequence of NA random variables, then for any

family of non-negative all monotone or all antitone functions f; : R — R,

Bl | rxo] < | | BLAGODL.
] i€[n]

i€[n

Proof. We prove it by induction. The base case is when n = 1, then trivially,

Bl | #C0) | =BIAKD] < | | ELAGXD].
i€[n]

i€[n]

!In the following, we will consistently use monotone to mean monotonically non-decreasing
and antitone to mean monotonically non-increasing.

2Technically, we slightly modify Dubhashi and Ranjan [1998]’'s NA by in addition assuming
that f, g are bounded from one side. We add the condition to have a cleaner version of theo-
rem 3.3.1 and Theorem 3.3.5. All our other results and properties we state about NA in Sec-
tion 3.2 hold with or without this condition.
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Whenn > 1, note that the map (X, ..., Xy—1) = [lies-1) fi(Xi)) is also monotone

if all f; are monotone, and antitone if all f; are antitone,

Bl | rxa| =E|| [] £ futx)
i€[n] ]

ie[n-1

=E l_[ [i(X) || - E[fu(xn)] (Because the variables are NA)
I i€e[n—1]

= r E[fi(X)] (By inductive hypothesis)

In particular, when we take all f; to be identity functions, we derive

E[Hie[n] X;| < [Tie(n E[Xi] from variables being NA.
NA variables can arise from various mechanisms.

Theorem 3.2.2 (See Dubhashi and Ranjan [1998]). We enumerate three scenarios:

1. The set of independent random variables {X\, . .., X,,} is negatively associated.

2. If {X1,...,Xn} are Bernoulli random variables such that };c;,,; X; = 1, then the

set of variables is negatively associated.

3. Let X be a uniformly random permutation of a finite, nonempty multi-set A, and
foreach i, let X; be the i-th entry in the vector X. Then {X;, ..., X,} is negatively

associated.

As an example of the second case, consider a deck of cards perfectly shuffled
— so that the cards’ order is uniformly sampled from all possible permutations.
If, for each i, X; gets the value on the i-th card, then the variables {X;}, are neg-

atively associated. Also, the third case of this theorem implies that if we draw
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a length-n one-hot vector, i.e., a vector that has one entry being one and all re-
maining entries being zero, uniformly at random, then the entries of the vector

satisfies negative association.

The following theorem states three key closure properties of NA random

variables.

Theorem 3.2.3 (See Dubhashi and Ranjan [1998]). We enumerate three scenarios:

1. For any negatively associated set of variables T, and for any S that is a non-empty

subset of T, the set S of random variables is negatively associated;

2. For any two sets of negatively associated random variables T, U such that every
X € TandY € U is independent of each other, the union set T U U of random

variables is negatively associated.

3. Let {Xi,...X,} be negatively-associated, and I, . .., I,, be a partition of the set
{1,...,n}. Foreach 1 < j < m, let f; : RILl — R be monotone. Let S =

{filXe, ke y),..., fu(Xk,k € I,)}. Then S is negatively associated.

The first case shows that NA is preserved if we discard random variables,
while the second case allows us to join two independent sets of negatively as-
sociated random variables to form a larger negatively associated set. Finally,
the third case guarantees that negative association is preserved under applying

monotone maps on disjoint subsets of variables.

Chernoff’s Bound and Negative Association Another nice property of NA is
that negatively associated random variables satisfies some frequently used tail

bounds, including Chernoff’s bound.
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Chernoff’s bound is one of the most basic and versatile tools in the
life of a theoretical computer scientist, with a seemingly endless

amount of applications. — Mulzer [2019]

Qualitatively, Chernoft’s bound says the sum X; + - - - + X, is usually close to its
expected value, and upper bounds the probability that the sum deviates from
the mean for more than a tolerated amount. This kind of analysis is useful for
establishing high-probability guarantees of randomized algorithms, e.g., showing
that the error of a random estimate is at most 0.01 with probability at least 99%.
There are various formulations of Chernoft’s bound, with different assumptions
of the random variables (e.g., {X;}; being independent Bernoulli random vari-
ables, or {X;}; simply being independent bounded random variables) and dif-
ferent ways to measure the error (e.g., the additive form uses the absolute dif-
ference between the realized value and the expected value, and the multiplica-
tive form uses error ratio). While the mainstream formulation of Chernoff’s
bound all require the variables {X;}; to be independent, Dubhashi and Ranjan
[1998] observes that Chernoff’s bound also holds on negatively associated ran-

dom variables.

We state the result using a formulation in the additive form for [0, 1]
bounded random variables. This version is also known as the Hoeffding’s in-

equality.

Theorem 3.2.4 (Chernoff-Hoeffiding Bound for NA variables [Dubhashi and
Ranjan, 1998]). Let X1, ..., X, be a sequence of NA random variables, each bounded in
[0,1], and let Y = 3", X;. Then for any failure probability 8 € (0, 1], we have:

Pr[|Y —E[Y]| > B8] < F(B,n) where F(B,n) = e 2B n.
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Or, an equivalent way to express it is,

Pr[|Y —E[Y]| = T(B,n)] < B where T(B,n) = /(n/2)In(1/pB).

Proof. The proof uses Hoeffding’s lemma: for any real-valued random variable

X such that X € [a,b] almost surely. Then for any 1 € R, E[e!*EIXD] <

e’(b=a)*/8_(See, e.g., Romani [2021], for the proof of Hoeffding’s lemma.)

For any 1 > 0, the event Y —E[Y] > 3 is the same as the event etV ElVD > e15,

Pr(Y — E[Y] > B) = Pr(e! Y EYD > o),

By Markov inequality, for any positive random variable X, Pr(X > a) < 2 By

a

A(Y-E[

regarding e YD) as the random variable, the Markov inequality gives us

A(Y-E[Y])
Pr(el-EIYD 5 1By < E[e ]

elh
Now we analyze the nominator on the right,
E[e/l(Y—E[Y])] -E >e/1(2i€[n] Xi—E[ Zien] Xi])] (By definition of Y)
= E[et Zictn XimElXD] (By linearity of expectation)

-E —[ et (Xi—E[X:])

i€ [n]

< r E[e’l'(x"_E[X"])] (Because {X;}; are NA and by lemma 3.2.1)

< r e’f8, (Hoeffding’s lemma)

Therefore,

) A2/8
Pr(e!VEIVD 5 o18) < [Liefn @ _ o [8)-1p
> S
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Similarly,

Pr(E[Y] - Y > B) = Pr(e*GVI-Y) > o)
E[e/l-Zfe[n] (E[Xi]_xi)]
= 7 (By linearity of expectation)
_ Ty Blet @10
< olp

(Because {X;}; are NA and by lemma 3.2.1)

2
- [Ticim e/
S —F

_ o ?/8)-1p

(Hoeftding’s lemma)

The A that minimizes e™4*/8-14 is the A that minimizes (n-12/8) —1- 8, which
is %. Substitute % for A in e /9-18 e can reduce the bound e+’ /8-18 into

e 28 /n.

Crucially, the step that previously relied on independence of {X;}; now fol-

lows from {X;}; being NA and lemma 3.2.1.

3.3 A BI Frame for Negative Dependence

Now that we have seen some nice properties of negative association, we start
the quest of building a bunched logic that can assert both negative association
and independence. Concretely, we construct a BI frame Xpna that can capture
negative association and then combine it with our BI model for probabilistic
independence (Xp, V*). To be compatible with (Xp, V*), we let Xpnya have the

same set of states and the same pre-order as Xp. The important remaining piece
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of the puzzle is the binary operation &, which must satisfy the frame conditions

while capturing negative association.

The meaning of “capturing negative association” has so far been left ambigu-
ous. Previously, in the design process of (Xp, V*), we want the satisfaction of
P x Q ensures that P and Q hold on independent components of distributions,
and more precisely, we choose to require all variables involved in P are inde-
pendent of all variables involved in Q. Because P * Q is interpreted through the
binary operation ®p, we define ®p to take the independent product of two dis-
tributions when possible. Now, analogously, we want to interpret the formula

P ® Q through a binary operation &:

xXEy- P® Q iff thereexistx’,y,zstx2J2x' ey®z, yFEy Pand z Fy- QO

such that P ® Q ensures that P and Q hold on negatively associated components
of distributions — we use @ for the separating conjunction interpreted on Xpna
to distinguish it from the separating conjunction for asserting independence.
But negative association is defined for a set of variables instead of two (groups)
of variables, and it is unclear what “P, Q holds on negatively associated compo-
nents” should mean. In the following, we explore several plausible definitions
of ®, with the goal that we can express a set of variables x, . .., x, is negatively

associated using formulas involving ®.

3.3.1 Initial Attempts at a BI Frame for Negative Association

One first attempt is to let u; @ o be the set of distributions that agree with 1, us,

and satisfy strong NA — we say u satisfies strong NA if dom(u) satisfies NA.
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Definition 3.3.1. (Attempt 1: Strong NA model) Recall that Xp = Ep =
UscvarD (Mem|[S]), and for u, i’ € Xp, we have u Cp u’ iff dom(u) € dom(u’)

and 7gom( 4’ = p. Define &, : Xp x Xp — P (Xp):
1Bt = {1 € D(Mem[SUT]) | u satisties strong NA, ngu = py, mrp = po, SNT = 0}.

We call X; = (X,C, @, E;) the strong NA structure.

Unfortunately, the strong NA structure fails to satisfy the Unit Existence con-
dition: if x4 does not satisfy strong NA, then there exists no u’ that marginalizes
to 1 and satisfies strong NA; and because our definition of e &; u only includes
distributions y’ that marginalize to y, then there is no e such that e ®; u is not
empty. The failure of this property implies that whether or not two states can be
combined depends not just on how the two states relate to each other, but also
critically on properties of the single states in isolation (e.g., whether a distribu-
tion satisfies strong NA); this is hard to justify if we are to read @ as describing

which pairs of states can be safely combined.

Looking for a different way of capturing NA, we try working with a weaker
notion of NA. We try letting u; @ u return distributions that agree with uy, u»
where any variable x in dom(u;) must be negatively associated with any vari-
able y in dom(u;), but variables within dom(u;) and variables within dom(u;)

need not be negatively associated. We call this notion weak NA.

Definition 3.3.2 (Weak NA). Let S C Var be a set of variables, and let A, B be
two disjoint subsets of S. A distribution u € D (Mem[S]) satisties (A, B)-NA if
for every pair of both monotone or both antitone functions f : Mem[A] — R,
g : Mem|[B] — R, where we take the point-wise orders on Mem[A] and Mem|[B],

such that f, g is either lower bounded or upper bounded, we have
Enulf (mam) - g(xpm)] < By [f (mam)] - By [ (pm)].
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By definition, being (A, B)-NA for all disjoint A, B C § is equivalent to strong
NA on S. Also, (A, B)-NA is closed under projection in the sense that if y satis-
fies (A, B)-NA and A’ C A, B’ C Bj then u satisfies (A’, B’)-NA as well. Now, we

try defining a model based on weak NA.

Definition 3.3.3. (Attempt 2: Weak NA model) Define &,, : Xp X Xp — P (Xp):
L1®Dwz = {u € D(Mem|[SUT]) | u satisfies (S, T)-NA, nrsu = uy, ipp = up, SNT = 0}.

We call X,, = (Xp, Ep, &, Ep) the weak NA structure.

This weak NA structure satisfies most Bl frame conditions, except that Asso-
ciativity is unclear. In short, the definition of @,, and Associativity requires that:
if w satisfies (R U S,T)-NA and (R, S)-NA, then w also satisfies (S,7)-NA and
(R,SUT)-NA. Now w satisfies (S, T)-NA by projection closure, but it is unclear
whether (R, SUT)-NA follows from these conditions. Failing to satisfy Associa-
tivity would lead to a logic where separating conjunction is not associative, and
significantly more difficult to use. Since we could not find a counter-example
nor prove that X, satisfies Associativity and thus forms a BI frame, we will
leave this question as an open problem and define another structure to capture

negative association.

3.3.2 Our BI Frame for Negative Association

Facing the problems with the strong NA structure and the weak NA structures,
we define a Bl model for negative association based on a new notion of negative
association called S-partition negative association (S-PNA), where S is a partition

of a set of random variables. This notion interpolates weak NA and strong NA in
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the following sense: when A, B are both sets of variables, {A, B}-PNA is equiva-
lent to (A, B)-NA for disjoint A, B, and {{x} | x € S}-PNA is equivalent to strong
NA for distributions in D (Mem|S]).

We say a partition S’ coarsens a partition S if US = US’ and for any s’ € &',

s" = UR for some R C S. In particular, any partition S coarsens itself.

Definition 3.3.4 (Partition Negative Association). A distribution u is S-PNA
if and only if for any 7 that coarsens S, for any family of non-negative mono-
tone functions (or family of non-negative antitone functions) {f4 : Mem[A] —
R*}aer,® where for each A € 7 the order on Mem[A] is taken to be the point-

wise order, we have

By

[ onrAm)] < | | Bn-ulfa(mam)].

AeT AeT

We can use PNA to encode NA:

Theorem 3.3.1. Given a set of variables S, S satisfies NA in y iff u satisfies S-PNA
forany S partitioning S iff u satisfies {{x} | x € S}-PNA.

See appendix B.2.1 for the proof. We require PNA to be closed under coars-

ening, which helps us to prove the structure defined next is a BI frame.
Definition 3.3.5. Define the operation ® : Xp X Xp — P (Xp):

1@ pp ={p €DMem[SUT]) | mgp = pr, irp = pio,
uis (8 U 7)-PNA for any partition S, 7 such that

11 is S-PNA, p» is T-PNA, and (US) N (UT) = 0.}

3We restrict the family of functions to be non-negative: prior work like Joag-Dev and
Proschan [1983] has assumed non-negativity when working with notions of NA on partitions;
furthermore, without that requirement, for partitions with an odd number of components, PNA
would be equivalent to independence, a strange property.
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This definition of & interpolates &,, and @, in the following sense.

Theorem 3.3.2. For any two states 11, o € X, 1 &5 u2 S 11 ® o C 1 Sy Mo

The first inclusion is because u satisfying strong NA implies u is R-PNA for
any partition R on dom(u). The second inclusion is because u; € O(Mem[S])
satisfies {S}-PNA and p, € D(Mem|[T]) satisfies {T}-PNA trivially, which im-

plies any u € u; ® up; would satisfy (S, T)-NA.

Note that @ is non-deterministic, and not just partial.

Theorem 3.3.3. There are distributions uy, p such that |y & up| > 2.

Proof. Let uy € D(Mem[{x}]) and u» € D(Mem[{y}]) be uniform distribu-
tion over memories over boolean variables x, y. Then the independent product
U« € {1 ®p Mo is in u; ® up, because the projections to x and to y are u; and
U respectively, and u, satisfies PNA since independence implies PNA (we will
see this shortly in Theorem 3.4.5). But the one-hot uniform distribution y,, over
variables x and y, i.e., uop([x — 1,y — 0]) = gon([x = 0,y — 1]) = 1/2,isalsoin
M1 ® (o, since again the projections match y; and u; and the one-hot distribution

satisfies NA, and hence PNA. Since u,;, # u., we are done. O

Thus, we build the following BI frame that crucially uses a non-deterministic

binary operation on states to capture negative association.

Theorem 3.3.4. The structure Xpna = (Xp, Ep, ®, Ep) is a Down-Closed BI frame.

For the frame conditions where the previous attempts failed, (Unit Exis-
tence) holds by letting the unit e to always be the trivial distribution on the

empty set, and (Associativity) can be proved using the facts that PNA is closed
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under coarsening and coarsening commute with projections. See the full proof

in Appendix B.2.2.

Furthermore, the binary combination & in Xpna captures negative associa-
tion: consider the atomic propositions introduced in eq. (2.3) and the valuation
V* for them, clearly (Xpna, V™) forms a Bl model; when interpreting BI for-
mulas on the model (Xpna, V"), we can express negative association of a set of
variables using the separating conjunction ®. We use the iterative version of the

connective *, which is well-defined because it is associative.

Definition 3.3.6. For any connective © € {A,V,®, x}, we use the corresponding

big-connective (-) € {/\, V,®, *}

* For any constant or logical variable N > 1, let @Zo P; = Pj abbreviate
((Po©P1)O---)OPy—_1. Formally, let @Zo P;=Tif N =0,and let @ﬁo P, £
(O Pi) @ Py for N > 0.

¢ For a finite multiset of formula {P; }cs, let @ P; abbreviate ((Py,©Ps,)©

SES
-++) O Py, where sy, ..., s¢ is an arbitrary ordering of S. The satisfaction is

not ambiguous since © is associative and commutative.

e For any program variable v € Var, for any state u | [v=N], we
want (9], P; to be equivalent to ()Y, P;. Formally, (-)/_, P; abbreviates

Vveva([v = N1 A ON, P).

Theorem 3.3.5. Let S be any subset of Var. A set of randomized program variables
Y ={yi | 0 <i < K} satisfies NA in the distribution u € D(Meml[S]) if and only if

we have u = ®£0 Own(y;).

Proof. Forward direction: We denote {y;} as Y[i], and denote {y; | 0 <i < j} as

Y[: j]. We prove by induction on j that 7y[.;ju ®{:0 Oown(y;).
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Base case j =1 : Trivially, 7y.;ju = Own(yo), and then by persistence.

Inductive case j > 1 : Assuming ny[.;ju @{20 Own(y;). Since Y satisfies NA
in u, by Theorem 3.3.1, u is 7-PNA for any partition 7 of Y. In particu-
lar, for any partition 77 on Y[: j] and any (trivial) partition 7; on Y[j], u
must be 77 U 73-PNA. Thus, ny[.j.1u € my[.j U © 7y[j+1] 4. Since my[jju =

J . . Jj+1
®i=0 Own(y;) and nry[;ju | Own(y;), that implies 7y ;41 @l —o Own(y;).

Thus, we have myu = ®£0 Own(y;). By persistence, u |= @fio Oown(y;).

Backward direction: for any A, B being disjoint subsets of [n], by commuta-

tivity and associativity of ®, we can reorder formula and get

uE (zEAony,-)@@ony,-) e & own(y)

yi€[n]\(AUB)
By satisfaction rules, there exists up, po, 4’ such that u 3 u’ € u; ® po, and u; E
@4 Own(y;), and s = @;c5Own(y;). Note that g is trivially {A}-PNA, and
Ho is trivially {B}-PNA. Thus, y satisties {A, B}-PNA.

Therefore, u satisfies (A, B)-NA for any A, B being disjoint subsets of Y, i.e.,

u satisfies NA on Y. m|

3.4 M-BI: Combining BI Models

Now that we have a BI model for capturing independence and a BI model for
capturing negative association, we want to combine them and design an as-
sertion logic that can express both independence and negative association; fur-

thermore, it would be helpful to internalize the fact that independence implies
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negative association in the assertion logic. To achieve that goal, we now ex-
tend bunched logic to support multiple separating conjunctions related by a
pre-order. While our motivation is to use one separating conjunction to assert
independence, and use another to assert negative association, the logic poten-

tially also has other interesting models.

3.4.1 The Syntax and Proof Rules

Let AP be a set of atomic propositions, and (M, <) be a finite pre-order. The
formula in the logic of M-bunched implications (M-BI) has the following gram-

mar:

P’Q:::peﬂplTllmeM|J—|P/\Q|PVQ|P_>Q|P*m€MQ|P_*mEMQ-

We associate each element of m € M with a separating conjunction *,, a
corresponding multiplicative identity /,, and a separating implication -,,. The
proof system for M-BI is based on the proof system for Bl, with an indexed
copy of rules for each separation, and additionally has the *-WEAKENING rules.
We present the full Hilbert-style proof system in fig. 3.1. The new rule -
WEAKENING simply says that the separation conjunction associated with a big-
ger element in M is weaker: if m; < mj, then the assertion P *,, Q implies

P sy, Q.

We can derive analogous weakening rules for separating implications and

multiplicative identities, in the reverse direction.
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PrR OrR

AX Tor Bot v-E
PrP PrT LF+P PVQOFR
P+ Q; P+ PrR FR
—Ql V-1 0 A-I-R Q— A-I-L
P+Qi1V Q0> P-rOAR PAQFR
PrQO1NQ> PAQFR PrQ —> R PrQ
— — " AE — —-E
P+ Q; P-rO—R PrR
P+rR QS P, OFR PrQ -+, R S+Q
x-CON]J e i | ~«+-E
P, OrR=x, S PrQ =, R P, SFR
— «UNIT x*-COMM
PAr Py, I, P+, 0FrQ =%, P
mp <mp
*-ASSOC *-WEAKENING
(P*mQ)*mR'”'P*m(Q*mR) P*leFP*sz
Figure 3.1: Hilbert system for M-BI
Lemma 3.4.1. The following rules are derivable in M-BI:
mp < mp mp < myp
-+«-WEAKENING —— UNITWEAKENING
P oy, QF P -y O Iy ¥ Iy,

3.4.2 Semantics

As is standard with bunched logics, we give a Kripke style semantics to M-BIL.
We will define a structure called M-BI frame, and then define M-BI models and

the satisfaction rules on M-BI models.

An M-BI frame is a collection of BI frames sharing the same set of states and

pre-order, with ordered binary operations.
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Definition 3.4.1 (M-Bl Frame). An M-BI frame is a structure X = (X, C, ®,,ep, En)
such that for each m, (X, C, ®,,, E,;,) is a Bl frame (see definition 2.2.1), and there

is a preorder < on M satisfying;:

mp <my = xX®y, Yy C XSy, y (Operation Inclusion)

The Operation Inclusion condition together with the frame conditions of BI

imply an inclusion on unit sets:

Lemma 3.4.2. Let X be an M-BI frame. If m; < my then E,,, C E,,,.

Proof. Let es € E,,. By Unit Existence, there exists e; € E,, such that e; €
e1 ®p, e2. By Operation Inclusion, e; € e1 @, 2, so Unit Coherence implies that

e1 E ey, and then Unit Closure implies e; € Ey;,. S0 Ey, € Epy, . O

To obtain a M-BI model over a given M-BI frame, we need a valuation that
defines which states in the M-BI frame satisfy each atomic proposition. Again,
for the soundness of the proof system, the valuation must be persistent: any

formula true at a state remains true at any larger state.

Definition 3.4.2 (Valuation and model). An M-BIl model (X, V) is an M-BI frame

X = (X,C, ®,, E,,) associated with a persistent valuation V on it.

Next, we define the satisfaction of M-BI formula in a M-BI model. The defi-
nition is almost the same as fig. 2.3, except that it supports the M-indexed sepa-

ration conjunctions, implications, and units.

Definition 3.4.3. On an M-BI model (X, V), we define the satisfaction relation

=y between states in X and M-BI formula: for any x € X,
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Ey T always
Ey 1 never
|=(V I iff xe E,,
ey p iff xeV(p)

Ey PAQ iff xEFy Pandx |y Q

E PvO iff xfEy PorxkEy Q

Fy P—Q iff forally Jx,y |y Pimpliesy |y Q

Ey Px,Q iff thereexistx’,y,zs.t.xJx' €y®,z, yEy Pandz Ey Q
Ey P, Q iff forally,zst zex®,y,yEy Pimplies z Fy Q

R i

Analogous to the case in standard BI, we say P |= Q iff, for all models (X, V),
for any state x € X, x =y P implies x =y Q. We prove that the proof system
for M-Bl is sound and complete with respect to its semantics using the duality-

theoretic framework proposed by Docherty [2019].

Theorem 3.4.3. Let P and Q be any two M-BI formulas. Then P |= Q iff P + Q.

We show the proof in appendix B.3

3.4.3 A M-BI Model for Independence and NA

We now combine Xpna with the BI frame Xp to construct a M-BI frame. Since the
separating conjunction in Xp captures independence, and separating conjunc-
tion in Xpna captures negative association, we can expect to use M-BI formulas
interpreted on the combined model to express both probabilistic independence

and negative association.

We combine Xp and Xpna into a 2-BI model where 2 denotes the set {0, 1}
ordered as 0 < 1, the index 0 is associated with the independent combination

®p and the index 1 is associated with the NA combination &.
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Theorem 3.4.4. The structure Xy = (Xp, Cp, (®p, ®), (Ep, Ep)) forms a E—BIﬁfame.

Proving Xy4 forms a 2-Bl boils down to showing that for any u;, 1o € X,

H1 @D M2 & 11 © u2.

The inclusion is implied by the following theorem generalizing the indepen-
dence closure for NA (theorem 3.2.2). Its proof, however, is more involved be-

cause PNA is more expressive and is closed under coarsening.

Theorem 3.4.5 (Independence implies PNA). Let S,T C Var be two disjoint sets of
variables. Suppose uy € D(Mem[S]), uo € D(Mem|[T]). If u; satisfies S-PNA and
U satisfies T-PNA, then any u € us ®p ur satisfies (S U 7 )-PNA.

The proof is based on the observation that: for any coarsening R of SU T,
any block p in R is the union of some blocks from S and some blocks from 7.
Intuitively, by the independence closure for NA, for any block p in R, the blocks
from § and 7 that are in p are negatively associated with the rest of the blocks
in § and 7. Because any other block in R is formed by merging some remaining
blocks in S and some remaining blocks in 77, the block p is also negatively asso-
ciated with any other block in R. Formally, we establish that proof by induction

on the number of blocks in the coarsening R (see appendix B.4.1).

Because Xy4 has the same carrier set as Xp, we can combine Xy, with the
persistent valuation V* : AP — Xp (Definition 2.3.5) to form a 2-BI model
(Xna,V*). In the remaining of this chapter, we take 2-BI formulas interpreted

in this model as our assertion logic.
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3.5 Logic of Independence and Negative Association

3.5.1 Assertion Logic

When designing a separation logic for reasoning about independence and
negative association, we also want the assertion logic to satisfy restriction
(lemma 2.3.7) so that, to check whether a distribution satisfies ¢, it suffices to
check whether the distribution’s projection on FV(¢) satisfies ¢. Previously, to
prove the soundness of the program logic in section 2.3.3, we show that all BI
formulas satisfy the restriction property when interpreted on Xp. Here, not all
2-BI formulas satisfy the restriction property when interpreted on Xy4; we iden-

tify a subset MBI, that satisfies restriction.

Definition 3.5.1. We define MBI, as
MBI, 2P, Q:=pecAP|T|L|PAQ|PVQ|P—->Q|PxQ|PxQ|P®Q

where AP is defined as in 2.3.

MBI, omits multiplicative identities /,, because on (Xy4, V*) they are all

equivalent to T. The only limitation is that MBI, excludes the use of -®.

Theorem 3.5.1 (Restriction). For any distribution u € Xp, for any ¢ be an MBI,

formula interpreted on (Xya, V™), and any valuation V,

HEY ¢ © TRyl Fv ¢.

We defer its proof to appendix B.4.3. Indeed, we can exhibit a counterexam-

ple showing that ® does not satisfy restriction.
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Theorem 3.5.2. There exists u € D(Mem[S]) and formula ¢ such that u = ¢ but

TEV(e) FE .

We also defer its proof to appendix B.4.3. Below, we consider MBI, formula
on the (Xya,V*) model as the assertion logic. In this assertion logic, all the
axioms for the Independence BI model section 2.3.2 and the NA BI model sec-
tion 3.3.2 still hold. Also, because (Xya,V*) is a conservative extension of
(Xpna, V™), the theorem theorem 3.3.5 that says NA is captured by separating
conjunction @ also still holds. We also have some new axioms for the nega-
tive association conjunction, which involves two new distributions introduced

below.

Definition 3.5.2 (One-Hot Vectors). Let oh(n) denote the set of one-hot vectors
of length n, where a one-hot vector [.. ., 1,...] has exactly one entry set to 1 and

all other entries set to 0. We abbreviate Unify(,) as OH,,.

To describe the next distribution, we generalize the function Unif _) so that
it can also be used to describe uniform distributions over multi-sets. A multi-
set is an unordered collection of items that allow an item to occur more than
once. When A is an multi-set, the distribution Unif4 assigns the outcome x with

weight
Multiplicity of x

'f — *
Unif 4 (a) 34 Multiplicity of y

It is clear that, when A is simply a set, this definition agrees with our definition

of uniform distribution over a set in fig. 2.6.

Definition 3.5.3 (Permutations). Given a finite multi-set of A, a permutation of
A is a bijective function @ : A — A. We let permutation(A) be the multi-set

of A’s permutations. When A has duplicates, we distinguish them using addi-
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tional labels; so there are always |A|! elements in permutation(A). We abbreviate

Unifyermuytation(4) @s Permua.

Then, we have the following axioms that introduce formulas that assert neg-

ative association among variables.

Lemma 3.5.3. Let x, be variables. The following axioms are valid in (Xya, V*).

N
= OHw ([ X0, - - > xn-1]) — y@:% own(x,) (OH-PNA)
N
= Permua([xo, . . ., xn-1]) — @% own(x,) (Perm-PNA)
=

The two axioms follow from Theorem 3.2.2, which shows that random vari-
ables in one-hot distributions and permutation distributions are NA, and Theo-
rem 3.3.5, which shows that @ captures the NA of random variables. We can also

encode the monotone map closure in Theorem 3.2.3 as an axiom in the logic.

Lemma 3.5.4 (BINARY MONOTONE MAP). The following is valid in (Xya, V™).

E(e@nAly=f(FV(g))]) — Own(y) ® n where f is monotone
(Binary-Mono-Map)

Proof. Forany u = ¢ ® n A [y = f(FV(¢))], there exists uj, ua, 4’ such that y 2

1 oe ur ®uy, 1 E ¢ and up E n; furthermore, for any m such that pu(m) > 0,
[y1(m) = [f(X)](m).

Let S = domy,. and let u” denote msypyu. We want to show that u” €

(myp) @ pp. For any partition {Si, ..., Sk} of S, for any family of non-negative all
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monotone or all antitone functions fy, fi,..., fi,

By | fo(mym) - | | fitws,;m)

i€[k]
= By | folmym) - | | filzs,m) (" is a marginalization of y)
| ic[k]
= Epey| fo(f (xm)) - .];[] fils,m) (Because [y] (m) = [[£(X)] (m))
< Epey ifo(f (nxm))] - 1;!} Emepr | fi(rrs,m)] (Because p 3 1t € py @ p2)
< Buneul o] - Dl Epeyer | fi(ms,m)] (Because [y](m) = [f(X)](m))
< Bmepr [fo(0)] - ]—[ Emer [fi (mS:)] (1" is a marginalization of )
i€[k]

Also, because u” = mgyu, we have nyu” = myu and ngu” = wgp = pp. Thus,
u’ € myudus. Because myu = Own(y), we have u” = Own(y) ® 5. By persistence,

wEOwn(y) @ n. O

(Mono-Map) will play an important role in reasoning about negative associ-
ation arising in probabilistic programs. Furthermore, we can prove an N-nary

version of the monotone map axiom.

Lemma 3.5.5 (N-NARY MONOTONE MAP). Let x, x, o and y,, be program variables.

Let K, be natural numbers. The following is valid in (Xya, V™).

a=0

N (K, N N
= g>l=<)0 ( A Own(xy,a)) A vy = fy (5700 o0, )| = @) own(y,)

when fi, ..., fy all monotone or all antitone (Mono-Map)
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We defer the proof to appendix B.4.2.

We also have an axiom particular to permutation distributions. When we
establish NA from permutation distributions, it is preserved under not only
monotone/antitone maps but also any element-wise homogeneous maps. The
reason is that fixing a multi-set and a permutation, permuting first, and then
applying the same map on each element is equivalent to applying the map on
each element and then permuting. So applying homogeneous maps on a per-
mutation distribution gives another permutation distribution. We capture this

property in the following axiom.

Lemma 3.5.6 (Permutation Map). Let x,, be variables, and f(A) be {f(a) | a € A}.

The following axiom is valid in (Xya, V™).

= Permuy([x1,...,xn]) A [y = [£(x1), ..., fF(xn)]] — Permu(q)(y)
(Perm-Map)

The proof is straightforward by unfolding the definitions, so we omit it here.

3.5.2 Program Logic

We now build upon the assertion logic and develop a program logic LINA for
reasoning about independence and negative association in probabilistic pro-
grams. Judgements in LINA have the form {P} ¢ {Q}, where ¢ € C is a proba-
bilistic program introduced in fig. 2.8, and bunched formulas P, Q are restricted

assertions in MBL,.

Definition 3.5.4 (Validity). A LINA judgment is valid, written | {P} ¢ {Q}, if

for all 4 € Mem|Var] such that u | P, we have [ ¢](u) E Q.
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Next, we present the proof system of LINA. Since our assertions are a con-
servative extension of assertions from probabilistic separation logic, all the
rules from Figure 2.8 carry over unchanged. We have one new program
rule NEGFRAME, which acts as the frame rule for the negative association sep-
arating conjunction ®, and one new structural rule RCASE, which does case

analysis where each case only has some probability of occurring.

E ¢ — Own(X) FV(n) nMV(c) =0 XNMV(c)=0
F{o}c{ly=,(X)]} f is a monotone function

F{e ® n} ¢ {Own(y) ® i}

NEGFRAME

neCC  VaeS r{gxn@}c{u}  Fuemn— \/n@) vecM

aesS

RCASE

F{e = n}c{y}

F {evy =1} ¢ {Pr[evy] < 6}
F{Pr[evi] > 1 —€} c {Pr[eva] <6 +¢€}

PROBBOUND

Figure 3.2: New LINA rules.

Informally, the NEGFRAME rule says that if a set of variables X is negatively
associated with another set of variables Y that satisfy 1 in a program state, and
the program ¢ performs a monotone operation f on X and stores the result in a
variable y, then in the resulting program state, y and the untouched variables Y
will also be negatively associated, and Y will still satisfy 5. Like the FRAME rule
for independence *, the NEGFRAME rule uses syntactic restrictions to control
which variables the program may read and write. The three sets of variables
RV(c), WV(c),MV(c) are the ones defined in definition 2.3.8. Roughly, the side
conditions guarantee the program ¢ does not read from or modify Y, the set
of variables satisfying n; they in addition guarantee that X, the domain of the

monotone map will not be modified by ¢, and y, the codomain of the monotone

78



map does not belong to Y.

For RCASE, we write Emem P iff Vm € UscvarMem[S], 6(m) = P. We say a
formula 7 is closed under conditioning (CC) iff for any u, u [= n implies that for any
event S, we have u | S £ 1. And asin RCOND, a formula 77 in CM means that 7 is
closed under the mixture. At a high-level, RCASE allows us to first condition the
input distribution on one specific case, reason about the post-condition with the
conditioned input distribution, and then use the post-condition — we implicitly
combined post-conditions from different cases by requiring the post-condition

to be closed under the mixture.

Last, we present the rule PROBBOUND to facilitate bounding probabilities.
It says that if the pre-condition ev; = 1 guarantees that event ev, happens with
at most ¢ probability after command c, then in general, event ev, happens with
at most probability ¢ + € after ¢, where € upper bounds the probability that ev;
is not true in the pre-condition. The validity of this rule uses the law of total

probability, which says for any two events ev; and ev,,

Pr(evi) = Pr(ev; | evy) - Pr(evy) + Pr(ev; | —evy) - Pr(—ev;)

< Pr(evy | evy) + Pr(—ev;).
As expected, the LINA proof system is sound.

Theorem 3.5.7. (Soundness of LINA) If + {¢} c¢ {¢} is derivable, then it is valid:
E{e}c{y}.

Proof. We prove the soundness of each new rule in LINA.

NEGFRAME We show that NEGFRAME follows from Binary-Mono-Map and ex-

isting program rules. By CONST, the side conditions FV () N MV(c) = 0
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and X N MV(c) imply that {Own(X) ® n} ¢ {Own(X) ® n}. Because
E ¢ — Own(X), by *-CONJ, it must F ¢ ® n — Own(X) ® n. Thus,
by WEAK,
{¢ ® n} ¢ {Own(X) ® n}.
Alsoby WEAK, the premise {¢} ¢ {[y = f(X)]} implies {¢ ® n} ¢ {[y = f(X)]}.

Thus, by CONJ,

{p@ntc{Own(X)®nAly=f(X)]}.

By (Binary-Mono-Map), Own(X) ® n A [y = f(X)] implies Own(y) @ n.
Thus, by WEAK again,

{¢ ® n} ¢ {Own(y) ® n}.

RCASE For any u [ ¢ * 1, there exists u1, up, ¢ such that u 2 ¢’ € pj o po, 1 £
¢, and py | 1. The formula n being CC means for any m in the support of
w2, 0 E n as well. Then, with the side condition Fyem 7 — Vges e, We

have

on [ \/ n(@).

aesS

Combining the side-condition that {(a)} ¢ {¢} for all @ with CASE, we

get {V esn(@)} ¢ {¢}. Thus, for any m € supp(u) we have [[c](6n) E .

According to the semantics, [¢]|(¢) is a convex combination of [ ¢](6,,) for

different m, and thus [[c]|u E v.
PROBBOUND Denote the function Ax.1 — ev;(x) as —ev;.
For any program state u |= Prlev(] > 1—€,let p = u(evy),itmustp < 1—e.

Let ptey, = [c](1 | evy) and let p—ey, = [[c]|(u | —evy). By induction on

the denotational semantics of the commands, we can prove that [¢](x) =

:uevl Op ,u—|ev1 .
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Also, by construction, [ev[(x | evi) = 1,s0 u | evy | evy. By the rule’s
assumption and inductive hypothesis, we have  {evi} ¢ {Pr[evs] < 6},
which implies

Hev, | Prleva] < 6.

Thus, we have p,,, (evs) < 6.

Then, by definition and the law of total probability,

[l (1) (eva(x)) = (fev, 0p fmevy)(€v2)
<P ey (ev2) + (1 - p)
<p-6+(1-p)
<p-S+e

<d+e€

That ensures [[¢](u) E Prleva] <6 +e€. m]

3.6 Examples

Now that we have introduced LINA, we present a series of formalized case
studies. Our examples are extracted from various algorithms using hashing

and balls-into-bins processes.

3.6.1 Probability-related Axioms for Examples

Our examples will use a handful of standard facts about probability distribu-

tions, encoded as axioms in the assertion logic. For completeness, we list the
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axioms used below. We also observe the following conventions throughout the
examples: logical variables are denoted by Greek (a,f,v,...) and capital Ro-
man letters (M, N, K,...). Program variables start with lower-case Roman let-

ters (x,y,z,...).

The most important axiom is the one encoding Chernoff Bound: in each of
our examples, we establish negative dependence of a sequence of random vari-
ables {X;}; and apply the Chernoff bound to derive a tail bound. In our assertion

logic, the Chernoff bound can be encoded as the following axiom schema:

Theorem 3.6.1 (Chernoff bound, axiom). Let {x,} be a family of variables indexed
by «, where each variable is bounded in [0, 1] and is a monotone function of its program

variables. Then for any B € (0, 1], the following axiom schema is sound in our model:

N [ | N [ N

= @0 Own(xe) = Pr| | o ~E| Y xo|| = B| < F(B.n)  (NA-Chernoff-1)
a= | [a=0 | =0
N [| N [ N

|= @0 Own(xy) = Pr| |3 %0 ~E|Y xo|| 2 T(B.m)| < (NA-Chernoff-2)
= | la=0 | =0

For the other axioms, we present the axioms in binary form for simplicity,

though most extend directly to big operations.

* Linearity of expectation. Let e, f be bounded expressions.
F [Ela-e+B-f]=a-Ele]+B-E[f]] (LinExp)
e Union bound. Let evy, ev, € EV,
E Pr[ev) V evy] < Prlevy] + Pr[ev;] (UnionBd)
* Permutation marginal. Let x be an array variable, and let S be a finite set.
E Permug(x) — Unifg(x[a]) (PermMarg)
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Expectation Indicator. Let e be a 0/1 valued expression,

E [E[e] = Pr[e =1]] (ExpectInd)

Bernoulli variables probabilities. Let e be an expression,

= Bern,(e) — Prle=1] =p (BernProb)

Probability of uniform. Let S be a finite set.

& [Pr[Unifs(x) = a] = 1/|S|] (ProbUnif)

Bijection uniform. Let S be a finite set, and let f : § — S be a bijection.

= Unifs(x) — Unifs(f(x)) (BijectUnif)

One-hot marginal. Let x be an array variable.

E OHg(x) — Unifgs{x[a]) (OHMarg)

Independent product one-hot.

|= OH[M] (x) * OH[N] (y) — OH[M]x[N] <xT : y) (IndProdOH)

Independent map. Let x be an array variable of length N.

N N
= xla] 2— % f(xla]) 2 (IndMap)

Deterministic independent. Let x be a variable.

E Detm(x) — x Lx ¢ & (DetInd)

Events happen only if they have probability one. Let ev € &V,

|: ev=1—>o Pr(ev) =1 (ProbOne)
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¢ Uniform sampling from a population. We represent a population as a bit-
vector, where each entry is an individual and 1 indicates they have some
feature and 0 indicates not. Then, if we uniformly sample from the popula-
tion, the probability of getting one is equal to the population-level ratio of
ones, regardless of how they are distributed in the population. Let N > J
be constants or logical variables, b be an array variable of length N, and

x, hit be variables:

N

E ((bv(b,J, N) = Unify(x)) A [hit = b[x]]) — Bernhi,<%> o (Z b[B] =J|
B=0

(UniformSamp)

¢ Independent product probabilities. Let evi,ev, € EV , J,K be two real

numbers,

E Prlevi] < J % Pr[evy] < K — Prlevy Aevy] <J-K. (IndepProb)

* Equal probabilities. Let by, b, be two boolean expressions. Recall that
by, by € EV too.

E [b1 = by] — Pr[by] = Pr[bs] (EqualProb)

3.6.2 Bloom filter, High-level

We demonstrate how NA and its closure properties can be used to analyze
Bloom filters. A Bloom filter is a space-efficient probabilistic data structure for
storing a set of items from a universe U. An N-bit Bloom filter consists of a
length-N array bloom holding zero-one entries. We assume there is a family §
of hash functions mapping U to {0, ..., N — 1} and a distribution H over S such
that for any x € U and any bucket k, Pry4/(f(x) = k) = 1/N. Let[,...,Ilg be a
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BLOOMARRAY :

BLOOM :

bloom < zero(N); bloom < zero(N);

m « 0; m <— 0;

while m < M do while m < M do
h<20 h <— 0
while 4 < H do Whll.e h < Hdo

bin & OHyy; bin & OHpyy;
n«0;

upd «— bloom || bin;

upd «— bloom|n| || bin|n]|;
bloom|n| « upd,

ne—n+l
h—h+1,; heh+l;
m«—m+1; , m e m+1
(a) Higher-level version (b) Array version

Figure 3.3: Bloom filter examples

collection of hash functions drawn from H. We assume the hash functions are
independent, meaning the collection of variables {/;(x) | x € U,i € {1,...,H}}
are independent. To add an item x € U to the filter, we compute [ (x), ..., [z (x)
to get H positions in the bit array bloom and then set the bits at each of these
positions to 1. To check if an item y is in the filter, we check whether the bits
at positions /;(y), ..., ln(y) in bloom are all 1. If they are, the item is said to be
in the filter, but if any is 0, then the item is not in the filter. This membership
test may suffer from false positives, i.e., it may show that an item y is in the filter
even when y was never added to the filter. This can happen because, with hash
collisions, other items added to the Bloom filter could set all the bits at loca-
tions /1(y), ..., la(y) to 1. A basic quantity of interest is the false positive rate: the

probability that a Bloom filter reports a false positive.

We model the process of adding M distinct items into a Bloom filter as the

program BLOOM in fig. 3.3a. Because the M items are distinct, we model the
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hash functions as if they independently, randomly sample hash values for each
item as they are added, a standard model used in the analysis of hashing data
structures [Mitzenmacher and Upfal, 2005]. That is, we encode the hashing step
as sampling a one-hot vector from the distribution OH|y; and storing it in the
variable bin, where the hot bit of the vector bin represents the selected position.
To set the corresponding position in the filter to 1, we update bloom, which is
set to be an all-zero vector at the beginning of the program, to be bloom || bin,

the bitwise-or of the current array and the sampled one-hot array.

Our goal is to bound an N-bit Bloom filter’s false positive rate after M dis-
tinct items are added. We split the analysis of the false positive rate into two
steps. First, we will analyze BLOOM and prove that the entries in bloom are
negatively associated at the end of the process. By (NA-Chernoff-2), NA be-
tween the entries of bloom gives a tail bound of the fraction of bits in bloom
that are set to 1. Second, we analyze a program that checks the membership
of a new item in a given Bloom filter, presented as CHECKMEM in fig. 3.4, and
bound the probability that the H hashed values of the new item are all already
in the Bloom filter. Last, we combine them into one proof that bounds the false

positive rate of a Bloom filter with M elements.

Proving NA of BLOOM Recall that the code models inserting M distinct el-
ements into a Bloom filter backed by an array bloom of length N, where each
element is hashed by H functions, each producing an element of [N] uniformly

at random.

We refer to the outer loop as outer, and the inner loop as inner. For both

the outer and the inner loop, we apply the rule LOOP with the loop invari-
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ant: @2;0 Own(bloom|[B]). We consider the inner loop first. We show that
the invariant is preserved by the body of inner. After the sampling command

bin & OHjyj, SAMP gives:
N
(ﬂ@o Own(bloom[ﬁj)) « OH |y (bin)
By negative association of the one-hot distribution (OH-PNA), we get

N N
(ﬁ@% Own bioom [,B])) . (@% bin[y])
— y=

which implies
N N
(5@90 Own(bloom [ﬁ])) ® (@)0 bin [y])
= y=

using WEAK. By rearranging terms, this is equivalent to

N
g>_!_<)o own(bloom|B]) ® Own(bin[A]).

After the assignment to upd, we have:
N
(@)0 Own(bloom|B]) ® Own(bin [,8])) A lupd = bloom || bin].
B=

Because || is monotone, applying the monotone mapping axiom (Mono-Map)

gives us:
N
@ own(updip)).

Using the assignment rule (RASSN) on the assignment to bloom shows that the

loop invariant is preserved by the inner loop. Thus, LOOP gives:

N N
{@® own(bioom|p))} inner {& own(bioom|p))}
B=0 B=0

Next, we turn to the outer loop. The argument showing that the invariant is

preserved by the outer loop follows from a straightforward argument, since the
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outer loop only modifies bloom through the inner loop, so LOOP gives:

N N
{@ own(bioom[p])} outer {@ own(bioom(p])}
B=0 B=0

Then, we have: y
{7} BLoom {@® own(bloom|p])}
B=0

because initializing bloom to the all-zeros vector, a deterministic value, estab-
lishes the loop invariant. This judgment shows that the bloom vector satisfies

NA at the end of the program.

We now apply the Chernoff bound to the NA variables (NA-Chernoff-2) to

prove that, with high probability, the number of occupied bins in BLOOM is near
its mean with high probability:

N N
{T}BLOOM{Pr Zbloom[ﬁ] -E Zbloom[ﬁ] 5}.
=0

=0
This concentration bound implies that a tail bound, which says with high prob-

> T(5,N)

ability Z,]g:o bloom|p] is upper bounded by its expected value plus T'(6, N),

N
{T}BLOOM{Pr Zbloom <E Zbloom

B=0

+T(5,N)| > 1—(5}. (3.1)

Furthermore, since the first line of the program, bloom has been kept as a

bit-array, i.e., all its entries are either 0 or 1. So it is easy to prove that

N
{7} BLoom { \ (bloom[B] = 0V bloom[B] = 1)}.
p=0

In the following, we will abbreviate formulas that assert b is a bit-array

where exactly J of its first N entries are one, i.e.,

(ib[ J)/\/\(b =0Vvb[B] =1),
B=0
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as bv(b, J, N). Similarly, we will use bv(b, < J, N) to abbreviate

N N
(Zb[m < J)A NGB =0vb[B] =1).
B=0 B=0

Now we restate our goal as

{bv(bloom, < K, N)} CHECKMEM {Pr[allhit] < (K/N)"}.

CHECKMEM(H, bloom) :

h <0

allhit «— 1

while 2 < H do
bin & Unifyy;
hit < bloom|bin|;
allhit «— hit && allhit;
h—h+1;

Figure 3.4: Check the membership of a new item

Bounding the false positive rate Now, we turn to verifying a bound on the
false positive rate of the Bloom filter. Recall that a false positive occurs if the
filter returns true when querying with an element that was not inserted. We
can encode the membership check of a new element as a program CHECKMEM
(H,bloom), listed in Figure 3.4. The program hashes the new element into H
uniformly random positions and checks if these positions are all set to one in
the filter. If so, the Bloom filter will report that the new element is in set, even

though it was never inserted — a false positive.

To verify the false positive rate, we place the program CHECKMEM(H, bloom)
immediately after BLOOM, and then verify a bound on the probability that allhit

is 1 at the end of the combined program.
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CHECKMEM first initializes h and allhit deterministically to 1. Then, us-

ing RASSN and FRAME, we can show that
F{T} h « O;allhit « 1 {[h =0] * [allhit = 1]}.

Using the (ProbOne) axiom and the fact that 1 < (K/N) for any K and N, we

can show [ ([h =0]) * ([allhit = 1]) — Pr[allhit] < (K/N)". Thus,
F{T} h < 0;allhit — 1 {Pr[allhit] < (K/N)"}.

Because the assignments i « 0; allhit < 1 do not modify the Bloom filter array

bloom, we can then apply FRAME to derive

F {bv(bloom, < K,N)} h — 0;allhit — 1 {bv(bloom, < K,N) = Pr[allhit] < (K/N)"}.
(3.2)
We will abbreviate bv(bloom, < K, N) = Pr[allhit] < (K/N)* A h < H as n. Be-

cause Z[g:o b[p] is an integer upper bounded by N,

EMem n—o \/ n,
0<J<K

where 17, abbreviates J < K A (bv(bloom, J, N) = Pr[allhit] < (K/N)") A h < H.

We will then prove that for each J, the formula 5, is a loop invariant of
CHECKMEM’s loop body. The loop body first uniformly samples an element

from [N], so by SAMP and FRAME, we have the following as the post-condition:
ny * Unif [y (bin). (3.3)

Together with the axiom = ((PAQ) * R) — (P A(Q * R)), the post-condition 3.3

implies
J<KAh<HA (bv(bloom,], N) # (Pr[allhit] < (K/N)h) * Unif[N]<bin)).
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Then, hit gets assigned to bloom|[bin], so by RASSN and CONST, we have

{bv(bloom,J,N) = Unif |y (bin)}
hit < bloom|B]
{(bv(bloom, J,N) = Unify)(bin)) A [hit = bloom|bin]]}
Since the array bloom only contains zero-one entries, when the sum of its entries
is J, an entry bloom[bin] drawn uniformly at random has probability % to be
1. If the entry is in addition chosen independently from values in bloom, then

the bit bloom|[bin] is distributed independent from the distribution of bloom.

The (UniformSamp) axiom encodes this fact:
E ((bv(b,J, N) = Unify(x)) A [hit = b[x]]) — Bern%(hit) x bv(b,J,N).
Thus, we have
{bv(bloom,], N) Unif[N](bin)} hit < bloom|S] {Bern% (hit) = bv(bloom, J, N)}.
Because hit < bloom[bin] does not modify allhit, we can apply FRAME and get
K\
{bv(bloom,], N) * Unif|y(bin) = Pr[allhit] < (N) }
hit < bloom|p]
K\
{Bern%(hit) x bv(bloom,J, N) = Prlallhit] < (ﬁ) }

Next, with the assignment allhit « hit && allhit, by applying the RASSN rule
and the axioms (IndepProb), (EqualProb), we get:

h
K
{Bern% (hit) = bv(bloom,J, N) = Prlallhit] < (ﬁ) }

allhit « hit && allhit

h
{([] S (5)
N \\N

« bv(bloom, J, N)}
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We can then apply the rule of constancy CONST and get
K\
{J <KANh<HA (bv(bloom,], N) = Unif|y)(bin) = Prlallhit] < (ﬁ) )}
hit < bloom|B]; allhit «— hit && allhit
o J (k)
J<KAQh<HA||Prlallhit] < vy x bv(bloom,J,N)
When we have J < K, then (K/N)" - % < (K/N)"!, so the postcondition implies

J<K/\th/\(

K h+1
Pr[allhit] < (ﬁ) ) * bV(bloom,J,N))

The last step in the loop body is the assignment & « h + 1. By the deterministic

assignment rule DASSN, we can establish the postcondition 7; afterwards:
K\
J<KAhQhZ H(bv(bloom,], N) = Pr[allhit] < (N) )
Thus, we have {n;} loop body {n;}

By LOOP rule, we can establish {5} loop {n; A h > H}. Recall  abbreviates
bv(bloom, < K, N) * Pr[allhit] < (K/N)"Ah < H, so the post-conditionp;Ah > H

implies h = H, which further implies Pr[allhit] < (K/N)¥. We then have

H
{7]1} loop {Pr[allhit] < (g) }

Because Pr[allhit] < (K/N)H is closed under mixtures, and 7 is closed under

conditioning, we can then apply RCASE to prove that

H
{77} loop {Pr[allhit] < (%) } (3.4)

Using the SEQN rule to combine the proved judgments for CHECKMEM’s ini-

tialization (3.2) and loop (3.4), we derive

H
{bv(bloom, < K,N)} CHECKMEM {Pr[allhir] < (%) }
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Then, by the PROBBOUND rule and basic axioms about probabilities, we have

{Pr ZN:bloom[ﬁ] <K|=>1 —(5/\/N\(b[,8] —0Vb[B] = 1)}
B=0 B=0

CHECKMEM
{Pr[allhit] < (K/N)? + 6}
We then use SEQN to combine the proved judgements for BLooM (3.1) and

CHECKMEM (3.5) to derive that, for any J,

H
E| X3 bloom[B] | +T(5,N)
Tt BLOOM; CHECKMEM {Pr[allhit] < +57.

N

Since allhit is 1 exactly when there is a false positive, this judgment proves an

upper bound on the false positive rate of the Bloom filter.*

3.6.3 Bloom filter, Low-level

The previous Bloom filter uses a vector operation bloom || bin to transform an
array of negatively associated values. We next consider a lower-level version of
the previous example, BLOOMARRAY, in Figure 3.3b, where the vector operation

is replaced by a loop that applies the Boolean-or.

Let outer and mid be the outer-most and second outer-most loops, and let
inner be the inner-most loop. Again, our goal is to show that the vector bloom

is negatively associated at the end of the program. We first prove the following

The precise expected value is N - (1 — (1 — 1/N)MH) a fact that can also be shown in our
logic. Roughly speaking, this fact follows because each element of bloom is the logical-or of M-H
probabilistically independent bits, each 1 with probability 1/N and 0 otherwise. This argument
does not rely on negative association.
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judgment for inner:

N N N N
{%@0 own(bloom|B]) * @0 Own(bin|y))} iINNEY {g@o own(bloom[B]) ® & Own(bin[y))}
— y= = y=n

We will apply the rule LOOP on inner with the following loop invariant:

N N

o= g@o own(bloom|[B]) @ & own(bin[y])

= y=n
To show that the loop invariant is preserved by the body, we can first show:
{Own(bloom|n], bin|n]|)} upd < bloom|n] || bin|n| {[upd = bloom[n] || bin[n]]}

using RASSN. Noting that the boolean-or operator is a monotone operation, we

may apply NEGFRAME to obtain:
{Own(bloom|[n], bin|n]) & n} upd <« bloom|[n] || bin[n] {Own(upd) ® n}

with the framing condition

n—1 N N
n= (@) Own(bloom [,8])) ® ( ®1 Own(bloom [,8])) ® ( @ Own(bin[y])).

B=n+ y=n+1

Thus, by re-associating the separating conjunction and applying DASSN for the

remaining two assignments in the inner-most loop, we have:
{¢} upd « bloom[n] || bin|n|;bloom|n] «— upd;n «— n+1 {¢}
and thus by LOOP, we have:
N N ) N N
{§<)O own(bloom|g]) ® & Own(bin[y])} INNET {§<)O own(bloom|[p]) ® & Own(bin[y])}.
— y=n — y=n

Now for loop mid, we establish the same loop invariant as we took before:

N
v = @) own(bloom[B])
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If  holds at the beginning of mid, then invariant for the inner-most loop ¢ holds
after assigning O to n and sampling bin, since bin is independent of ¢ and bin
is distributed as OH,, which implies entries in bin are negatively associated
(OH-PNA). Furthermore, ¢ implies ¢ at the exit of inner, by dropping the con-
junct describing bin. Thus, ¢ is a valid invariant for mid, and the rest of the proof

proceeds unchanged.

3.6.4 Permutation Hashing

PERMHASH :

g & Permupp.ky;

n <« 0;

ct «— 0;

while n < N do
bin|n| « mod(g|n|, B);
hitZ|n| « [bin|n| = Z];
ct «— ct+ hitZ|n]|
n—n+l

2

Figure 3.5: Permutation hashing

Our second example considers a scheme for hashing using a random per-
mutation. Consider the program in Figure 3.5, from an algorithm for fast set
intersection [Ding and Konig, 2011]. Letting B be the number of bins, and the
data universe be [B- K| = {1,...,B - K} where B - K > N, we first draw a uni-
formly random permutation g of the data universe. Then, we hash the numbers
n € [N] into bin[n| by applying the hash function g and then taking the result
modulo B. Then, we record whether the item landed in a specific bucket Z by
computing the indicator hitZ[n| = [bin[n] = Z], which is 1 if bin[n] = Z and 0

otherwise, and accumulate the result into the count ct.
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Our goal is to show that ct is usually not far from its expected value, which
is N/B. If the quantities {[bin[n] = Z]}, were independent, we would be able to
apply a standard concentration bound to the sum ct. However, {[bin[n] = Z]},
are not independent: for instance, since exactly K elements from [B - K] map to

Z,if bin|n| =Z forn € {0,1,...,K — 1}, then bin[K] = Z must be false.

Nevertheless, we can show that {[bin[n] = Z]}, are negatively associated
random variables. Intuitively, {g[n]}, are NA random variables because the
result of a uniformly random permutation is NA. Then, {bin[n]}, is computed
by mapping the function mod(—, B) over the array g; since this produces another
uniform permutation distribution, the vector {bin[n|}, is also NA. By similar
reasoning {[bin|n]| = Z]}, is also NA, as it is obtained by mapping the function
[— = Z] over {bin|n]},.

We formalize the reasoning using the program logic LINA. For the main

loop, we apply the rule LOOP with the following loop invariant:

n

/\[hitZ[e] = [mod(g[al, B) = Z]] A Permujs.k)(g)
a=0

Act = ZhitZ[a] A((n>N) = [n=N])
=0

The loop invariant is preserved by the body of the loop, using RASSN

and CONST.

Thus we can show the following judgment:

N
ct = Z hitZ|a| }

N
{ /\[hitZ[a] = [mod(g[a), B) = Z]] A Permup.x1(g) A
a=0 a=0
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Applying (Perm-Map), the post-condition implies:

N N
A lhitZ[a] = [mod(g[al, B) = Z]] A *0 own(hitZ[a])
a=0 =

N
ct = Z hitZ|a|

a=0

A Permup.x1(g) A

Applying basic axioms about expected value and the permutation distribution

((PermMarg) (ProbUnif) (BijectUnif)), we have:

N
ct = Z hitZ|al| A [E[ct] = N/B]

N
>!<0 own(hitZ[a]) A
@= a=0

And we can apply the negative-association Chernoff bound (NA-Chernoff-2) to
conclude:
{T} PERMHASH {Pr[|ct — N/B| > T(B,N)] < B}

This conclusion corresponds to Proposition A.2 in Ding and Konig [2011] algo-

rithm for fast set intersection.”

3.6.5 Fully-dynamic Dictionary

For our next example, we consider a hashing scheme for a fully-dynamic dic-
tionary, a space-efficient data structure that supports insertions, deletions, and
membership queries. The top level of the data structure by Bercea and Even
[2022] uses a two-level hashing scheme: elements are first hashed into a crate,
and then hashed into a pocket dictionary within each crate. As part of the space

analysis of their scheme, Bercea and Even [2022] proves a high-probability

*Ding and Konig [2011] apply a variant of the Chernoff bound to obtain a multiplicative,
rather than an additive, error guarantee. We present the additive version since the bound is a
bit simpler, but there is no difficulty in handling the multiplicative version in our framework.
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FDDICT :
binCt « zero(C, P);
overCt « zero(C);
n <« 0;
while n < N do
crate[n| & OH|cy;
pocket|n] & OHpp;
bin|n] « crate[n]T - pocket|n];
c 0
while ¢ < C do
p <0
while p < P do
upd « binCt|c|[p] + bin[n][c][p];
binCt|c||p| <« upd,
p—p+1;
c—rc+1;
n—n+l;
C — O;
while ¢ < C do
p < 0;
while p < P do
over|c]|p] « [binCt[c][p] > Tpinl;
upd «— overCt|c] + over|c|[p];
overCt|c| « upd;
p—p+l1;
c—c+1

Figure 3.6: Fully-dynamic dictionary [Ding and Konig, 2011]

bound on the number of pocket dictionaries that overflow after a given number

of elements are inserted.

We extract the program FDDICT in Figure 3.6 from the scheme in Bercea
and Even [2022]. The program models the insertion of N elements. Each ele-
ment is first hashed into one of C possible crates uniformly at random and then
hashed into one of P possible pocket dictionaries uniformly at random. The
variable bin[n] is a C by P matrix, with all entries zero except for the entry at

(crate[n], pocket|n]), which is set to 1. Next, the program totals up the number
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of elements hashing to each (crate, pocket) pair, storing the result in the C by
P matrix binCt. Finally, the program checks which (crate, pocket) pairs have
count larger than some concrete threshold 7j;, and records that in over, and

totals up the number of full pocket dictionaries in each crate (overCt).

Our logic can prove a judgment of the following form for Tp;, > N/(P - C):
c
{T} FDDICT { A PrloverCt[y] 2 P F(Tyin — N/(P - C),N) +T(pover P)] < Pover}-
y=0
where the logical variables p;;, and p,,.r represents the parametric overflow
properties. This formalizes a result similar to Bercea and Even [2022, Claim
21], which states that except with probability g, all crates have at most T,y
overfull pocket dictionaries. The core of the proof shows that for every crate
index y, the counts binCt[y]|[B] are negatively associated, using the NEGFRAME
rule as in the array version of the Bloom filter example. Then, we show that
vector over|y][B], which indicates whether each pocket dictionary g in crate y
is overfull or not, is also negatively associated. This holds because over|[y][S]
is obtained from binCt|y||[B] by applying a monotone function. Furthermore,
the count of overflows overCt[y] is obtained by another monotone function on

over[y|[B] and thus its entries are also negatively associated.

Now we prove each step using the program logic. We will refer to the two
outer-most loops as (1) and (2), the next two outer-most loops as (1.1) and (2.1),

and the inner-most loop as (1.1.1).

Computing E[binCt|[c]|[p]]. For loop (1), we apply LOOP with the following

loop invariant ¢:

c P
N \[ElbinCt[y][B]] = n/(P-C)] A ([n = N] = [n = N]) A Detm(n).

=0 5=0
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To show that this invariant is preserved by the loop, by applications of SAMP
and RASsN and CONST and FRAME, the following holds after the sampling and

the assignment:
OH|p(pocket|n]) + OH|c|{(crate[n]) A [bin[n] = crate|n|’ -pocket[n]]. (3.6)

Using an axiom about independence and products of one-hot vectors

(IndProdOH), this implies:

OHcx[p)(bin[n]).

Using an axiom about the one-hot encoding (OHMarg):

Elbin|a][y][B]] =1/(P-C)

for every @, y, and . Standard loop invariants for loop (1.1) and (1.1.1) show
that:
binCt|c Z bin|a]|

and linearity of expectation establishes the invariant condition 3.6 for loop (1).
The invariant holds at the start of the loop (1) since binCt is zero-initialized, and
it also holds at the end of the loop (1). Since binCt is not modified further, the

expectation equality remains valid at the end of the program due to CONST.

Bounding Pr[binCt[c]|[p]| > Tpin]. For loop (1), we also apply LOOP with the

following loop invariant:

(owsten)

The first conjunction is an invariant, by applying SAMP and FRAME. The rest

N
binCt[y][8] = Z bin[a|[y][B]| A[n = N] ADetm(n).

of the invariant is preserved, following standard invariants for loops (1.1) and
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(1.1.1). By projection (IndMap), at the end of the loop (1) we can conclude:

C P (N
AN\ own(binlally] [ﬁ])) A
v=0 =0

N
binCt[y|[B] = ) binla][y][B]|.
a=0

Thus, a standard Chernoff bound gives (here, we apply NA-Chernoff-1 to in-
dependent variables by first changing the independence star into NA star us-

ing WEAK) :

c P

A /\ PrlbinCi[y1[8] = E[binCt[y][B]] + poin] < F(pin. N)-
y=0 =0

where E[binCt[y][B]] is N/(P-C) by the previous step. Thus, by applying CONJ,

we can combine the post-conditions and derive

c P

N\ /\PrlbinCt(y] 1] = N/(P - C) + phin] < F(ppin, N)- (3.7)
y=0 =0

Again, the property holds until the end of the program since »inCt is not modi-

fied further (CONST).

Bounding E[overCt|c]]. Using standard loop invariants, at the end of the loop

(2) we have:

C P

P
N\ [overCtlyl = > over[yl[Bl| A /\[over[y][B] = [binCt[y][B] > Tyin]l.
=0

y=0 Bp=0

Using linearity of expectation and the fact that over[y][f] is either zero or one,

we have:

EloverCtly|]l = ) Elover[y][B]]

E[binCrt[y][B] > Tpin]

M= BV M-

Pr[binCt[y][B] > Tpin]

T
o
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Because the bound we obtained in eq. (3.7),

P P
> Pr[binCt[y][B] > Tyl < Y. F(Tpin = N/(P - C),N)
B=0 B=0

= P F(Tpin — N/(P - C),N)

for Tpin > N/(P - C). Thus, E[overCt[y]] = P - F(Tym — N/(P - C), N).

Bounding Pr[overCt|c|] > Tyver]. At the high level, we want the following

loop invariant for Loop (1):

c P
A @j)o own(binCt[y][8])
y=0""

We want the following loop invariant for (1.1):

c P
/\@ Own(binCt|y )@@Own(bm (7] [y]18])

¢ P
/\ g@ own(binCt[y][8]) A [¢ < C] A Detm(c)
And the following loop invariant for (1.1.1):

C P

A @ own(vincrlyl[p]) e @ own(bin[n][y][B])

y=c+1 =0

P P
AB@% own(binCt[c][8]) @ ﬁ@ own(bin[n][c][B])
= =p

A\ %@ own(binCt[y][B]) A [c < C] A Detm(c) A [p < P] A Detm(p)
-0 "~

We show the loops preserve the respective invariant for a fixed y; the big con-

junction then follows by applying CONJ. Working from inside to outside, we
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start with loop (1.1.1). To establish the invariant condition, the critical case is

¥ = c. We can pull out:

@ @Own(met Bl) @ @ Own(binCt[c|[B])

B=p+1

®,3®1 Own(bin|n] Bl) ® Own(binCt[c|[p]) ® Own(bin|[n|[c]|[p])
—p+

[

Now, we can use the assignment rule to show:
{®} upd <« binCt|c|[p]| + bin|n]|[c][p] {¢ A [upd = binCt|c]||p] + bin|n|cp]}

Since addition is a monotone function, the NA frame rule NEGFRAME gives:

@ own(binCt[c][8]) @ B@ own(binCt[c][8]) @ ﬁ@l own(bin[n][c][B]) ® Own(upd)
p+1 =p+

after the assignment to upd. After the assignment to bin|[c|[p], we can fold it
into

P P
g:%OWn(binCt[c] B e @ own(bin[n][c][8]).

B=p+1

Then, by applying DASSN, we get

@ own(binCt[c][B]) @ @ Own(bin[n][c][B]).

The assertion for all the other y remains unchanged, so we establish the invari-

ant for loop (1.1.1).

Now we reason about the loop (1.1). Since binCt is zero-initialized (DetInd),

the invariant for loop (1.1.1) holds on loop entry. Then, apply LOOP with the
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loop invariant established above for loop (1.1.1) gives us

C
A ﬁ@o own(binCt[y][8]) @ @ own(bin[n][y][A])
1

y=c+

c+l P

AN @ own(binCt[y][8]) A [¢ < C] A Detm(c)
B=0

after the termination of loop (1.1.1). The program then deterministically in-

creases ¢ by 1, and by DASSN, we can establish the loop invariant for loop 1.1.

Similarly, loop invariant for loop (1) is established when loop (1.1) exits and

we increase n by 1. Thus, after loop (1) terminates, we have the postcondition:

c P
A\ & own(vinctiy][8])
=0 =0
Next, we tackle loop (2). We take the invariant:

/\@Own(over 118]) A

P
overCt|y| = Z over|y||B]
B=0

c P
A\ @ own(binCt[y][B]) A [c < C] A Detm(c)
y=0 =0

For the inner loop (2.1), we take the invariant:

M~

¢ P
/\ g) Own(over|y][B]) A

overCt|y| =

over|y|[p]

0

=
Il

P
overCt|y| = Z over|

P P
A @ Own(over|c||B]) ® @ Own(binCt|[c][B]) A
B=0 B=p =0

c P
A /\ @ own(binCi[y][B]) A [¢ < C] A Detm(c)
=0 A=0
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Again, we show the invariant post-conditions for a fixed y. For the critical itera-
tion y = ¢, we again isolate binCt[c||p], observe that addition is monotone and
the function [binCt[c]|[p]| > Tpin] is monotone in binCt[y]|[p], and apply the NA

frame rule NEGFRAME.

Finally, at the end of the program, we can show:

P
g?o own(over[y][8])

along with the regular invariant

P
overCily] = ) over[yl[B]|.
B=0

We can then apply the negative-dependence Chernoff bound (NA-Chernoff-2):
PrloverCt|y] = E[overCt[y|] +T(pover, P)] < pover-

Using the expectation bound from the previous step and putting everything

together, we conclude:

C
{7} FDDICT { A PrloverCt[y| 2 P F(Tyin — N/(P - C),N) +T(pover P)] < Pover}-
v=0

thus showing a high-probability upper-bound on the number of overfull pock-

ets dictionaries within each crate.

3.6.6 Repeated Balls-into-bins Process

Our final example considers a probabilistic protocol proposed by Becchetti et al.
[2019], implemented as REPEATBIB in Figure 3.7. Intuitively, the program im-

plements a repeated balls-into-bins process. Initially, N balls are distributed
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REPEATBIB :
r « 0;
while » < R do
n<20
rem « 0;
while n < N do
ct|n] « ct|n] = [ct|n] > 0];
rem < rem+ [n > 0];
n<—n+l;
J<0;
while j < rem do
bll’l[]] & OH[N];
k « 0;
while £ < N do
upd «— ct|k| +bin|j|[k];
ct[k] <« upd,
k—k+1;
Je—Jj+1;
n« 0;
emptyCt|r| « 0;
empty «— isZero(ct);
while n < N do
upd «— emptyCt|r| + empty|n];
emptyCt|r| « upd,
ne—n+l;
r—r+1;

Figure 3.7: Repeated balls-into-bins [Becchetti et al., 2019]

among N bins (ct[n]). For R rounds, in each round, a ball is first removed from
every non-empty bin. Then, the rem removed balls are randomly reassigned to
bins. This process is useful for distributed protocols and scheduling algorithms,
where the balls represent tasks and the bins represent computation nodes. Bec-
chetti et al. [2019] proposed and analyzed this algorithm (e.g., bounding the
maximum load, proving how long it takes for all balls to visit all bins). We can

verify the following lower-bound on the number of empty bins, analogous to
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Becchetti et al. [2019, Lemma 1 and Lemma 2]:

N
{NZZ/\ th[a] =N }
a=0
REPEATBIB
K N
{PI‘ \/(emptth[ﬁ] < E - T(pempty, N)) <R pempty}
B=0

Two aspects of this program make it more difficult to verify. First, there is a loop
with a randomized guard: the number of removed balls rem is a randomized
quantity. Reasoning about such loops is challenging because our LOOP rule is
not directly applicable and only far weaker rules are available for loops with
general randomized guards. Becchetti et al. [2019] sidestep this problem by con-
ditioning on the number of balls in each bin, which also fixes rem to be some
value, proving the target property for every fixed setting, and then combining
the proofs together. LINA can formalize this style of reasoning using the ran-
domized case analysis rule RCASE to condition on rem’s value, and then apply
the section 2.3.3 rule; however, the post-condition of section 3.5.2 must be closed
under mixtures, while independence and negative association are known not to
satisfy this side-condition. Thus, it is not possible to prove negative association
by first conditioning and then combining. To work around this second problem,
we use a technique from Becchetti et al. [2019] and prove, on each conditional
distribution, a high-probability bound using the Chernoff bound. The benefit of
this approach is that high-probability bounds are closed under mixture, so we

can apply RCASE to combine the results.

In the formal proof, we will refer to the loops in Figure 3.7 using the same
scheme we used before: the outer-most loop is loop (1), the three next-outer-

most loops are loops (1.1), (1.2), and (1.3), and the inner-most loop is loop (1.2.1).
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Starting from the outside, we take the following invariant for loop (1):

N
th[oz] = N]

a=0

Pr

p=0

,
\/(emptth 1Bl > Tempty)] < Pempty A

Showing the invariant condition requires some work. First, note that:

N N
Evem | Y ctlal=N| =\ Aletle] =le7 ()]
a=0 o:[N]—>[N] a=0

where o : [N] — [N] ranges over all assignments of N balls to N bins. We write

7(a) = |0~ ()| for the number of balls in bin &. We will show:

N
{/\letlal = (a)]} body {Pr[emptyCt[r] < Tompiy| < pempry}
a=0

where body is the body of loop (1). For loop (1.1), it is straightforward to show

the invariant using RASSN:

N n
Aetlal = @) A A\ ([etla] = (@) - [r(@) > 0]))
a=n a=0

n

Alrem = Z[O'(a) > 0]

a=0

Aln < N|

Using the loop rule LOOP, we derive the following at the exit of loop (1.1),

N
rem = Z[O'(a) > 0]]

a=0

N
A etla] = (@) = [r(e) > 0]]) A
a=0

Since counts are all equal to expressions of logical variables, conditioning on the

logical variable o, they are all deterministic; Thus, we have

N
A Detm(ct[a]) A Detm(rem)
a=0

which implies ®5zo Own(ct|a]) A Detm(rem).

We take @Zzo Own(ct[a]) A Detm(rem) to be the invariant for loop (1.2).
To establish this, we reason much as in the previous examples. The sampling

rule SAMP gives:

N
C>X_<)O own(ct[a]) * Own(bin[j])
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By negative association for one-hot encoding (OH-PNA):

N N
@_‘)0 own(ct[al]) * @f)o own(bin[][a]).

For the inner-most loop (1.2.1), we apply the same technique as for loop (1.2).
Since loop (1.2) has a randomized guard, k is a random variable, and loop (1.2.1)
also has a randomized guard. However, under the conditioning, we may as-
sume that k is deterministic and apply LOOP on loop (1.2.1) with the following

invariant:
k N
@—90 Own(ct|a]) ® @(Own(ct[k]) ® Own(bin[j][a])) A [k < N|

Like in earlier examples, we can establish this invariant using NEGFRAME since

ct[n] + bin[j][n] is monotone. Thus at the exit of loop (1.2.1), we have:

N
C>l_<)0 own(ct[a])

And that is preserved to the end of loop (1.2). Next, three applications of the

assignment rule RASSN give:

N
@_90 Own(ct[a]) A [n=0] A [emptyCt|r| =0]| A [empty =isZero(ct)]

The function isZero(v) takes a numerical vector v and returns a vector where
each index i is 1 if v[i] is zero, else it holds 0. This is an antitone func-
tion: it is non-increasing in its argument. Thus, the monotone mapping axiom

(Mono-Map) gives:
N
@_0 Own(empty|a])

Then, a standard loop invariant for loop (1.3) gives:

N N
@0 Own(empty|a]) A |emptyCt|r]| = Z empty|a|
= a=0
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at the end of loop (1.3). Thus,

{/N\[ct =7(a)] } body {@ Own(empty|al) A |emptyCt|r]| = i empty|a] }
a=0 a=0

Now, we are in a position to apply the negative association Chernoff bound
(NA-Chernoff-2), giving the judgment:

N
{Aletla] = 7(a)]} body {PrlemptyCi[r] < ElemptyCt[r]] = T(pempry- N)] < pempry}

a=0

where body is the body of loop (1).

Next we bound E[emptyCt|[r]] by translating an argument by Becchetti et al.

[2019, Lemma 2] into our logic gives:

N
{/\[ct[a] =1(a)] N[N = 2]} body {E[emptth[r]] > N/15}
a=0

The argument makes use of basic properties of expected values and the expo-

nential function; we omit the details. Thus, we can conclude that

N

{\letle] = v()1} body {PrlemptyCt[r] < N/15 =T (pempry» N)] < pempry}-
a=0

Note that this post-condition is closed under the mixture. So now we can ap-
ply the randomized case analysis rule RCASE to combine the proof for different
assignments 0. We can take the trivial pre-condition ¢ = T, and the case condi-

tion:

N
ni=\/ letle] =7(@)].

o {N}—{N} a=0

Since 17 asserts that one of the equality holds with probability 1, it is closed under

conditioning. Applying RCASE, we have:

{ \/ /\ ctla] = 1(a)] } body {Pr[emptth[rJ < N/15 =T (pempry, N)] < pemp;y}
o {N}—>{N} a=0
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Also, since E YN [ct[a] =N] — Vo Ny—{N} AN [ct[a] = 7(@)], we can
weaken the precondition into Zgzo[ct[a] =N| = Vaoyny—ny-

Recalling that we wanted the following invariant to get preserved by loop

(1):

Pr

a=0

p=0

r N
\/(emptth[,B] < Tempty)] <7 Pempry N Z[ct[a] = N| A Detm(r) A [N > 2]

We can use the rule of constancy CONST and the assignment rule DASSN to
preserve the first conjunct to show:

r—1

\/(emptth[:B] < Tempty)] < (r - 1) * Pempty
B=0

Pr

at the end of the body of loop (1). Combined with the probability bound for
emptyCt[r], an application of the union bound (UnionBd) establishes the in-

variant for loop (1). Putting everything together, we have:

N
{N>2A Z[ct[a] = N1}
a=0

REPEATBIB

R

{Pe[\/ (empryCi ] < N/15 =T (pempiys N)) | < R pmpry}
B=0

analogous to Becchetti et al. [2019, Lemma 1 and 2].

3.7 Related Work

Verifying approximate data structures and applying concentration bounds.
Bloom filters are a data structure supporting approximate membership queries

(AMQs). Ceramist [Gopinathan and Sergey, 2020] is a recent framework for
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verifying hash-based AMQ structures in the Coq theorem prover. Besides han-
dling Bloom filters, Ceramist supports subtle proofs of correctness for many
other AMQs. Compared with our approach, Ceramist proofs are more precise
but also more intricate, applying theorems about Stirling numbers to achieve a
precise bound on the false positive probability. In contrast, our approach rea-
sons about negative dependence to achieve a substantially simpler proof, albeit

with less precise bounds.

Prior works in verification have also applied the Chernoff bound to bound
sums of independent random quantities (e.g., [Wang et al., 2021, Chakarov and
Sankaranarayanan, 2013]). While independence is easier to establish, the nega-

tive association property that we need is more subtle.

Negative dependence. There are multiple definitions of negative dependence
in the literature, each with their own strengths and weaknesses. We work with
negative association (NA) [Joag-Dev and Proschan, 1983, Dubhashi and Ranjan,
1998], because it holds in many situations where negative dependence should
hold and it is closed under various notions of composition. Recently, the notion
of Strong Rayleigh (SR) [Borcea et al., 2009] distribution has been proposed as
an ideal definition of negative dependence. The SR condition satisfies more
closure properties than NA does; in particular, it is preserved under various
forms of conditioning. However, SR distributions have mostly been studied for
Boolean variables only, and we do not know if an analogue of the monotone

maps property of NA holds for SR.

Beyond theoretical investigations, negative dependence plays a useful role

in many practical applications. In machine learning, negative dependence can
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help ensure diversity in predictions by a model [Kulesza and Taskar, 2012],
and fast algorithms are known to learn and sample from negatively-dependent
distributions [Anari et al., 2016]. In algorithm design, negative dependence is
a useful tool to randomly round solutions of linear programs to integral so-
lutions [Srinivasan, 2001]. Negative dependence can ensure that certain con-
straints are satisfied exactly after rounding, while still allowing concentration

bounds to be applied to analyze the quality of the rounded solution.
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CHAPTER 4
A BUNCHED LOGIC FOR DEPENDENCE AND INDEPENDENCE

Conditional independence (CI) is a well-studied notion in probability the-
ory and statistics [Dawid, 1979, Pearl et al., 1989, Dawid, 2001, Simpson, 2018].
While there are many interpretations of CI, a natural reading is in terms of ir-
relevance: X and Y are independent conditioned on Z if knowing the value of
Z renders X and Y unrelated; in other words, observing one gives no further

information about the other.

Conditional independence has a wide range of applications. For exam-
ple, it enables distinguishing superfluous correlation from causation. For in-
stance, suppose researchers found a strong positive correlation between a na-
tion’s per capita Nobel laureates number and chocolate consumption. A con-
venient (mis)interpretation would be that chocolate consumption makes people
smarter and leads to more Nobel Laureates. But the correlation is likely due
to other factors, e.g., a nation’s economic status, and the two are conditionally

independent fixing the third factor.

Conditional independence can also succinctly encode interesting properties.
As more and more life-changing decisions, e.g., job hiring, judicial decisions,
and loan approvals, are automated using prediction algorithms, algorithmic
fairness has gained more attention. To prevent algorithms from discriminat-
ing based on sensitive features (e.g., race and gender), researchers formalized
notions of fairness originated from different philosophies using conditional in-
dependence. For instance, one school of thought is that an algorithm is fair if it
satisfies equalized odds, i.e., the algorithm’s predictions and the sensitive features

are conditionally independent, fixing the innate quality (i.e., the target label)
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that the algorithm is aiming to predict; another proposal for fairness is calibra-
tion, which says that fixing on the algorithm’s prediction, the sensitive features
and the target label are conditionally independent. (More details are presented

in Barocas et al. [2023].)

Since we are studying probabilistic programs, we want to reason about con-
ditional independence of (sets of) program variables, which is defined as fol-

lows:

Definition 4.0.1 (Conditional independence). Let X,Y,Z C Var. For any m €
Mem|[ Var], we write the event {w € Mem|[Var] | Vx € X.w(x) = m(x)} as X = m.
The set of variables X and Y are independent conditioned on Z, written X 1L Y | Z,

if for all x € Mem|[X], y € Mem[Y], and z € Mem|[Z]:
uX=x|Z=2) - uY=y|Z=2)=pX=x,Y=y|Z=2).

When Z = 0, we say X and Y are independent, written X 1L Y.

Conditional independence of program variables allows for more efficient
representation of distributions over program memories. For instance, if X 1L
Y | Z, then instead of storing the joint distribution of X,Y, Z, one can store the
distribution of Z, the marginal distribution of X given Z, and the marginal dis-
tribution of Y given Z; when there are n possible outcomes for each of X,Y, Z,
storing the former takes O(n?) space, while storing the latter only takes O (n?)
space. The factored representation also enables more efficient inference algo-
rithms (e.g., Holtzen [2021]), which are developed to compute or approximate

the distribution after conditioning on an observation.

Thus, we want to extend probabilistic separation logic to prove conditional

independence of program variables. To achieve that, we need an assertion logic
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that can express conditional independence. The existing probabilistic BI model
(Section 2.3.2) provides no means to describe the distribution over program
memories conditioned on the values a set of variables takes. Accordingly, one
cannot capture the basic statement of conditional independence, i.e., X and Y
are independent conditioned on any value of Z. To address that problem, we
develop a novel assertion logic DIBI, short for Dependence and Independence BI.
DIBI extends BI with new connectives: the conjunction P § Q for modeling de-
pendence between states and its adjoints P o— Q and P — Q. We then develop a
probabilistic model of DIBI so that P * Q can assert probabilistic independence
and P § Q can assert dependence. Then, we express conditional independence
of X and Y given Z roughly as Z § (X * Y), which asserts the independence of X
and Y while they both depend on Z;

Intuitively, to assert dependence with the conjunction P § O, we want to in-
terpret § through a binary operator ©, where the operator © is defined so that
in the composed distribution f © g, the variables described by g depends on
the variables described f; however, it is unclear how to define such an operator
© for distributions. To address this problem, we design a DIBI model whose
states are not distributions but Markov kernels [Panangaden, 2009], which are
essentially maps from a set A to a distribution over a set B and get the name
because of their role in the theory of general Markov processes [Dynkin, 2012].

We will sometimes abbreviate them as kernels for convenience.

Crucially, Markov kernels can be composed sequentially using the bind op-
eration in the distribution monad: given f: X — D(Y), g: Y — D(Z), the Kleisli

composition f;g: X — D(Z) is:

(f:8)(x) =bind(f(x),g) (4.1)
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Xy z| M
z & Berny o, 00 0 1/8
if z then 0 0 1]1/32
x & Berns 4, % 8 (1) 31//382
y & Bernyy g
else 0 I 1]3/32
x & Bernyppr 1710 1/8
y & Berny ), I 1 1]9/32
(a) Probabilistic (b) Distribution u  (c) u conditioned (d) 4 conditioned
program p generated by p onz=0 onz=1

Figure 4.1: From probabilistic programs to kernels

Markov kernels generalize distributions because we can lift any distribution
u: D(X) to a kernel f,: 1 — D(X) by assigning u to the single element of 1.
Kernels can also encode conditional distributions, which play a key role in con-
ditional independence. We show an example of how to encode conditional dis-

tributions using kernels below.

Example 4.0.1 (Kernels and Conditional Probabilities). Consider the program p
in Figure 4.1a, where x, y, and z are Boolean variables. First, flip a fair coin and
store the result in z. If z = 0, flip a fair coin twice, and store the results in x and
y, respectively. If z = 1, flip a coin with bias 1/4 twice, and store the results in x

and y. This program produces a distribution u, shown in Figure 4.1b.

If we condition u on z = 0, then the resulting distribution y¢p models two
independent fair coin flips: 1/4 probability for each possible pair of outcomes
(Figure 4.1c). If we condition on z = 1, however, then the distribution x; will be
skewed — there will be a much higher probability that we observe (1,1) than

(0,0), but x and y are still independent given z (Figure 4.1d).

To connect yp and p; to the original distribution u, we package po and
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into a Markov kernel k: Mem([z] — D (Mem[{x,y,z}]) given by

k(z=0)(x=vy,y=vy) = ti(x = vy, y =vy)

for any v,,v, € Val. Then, the relation between the conditional and original

distributions is f,, = f,,; k, where y_ is the projection of x4 on {z}.

In the following, we first introduce the metatheory of the DIBI logic in sec-
tion 4.1, then define the probabilistic model of DIBI on Markov kernels in sec-
tion 4.2. After showing that conditional independence can be asserted in the
probabilistic model of DIBI in subsection 4.2.2, we lay out a program logic us-

ing DIBI as the assertion logic in section 4.3.

4.1 DIBI Logic

Analogous to the sections about bunched logic and LINA, we first introduce the
syntax and semantics for DIBI formulas, then provide a proof system, and last

show that the proof system is sound and complete.

4.1.1 Syntax and semantics

The syntax of DIBI extends BI with a non-commutative conjunctive connective §
and its associated implications — and o-. Let AP be a set of propositional

atoms. The set of DIBI formulas, Formpygj, is generated by the following gram-
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mar:

P,Qu=peAP|T|I|L|PAQ|PVQ|P—Q

|P+Q|P+Q|P3Q[P—oQ|Po—0.

DIBI formulas are interpreted on DIBI frames, which extend BI frames. As in
BI frames, we want to define one binary operator, denoted @ here, to interpret
P x Q, which asserts the separation of resources validating P and Q. The main
extension is a new binary operator © for interpreting the formulas P§Q, P — Q
and P o— Q. Informally, we want P § Q to assert that the resource validating
Q depends on the resource validating P. Because dependence in general is not

commutative, we define © as a non-commutative operator.

Definition 4.1.1 (DIBI Frame). A DIBI frame is a structure X = (X,C,9,0,E)
such that C is a preorder, E C X, and &: X?> — P(X) and 0: X* — P(X) are

binary operations, satisfying the rules in Figure 4.2.

Similar to the case in BI frames, X is a set of states, the preorder C describes
when a smaller state can be extended to a larger state, the binary operators ©,
@ offer two ways of combining states, and E is the set of states that act like
units with respect to these operations. For instance, in our intended model for
probabilistic programs, the states would be Markov kernels that preserve their
input through to their output, which present conditional distributions. We would
define f @ g to return the set of independent products of two kernels — there
is no standard definition for this but roughly it should generalize independent
product of distributions, and define f © g to return the set of kernels obtained by
the sequential composition of two kernels, which is based on the monadic bind.
The definition of pre-order would generalize the pre-order in PSL’s assertion

logic, which says u; is smaller than u» if y; is a marginal distribution of u5.
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zex®yAxIxX' Aydy > F (2 AT ex dy); (® Down-Closed)
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ZEXDY — €YD (& Commutativity)
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Jde € E(x € e ®x); (@ Unit Existence)
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Jde € E(x € e O x); (® Unit Existencer)
decE(xex0e); (® Unit Existenceg)
ecEAnxeEyOe — x3dy; (® Coherenceg)
ecENe Je — ¢ €E, (Unit Closure)

XEYBZAYEYIOVAZEZIOZ — Juvuey®ZIAVENR®DAXEUOY).
(Reverse Exchange)

Figure 4.2: DIBI frame requirements (with outermost universal quantification
omitted for readability).

The frame conditions define properties that must hold for all models of DIBI.
The frame conditions required for @ are exactly the frame conditions satisfied by
the binary combination in a Bl frame; that is, (X, C, ®, E) forms a BI frame. The
binary combination ©, in contrast, is not commutative, but it is still associative
and has units. Having © being non-commutative splits the © analogues of @ ax-
ioms into pairs of axioms, although we exclude the left version of (® Coherence)
for reasons we explain in section 4.1.2. Also, while @ is downwards-closed as
in the binary operation in Bl frames, the new binary combination © is upwards-
closed. These choices of closedness conditions match the desired interpretations
of ® as independence and © as dependence: independence should drop down
to substates (which must necessarily be independent if the superstates were so),
while independence should be inherited by superstates (the source of depen-
dence will still be present in any extensions). Finally, the (Reverse Exchange)

condition defines the interaction between @ and ©: intuitively, if y, depends on
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y1 and z; depends on zj, and y, y; are independent from zj, z», then the combi-

nation of y; and z> depends on y; and z;.

We give a Kripke-style semantics for DIBI.

Definition 4.1.2 (Valuation and model). A persistent valuation of DIBI is an as-
signment V: AP — P(X) of atomic propositions to subsets of states of a DIBI
frame satisfying persistence: if x € V(p) and y 3 x then y € V(p). A DIBI model

(X,V) is a DIBI frame X together with a persistent valuation V.

We now inductively define satisfaction of DIBI formulas in a DIBI model.

Ey T always
=% L never
|=q/ 1 iff xekE
Fv p iff xeV(p)

Ey PAQO iff xlzq/Pandxlz(vQ

Ey PVvQ iff xEqg PorxkEqy Q

Fy P—Q iff forally Jx,y |y Pimpliesy Fy QO

Ey P=+=Q iff thereexistx’,y,zst.xJx ' €ey®dz,yfEy Pandz Ey Q

Ey P3Q iff thereexisty,zst.xey®z, yEy Pand z Fy Q

Fvy P-=Q iff forally,zst zex®y:y |y Pimpliesz Fy O

Fy P—oQ iff forallx’,y,zst.x’ Jxandzex' ©y:y |y Pimpliesz vy Q
Fy Po-Q iff forallx’,y,zst.x’ Jxandzeyox:y |y Pimpliesz Fy O

2R R R R R R R R R 8=

Figure 4.3: Satisfaction for DIBI

Definition 4.1.3 (DIBI Satisfaction and Validity). Satisfaction at a state x in a
model is inductively defined by the clauses in Figure 4.3. As before, we say P is
valid in a model, X =q, P, iff x Eqy P for all x € X. P isvalid, E P, iff P is valid in

all models. P | Q iff, for all models, x =y P implies x E Q.

Where the context is clear, we omit the subscript V on the satisfaction re-
lation. With the semantics in Figure 4.3, persistence on propositional atoms

indeed extends to all formulas:
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Lemma 4.1.1 (Persistence Lemma). For all P € Formpygy, if x = P and x C y, then

y E P.

Proof. We prove that induction on the syntax of the formulas. Specifically, the
persistence of T and L is trivial, and the persistent of I follows from Unit Clo-
sure. P A Q and P V Q are persistent because of their inductive hypothesis. For
P— Q,P*Q,P o Q,and P — Q, persistence is evident because their semantic

clauses account for the order. O

Notably, in fig. 4.3, the semantic clauses for § and * are different even besides
that they use different binary operations — the semantic clause for * has an
additional variable x” under the existential quantifier and only requires x 3 x" €
y®z instead of x € y®z; the semantic clauses for - and —o are also different — the
semantic clause for — also uses an additional variable x” under the existential
quantifier. This difference is due to the different frame axioms satisfied by © and
® and our goal to ensure lemma 4.1.1 holds. The satisfaction of © Up-Closed
frame axiom ensures the persistence of the simpler clause for §, and similarly @

Down-Closed ensures the persistence of + [Cao et al., 2017].

4.1.2 Proof system

Now we describe how DIBI formulas can be derived. We give a Hilbert-style
proof system for DIBI in Figure 4.4. This calculus extends the proof system for
BI with additional rules governing the new connectives 3, —, and o-. In sec-
tion 4.1.3, we will prove this calculus is sound and complete. Here we comment

on two important details in this proof system.
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AX Tor Bot
PrP PrT L+P
PFR OFR P+ Q;
v-E — v-I
PVOFR P+0iVQ0,
P+ P+R FR P+ A
Q A-I-R Q—/\_I_L M/\_
PrOAR PAQOFRR P+ Q;
PAQFR P-Q—>R PrQ
— -1 —-E
P+-O0—>R P+R
P+R orS PxQFR PrQ =R SFQ
#-CON] — -1 «-E
PxQFR=xS PrQ =R PxSFER
—— %-UNIT — x-COMM
PA-Px1 PxQrQxP
x-ASSOC
(P*Q)*RA4 P+ (Q * R)
PSOFR P-Q —oR Nl
50 o Q Q{)MP
P+-Q —oR PsS+HR
PsOFR PO o— R S F
L o—-1 ¢ ¢ o— MP ——  ¢-LEFT UNIT
QFPoR S¢PFR Pr15P
PFrR orS
— $-RIGHT UNIT s-CoNg
PPl PsQOFRSS
s-ASsOC

(P5Q)sRA4-P3(Q35R)

EVEX

R
(P5Q) * (R3S)F(P*R)5(Q*S)

Figure 4.4: Hilbert system for DIBI

123



Reverse exchange The proof system of DIBI shares many similarities with
Concurrent Kleene Bunched Logic (CKBI) [Docherty, 2019], which also extends
BI with a non-commutative conjunction. Inspired by concurrent Kleene alge-
bra (CKA) Hoare et al. [2011], CKBI supports the following exchange axiom,

derived from CKA’s exchange law:

ExcH

(P*R)3(Q=S) rckpr (P§Q) * (R3S)

In models of CKBI, * describes interleaving concurrent composition, while §
describes sequential composition. The exchange rule states that the process on
the left has fewer behaviors than the process on the right — e.g., P § Q allows

fewer behaviors than P « Q, so P § Q rckpr P * Q is derivable.

In our models, = has a different reading: it states that two computations can
be combined because they are independent (i.e., non-interfering). Accordingly,
DIBI replaces EXCH by the reversed version REVEX — the fact that the process on
the left is safe to combine implies that the process on the right is also safe. P * Q

is now stronger than P § Q, and instead P = Q + P § Q is derivable (Lemma 4.1.2).

Lemma 4.1.2. In the proof system given by fig. 4.4, P + Q + P 5 Q.

Proof. For better readability, we break the proof tree down into two components.

——— -RIGHT UNIT ——+—— $-LEFT UNIT
PrPzl’ FisQ ’
: Qr15Q . cony REVEX

PxQvr(P3I)*(150) (PsD=(I3Q) - (Px1)s(I*Q) CUT
P«Qr(PxDs(I*Q)

With P« Q + (P = I) § (I * Q), we construct the following
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*-COMM  —————— =-UNIT

I«QFrQ=x1 OxI1+rQ
Palrp TUNT 0r0 oo U
P+«Qr(Px1)s(IQ) (P*I)g(I*Q)FP;QCT ’
PxQrP3Q v
This proof uses the admissible rule CUT, which can be derived as follows:
OFR
ProrR
P-rQ—R PrQ
P+R MP
O

Left unit While § has a right unit in our logic, it does not have a proper left

unit. Semantically, this corresponds to the lack of a frame condition
ecEAnxeedy — x1y; (® Coherencey)

in our definition of DIBI frames. This difference can also be seen in our proof
rules: while §-UNIT-R gives entailment in both directions, -UNIT-R only shows

entailment in one direction — there is no axiom stating / § P + P.

We make this relaxation to support our intended model, which we will see in
Section 4.2. In a nutshell, states in our models are Markov kernels that preserve
their input through to their output. Our models take © to be Kleisli composition,
which exhibits an important asymmetry for such arrows: f can always be re-
covered from f ©e, but not from arbitrary e © f. As a result, the set of all kernels
naturally serves as the set of right units, but these kernels cannot all serve as left

units.

n the special case that e maps the input of f to the Dirac distribution on it, thene © f = f.
But because we also want Unit Closure, which says the set of units is closed under the pre-order
C, our unit set E contains other elements g such that f cannot be recovered from g © f.
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4.1.3 Soundness and Completeness of DIBI

The soundness and completeness of DIBI follow the same recipe as before, us-
ing the methodology given by Docherty [2019]. First, DIBI is proved sound and
complete with respect to an algebraic semantics obtained by interpreting the
rules of the proof system as algebraic axioms. We then establish a representa-
tion theorem: every DIBI algebra A embeds into a DIBI algebra generated by a
DIBI frame, that is in turn generated by A. Soundness and completeness of the

algebraic semantics can then be transferred to the Kripke semantics.

We prove algebraic soundness and completeness of DIBI proof systems with

respect to a new structure called DIBI algebra.

Definition 4.1.4 (DIBI Algebra). A DIBI algebra is an algebra A =

(A, A, V,—, T, L, %, =3 —,0—, I)such that, for all a, b, c,d € A:

(A,A,V,—, T, 1) is a Heyting algebra;

(A, *,I) is a commutative monoid;

(A, 3, 1) is a weak monoid: §is an associative operation with right unit 7 and

a<lsa;

axb<ciffa<b-=c;

asb<ciffa<b—ociffb<aoc;

(asb)*(csd) <(axc)s(bxd).

An algebraic interpretation of DIBI is specified by an assignment on the atomic
propositions [-] : AP — A. The interpretation is obtained as the unique

homomorphic extension of this assignment, and so we use the notation [

126



interchangeably for both assignment and interpretation. Soundness and com-
pleteness can be established by constructing a term DIBI algebra by quotienting

formulas by equiderivability.

Theorem 4.1.3. P + Q is derivable iff | P]| < [ Q]| for all algebraic interpretations [[—|.

We now connect these algebras to DIBI frames so we can transfer the sound-
ness and completeness of DIBI proof systems with respect to these algebras to
the DIBI frames. Again, we use the notion of complex algebras and prime filters.

We denote the set of prime filters of a DIBI algebra A by Prf(A).

Definition 4.1.5 (Prime Filter Frame). Given a DIBI algebra A, the prime filter
frame of A is defined as Pr(A) = (Prf(A), C, ®a, ©a, Es), where

Fey,G ={HePrf(A) |Yae F,be G(axbeH)}
Fop,G ={HePrf(A)|VYae F,beG(a3bhe H)}

Ex ={F € Prf(A) | I € F}.

Lemma 4.1.4. For any DIBI algebra A, the prime filter frame Pr(A) is a DIBI frame.

In the other direction, DIBI frames generate DIBI algebras.

Definition 4.1.6 (Complex Algebra). Given a DIBI frame X = (X,C,®, 0, E), the

complex algebra of X is Com(X) = (P=(X),N,U,=x, X, 0, ex, = x,>x, > x,>—x, E):

Pc(X) ={AcX|ifaeAandaC bthenb € A}

A=x B ={a|forallb, ifbJaand b € A then b € B}

Aex B ={x|thereexistx’,a,bstxJIJx'€a®b,ac Aand b € B}

A —ex B ={x|foralla,b, if bex®aanda € Athenb € B}

Avx B ={x|thereexista,bstxeca®b,ac Aand b € B}

A—->xB ={x|forallx’,a,b, ifxCx',bex’®aanda € Athenb € B}

Av—x B ={x|forallx’,a,b, ifxCx',bea®x’"and a € A then b € B}.
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Lemma 4.1.5. For any DIBI frame X, the complex algebra Com(X) is a DIBI algebra.

The following main result facilitates the transference of soundness and com-

pleteness.

Theorem 4.1.6 (Representation of DIBI algebras). Every DIBI algebra is isomorphic
to a subalgebra of a complex algebra: given a DIBI algebra A, the map 65 : A —
Com(Prf(A)) defined by 04 (a) = {F € Prf(A) | a € F} is an embedding.

Given the previous correspondence between DIBI algebras and frames, we
only need to show that 6 is a monomorphism: the necessary argument is iden-
tical to that for similar bunched logics [Docherty, 2019, Theorems 6.11, 6.25].
Given [ -] on A, the representation theorem establishes that Vj_j(p) := ([ p])
is a persistent valuation on Pr(A) such that F [Fy | P iff [P] € F, from which

our main theorem can be proved.

Theorem 4.1.7 (Soundness and Completeness). P + Q is derivable iff P |= Q.

4.2 A Probabilistic Model of DIBI

Now we develop a probabilistic model of DIBI where P * Q can assert proba-

bilistic independence and P § Q can assert dependence.

Because our DIBI model is designed to describe probabilistic programs’ pro-
gram states, in the remainder of this chapter, we use the term (Markov) kernels
to specifically refer to maps f: Mem[S] — D(Mem|U]) with S,U C Var. For a
kernel f, we define its domain dom( f) = S and its range range(f) = U. We can

also project kernels to a smaller range.
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Definition 4.2.1 (Marginalizing kernels). For a Markov kernel f: Mem[S] —
D(Mem|U]) and V € U, the marginalization of f to V is the map 7y f: Mem[S] —
DMem[V]): (xvf)(d)(r) = Spevemiov) £(d)(r < m) for d € Mem[S],r €
Mem|[V].

Now we define an important requirement for our DIBI model’s states.

Definition 4.2.2. We use unitg to denote the kernel g : Mem[S] — D (Mem|[S])
defined by g(m) = unit(m) for all m € Mem[S]. We say a kernel f: Mem[S] —

D (Mem[U]) preserves its input to its output it S C U and nrg f = units.

Intuitively, kernels that preserve their input to their output are suitable for
encoding conditional distributions: once a variable has been conditioned, its

value should not change. We define two ways to compose these kernels.

Definition 4.2.3 (Composing Markov kernels on memories). Given f: Mem[S] —
D(Mem[T]) and g: Mem[U] — D(Mem[V]) that preserve their inputs, we
define their parallel composition, whenever S N U = T NV, as the map
f®g:Mem[SUU] - D(Mem[T UV]) given by
(f ®&)(d)(m) = f(d°)(m") - g(d”)(m").

If T = U, the sequential composition f © g: Mem[S] — D (Mem[V]) is just Kleisli
composition (eq. (4.1)).
Example 4.2.1 (Kernel decomposition). Recall the distribution x on Mem[{x, y, z}]
from Example 4.0.1. Let k,: Mem[z] — D (Mem[{x, z}]) encode the conditional
distribution of x given z, and let k,: Mem[z] — D(Mem[{y,z}]) encode the
conditional distribution of y given z. Explicitly, for @ = x or y,

ke(z=0)(a=1,z=0)=1/2 ko(z=0)(a=0,z=0)=1/2

ke(z=D(a=1,z=1)=1/4 ke(z=1)(a=0,z=1)=3/4.
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Since k,, k, exactly include z in their range, k. ®k, is defined. A small calculation
shows that k, @k, = k, where k: Mem[z] — D (Mem[{x, y, z}]) is the conditional
distribution of (x, y, z) given z. This decomposition shows that x and y are inde-
pendent conditioned on z. The correspondence between the decomposition of

kernels and conditional independence is proved in

4.2.1 A Concrete Probabilistic Frame of DIBI

We now have all the ingredients to define a first concrete model: states are
Markov kernels that preserve their input; the binary operation ® behaves as a
parallel composition, and the binary operation © serves as the sequential com-
position. While there is a canonical choice for the sequential composition of
Markov kernels, i.e., Kleisli composition, there are many choices for the parallel
composition. For instance, it is unclear whether we should only allow paral-
lel composition of kernels with the same domain, or work with a more relaxed
condition. Another difficulty is in the definition of the pre-order. We are go-
ing to define two very different binary operations, and not only do we need
both of their unit sets be closed under the pre-order, we also need the coher-
ence conditions for the pre-order and both binary operations (& Down-Closed,

© Up-Closed, ® Unit Coherence, © Coherencer) to hold.

Definition 4.2.4 (Probabilistic frame). We define the frame (X¢;, C, ®, G, X¢;) as

follows:

* Xcr are Markov kernels that preserve their input to their output;

e @ and O are defined through the parallel and sequential composition of
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kernels:

{fe®g} ifrange(f)Nrange(g)=dom(f) Ndom(g)

.
D)

oQ
Il

0 otherwise

_ {fog} ifrange(f)=dom(g)
fog=

] otherwise

e Given f,g € X¢y, f C g if there exist a set of variables R C Val and another

kernel h € X¢; such that g = (f & unitg) © A.

We make three remarks. First, the binary combinations ® and @ return sets
with at most one element. So they are essentially a wrapper over their under-
lying operations @ and ©, which are partial and deterministic; in the following,
including when proving the structure (X¢;, C, ®, 0, Xcy) is a DIBI frame, we will

work directly with the underlying operations @ and ©.

Second, the definition of f © g on X¢; can be simplified. Given f: Mem[S] —
D(Mem|T]) and g: Mem[7T] — D(Mem[V]), eq. (4.1) yields the formula:

(f 0g)(d)(m) = Z f(d)(m') - g(m")(m).

m’eMem|T]

Since f, g € Xcj preserve input to output, this reduces to

(f ©8)(d)(m) = f(d)(m") - g(m")(m"). (4.2)

Third, the preorder is defined so that f C g holds when g can be obtained
from extending f. If g is obtained by composing f in parallel with unitg, and
then extending the range via composition with £, then we can recover f from g

by marginalizing g to range(f) U R, and then ignoring the R portion.
We show that our probabilistic frame is indeed a DIBI frame.

131



Theorem 4.2.1. (X¢;,C,®, 0, Xcp) isa DIBI frame.

Proof sketch. Since & and © returns either a singleton set or an empty set, for any
axioms that mention x € y &z (resp. x € y © z), we can always use the x such that

x=y®z(resp. x =y 0 2).

We first show that X is closed under @ and ®, and C is transitive and reflex-
ive. Then we show the frame axioms, which are mostly straightforward. Several
conditions rely on a property of our model that we call Exchange Equality: if both
(fi®f2)o(f38 fs) and (f1© f3) ®(f>0O fa) are defined, then they are equal, and if
the second is defined, then so is the first. While its connection with REVEX is the
most obvious, the Exchange Equality is also useful for proving other conditions
since the preorder in X¢; is defined through the binary combinations @ and ©.

For example:

(® Unit Coherence): Since the unit set in this frame is the entire state space X¢;,

we must show that for any fi, /> € X¢y, if f1® f> is defined, then f; C fi® fo:

fiefh=(fio unitrange(fl)) @ (unitdom(fz) O f)
= (f1 ® UNitgom(s)) © (UNitrange(r) ® f2)  (By Exchange Equality)

= (f1 ® UNitgom(s)) © (f2 ® UNitrange(r))  (By ® Commutativity)

Also, for the commutativity and associativity of the binary combinations, the
main difficulty lies in showing that both terms are defined at the same time. In
particular, the associativity of @ requires (f @ g) ® h being defined iff f & (g ® h)

being defined, which takes some non-trivial set manipulations to prove

We present the complete proof in appendix C.1.5 o
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4.2.2 Capturing Conditional Independence

Now we return to our original goal: express conditional independence of pro-
gram variables. For that, we introduce some basic atomic propositions and in-
terpret DIBI formulas on the probabilistic DIBI frame (Xc;, E, ®, 0, Xcy). If the
only property we need to express is conditional independence of program vari-
ables, we only need atomic propositions in the form of (A » B), which intends

to describe the domain and range of the current kernel.

Definition 4.2.5 (Basic atomic proposition). For sets of variables A, B C Var, a

basic atomic proposition has the form (A » B) and the semantics:

f E (A > B) iff there exists f' C f

such that dom(f’) = A and range(f’) 2 B.

For example, f: Mem[y] — D (Memly, z]) defined by f(y — v) = unit(y —
v,z > v) satisfies (y » y), (y » 2), (y » 0), (y > ¥,2), (0 » 0), and no other atomic

propositions.

With these atomic propositions, we can assert conditional independence of

program variables using a simple formula:

Theorem 4.2.2. Given distribution u € OD(Mem|Var]), then for any X,Y,Z C Var,
fuEWOr2)5(Zr X)*(Z>Y) 4.3)

ifandonly if X L Y | Zand X NY C Z are both satisfied.

We prove it in the restriction X NY C Z is harmless: when X 1 Y | Z but

X NY ¢ Z, then the variables in X NY must be determined by variables in Z
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(see lemma C.2.7), and it suffices to check X 1L Y | Z U (X NY). For simplicity,

we abbreviate the formula (0> Z) 5 ((Z»> X) * (Z»Y)) as [Z] s ([X] = [Y]).

Proof sketch. For the forward direction, suppose f, satisfies 4.3. We first show
in lemma C.2.6 that this intuitionistic logic has some classical flavor: when-
ever f, satisfies 4.3 there exist f, g, and & in X¢; with f © (g @ h) C f,, where
f: Mem[0] > D(Mem[Z]), g: Mem[Z] —» D(Mem[Z U X]),and h: Mem|[Z] —
D(Mem|[Z U Y]); we also have X NY C Z as f © (g ® h) is defined. Since

dom(f,) = Mem[0], f © (g ® h) C f, implies:

fo(g®h) =nzuxwrfy and  f=nzfy

Further, we can show that f© (g® h) = f O g O (Unity @ h) = f © h© (unity @ g),

and thus:

fog=nzuxfy and [fOh=nzuyfy

These imply that g (resp. /) encodes the conditional distributions of X (resp. Y)
given Z, and g ® h encodes the conditional distribution of (X, Y) given Z. Hence,
fo(geh) E f, implies that the conditional distribution of (X,Y) given Z is equal
to the product distribution of X given Z and Y given Z, and so X 1. Y | Z holds

in u.

For the reverse direction, suppose that X 1L ¥ | Z holdsin yand X NY C
Z. Now, consider mxuyuz fu, the marginal distribution on (X,Y, Z) encoded as
a kernel, and observe that 7xyzf, = f © f’, where f encodes the marginal
distribution of Z, and f” is the conditional distribution of (X,Y) given values of
Z. From (a), the conditional distribution of (X,Y) given Z is the product of the
conditional distributions of X given Z, and Y given Z, thatis f’ = g ® h, where g

(resp. h) encode the conditional distribution of X (resp. Y) given Z. Then by (b),
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f O (g®h)isdefined and f © (g ® h) = nxuyuzfu E fu. It is straightforward to
see that f © (g @ h) satisfies [Z] § ([X] * [Y]). Hence, persistence shows that f,

also satisfies [Z] § ([X] = [Y]).

See lemma C.2.8 for details. O

4.2.3 Validating the Semi-graphoid Axioms

Notions analogous to conditional independence are useful in different domains.
For instance, in database theory [Abiteboul et al., 1995], join dependency, which
can be seen as conditional independence for powersets instead of distributions,
allows more efficient storage and querying of relational databases [Fagin and
Vardi, 1984]. There is a long line of research on logical characterizations of con-
ditional independence and join dependency. Graphoids is perhaps the most well-
known approach [Pearl and Paz, 1985]; later, Dawid [2001] has a similar notion

called separoids. Here, we focus on graphoids.

Definition 4.2.6 (Graphoids and semi-graphoids). Suppose that /(X,Z,Y) is a
ternary relation on subsets of Var (i.e.,, X,Z,Y C Var). Then the relation / is a

graphoid if it satisfies:

1(X,Z2,Y) o 1(Y,Z,X) (SYMMETRY)
I(X,Z,YUW)= I(X,Z,Y)ANI(X,Z,W) (DECOMPOSITION)
I(X,Z,YUW) = I(X,ZUW.,Y) (WEAK UNION)
I(X,ZY)NI(X,ZUY, W) (X, Z,YUW) (CONTRACTION)
I(X,ZUW.Y)ANI(X,ZVUY, W)= I(X,Z,YUW) (INTERSECTION)

If I satisfies the first four properties, then it is a semi-graphoid.
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Because /(X, Z,Y) intends to capture Cl-like notions, these conditions aims
at axiomatizing the relation “knowing Z renders X irrelevant toY.” As an exam-
ple, it is known that conditional independence relation forms a semi-graphoid:
if we fix a distribution over u € O (Mem[Var]), then taking I(X,Z,Y) to be the

set of triples such that X 1L Y | Z holds in u defines a semi-graphoid.

Below, we show that the semi-graphoid axioms can be naturally translated

into valid formulas in our probabilistic model.

Theorem 4.2.3. We abbreviate our probabilistic model as M. Define 1(X,Z,Y) iff
M E [Z] 3 ([X] = [Y]). Then, SYMMETRY, DECOMPOSITION, WEAK UNION, and
CONTRACTION are valid. Furthermore, SYMMETRY is derivable in the proof system,

and DECOMPOSITION is derivable given the following axiom, valid in M:

(Z>YUW) o (ZeY)AN(Z>W) (SPLIT)

Proof sketch. We show the proof for the derivable axioms. To derive SYMMETRY,

we use the *-COMM rule to commute the separating conjunction.

-5 AX x-COMM
P+rP Q*RFR*Qg—Conj

P3(Q*R)FP3(R*Q)
FP3(Q*R) — P35 (R*Q)

The proof of DECOMPOSITION uses the axiom SPLIT to split up ¥ U W, and

then uses proof rules to derive the following.

AX
Ax RASFRAS A3
0orQ RASHR
AXpp Q*(RAS)FQ xR +-CONJ Similar to left
3-CONJ

P3(@*(RAS)FP5(Q*R) P5(Qx(RAS))FP5(Q*S)

" P5(Q+(RAS)FP3(Q*R) AP (Q*S)

FPS(Q*(RAS) > Ps(Q«xR)APS(Q=*S)
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Thus, as an instance

FO>Z)s((Zo X))« ((ZpY)AN(Z>W)))

S 0e2)s5(Zo X))« (ZeY)AND>Z)5((Z> X) x(Z>W))
Combine that with eq. (SPLIT), we have

FO>2Z2)s((Z>X) « ((Z>»YUW)))

S0 2)s(Zo X))« (ZeY)AND>Z)s5((Z> X) = (Z>W))

We prove validity of WEAK UNION and CONTRACTION in appendix C.2.3.

O

Our conference paper Bao et al. [2021] in addition introduces a relational
model of DIBI, where [Z] § ([X] * [Y]) asserts join dependency, and the semi-
graphoid axioms can be translated into valid formulas in the relational model

as well.

4.3 Conditional Probabilistic Separation Logic

Conditional independence of program variables can be subtle to reason about,
motivating formal methods for proving it. We design a program logic CPSL
for formally proving conditional independence in a simplified probabilistic im-
perative language. The language has assignments, sampling, sequencing, and
conditionals, but no loops, which would make the reasoning even trickier. Here,
our goal is to simply show how a DIBI-based program logic could work in a ba-

sic setting.
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4.3.1 CPSL: Assertion Logic

Like PSL and LINA, CPSL is constructed in two layers: the assertion logic de-
scribes program states — probability distributions here — while the program
logic describes probabilistic programs, using the assertion logic to specify pre-
and post-conditions. Our starting point for the assertion logic is the probabilistic
model of DIBI introduced in section 4.2, with atomic assertions we introduced
to assert conditional independence in section 4.2.2. We encode distributions
as Markov kernels with domain Mem[0] in order to interpret DIBI on program
states. However, it turns out that the full logic DIBI is not suitable for a program
logic. The main problem is that not all formulas in DIBI satisfy a key technical

condition, the restriction property.

Definition 4.3.1 (Restriction). A formula P satisfies restriction if: a Markov ker-

nel f satisties P iff there exists f’ C f such that range(f’) € FV(P) and f’ | P.

A similar restriction property plays an important role in the soundness of
Frame-like rules in PSL and LINA because formulas satisfying restriction are
preserved if the program does not modify variables appearing in the formula.
Here, we also need it, not only to prove FRAME but also to reason about how

the preconditions are preserved in ASSN, SAMP and COND.

Thus, we want to show that the restriction property holds for DIBI formulas.
The reverse direction is immediate by persistence, but the forward direction is

more delicate — there are simple formulas where restriction fails.

Example 4.3.1 (Failure of restriction). Consider the kernel f : Mem|[z] — D(Mem|x, z])
with f(z — ¢) = unit(x — ¢,z — ¢). We can show that f satisfies the

formula ¢ = T § (x » Own(x)): letting fi : Mem[z] — D(Mem[x,z]) and
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f: Mem|x, z] - D(Mem|x, z]) with

fi(z o) ==unit(x > ¢,z ¢)

f2 = unitMem[X] ® UnitMem[Z]

then we have fi E Tand f; E (x> [x]). Also, f = f1 © f>, s0

JETS (x> [x]).

Since FV(¢) = {x}, any subkernel f’ C f simultaneously satisfying ¢ and wit-
nessing restriction must be of type f’ : Mem[z] — D (Mem[x]), but there are no

input-preserving kernels of that type.

To address this problem, we will identify a fragment of DIBI that satis-
ties restriction and is sufficiently rich to support an interesting program logic.
Intuitively, restriction may fail for ¢ when the satisfaction of ¢ implicitly re-
quires unexpected variables in the domain of the kernel, or ¢ does not describe
needed variables in its range. Thus, we employ syntactic conditions to over-
approximate variables that can appear in the domain of a kernel satistying ¢
as FVp(¢) and under-approximate variables that can appear in the range as

FVRr(¢).

Definition 4.3.2 (FVp and FVR). For DIBI formulas generated by probabilistic

atomic propositions, conjunctions (A, *, §) and disjunction (V), we define two
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sets of variables:

FVp(T) = FVp(L) := 0 FVR(T) = FVR(L) =0
FVp(A » B) := FV(A) FVr(A » B) := FV(A) UFV(B)
EVp(P A Q) := FVp(P) UFVp(Q) FVR(P A Q) := FVRr(P) UFVR(Q)
FVp(P = Q) := FVp(P) UFVp(Q) FVR(P * Q) := FVr(P) UFVR(Q)
FVp(P Q) := FVp(P) UFVp(Q) FVRr(P 5 Q) := FVr(P) UFVR(Q)
FVp(P Vv Q) :=FVp(P) UFVD(Q) FVR(P V Q) := FVr(P) NFVRr(Q)

Now, we have all the ingredients to introduce our assertions. The logic DIBL,
is a fragment of DIBI with atomic propositions A%, with formulas DIBI, de-

tined by the following grammar:

PO:=AP|T|L|PVQ|P*xQ
| P50O (FVp(Q) € FVRr(P))

| PAQ  (FVR(P) =FVR(Q) =FV(P) =FV(Q)).

The side-condition for P § Q ensures that variables used by Q are described by
P. The side-condition for P A Q is the most restrictive — to understand why we

need it, consider the following example.

Example 4.3.2 (Failure of restriction for And). Consider the formula
P:=(0v>{x})A(0>{y}),and kernel f : Mem|[z] — D(Mem|x, y, z]) with f(z > 11)
being the distribution with x a fair coin flip, y = x, and z = ##, and f(z  ff) being

the distribution with x a fair coin flip, y = —x, and z = ff.

Then, there exist fi : Mem[0] — D(Mem|x])and f; : Mem[0] — D(Mem|y])
such that fj C fand f, C f. Since fi E (0> {x}) and f> | (0> {y}), it follows

f | P. But, because 7 is correlated with (x, y), there is no kernel f’ : Mem|[0] —
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D (Mem|[x, y]) satistying P such that f* C f because that means f can be ob-
tained by parallel combination of f” with another kernel with domain {z}, which

requires them to be independent.

With atomic propositions introduced to express conditional independence,
ie, (A » B) where A,B C Var, all formulas in DIBI, satisfy the restriction
property. But before proving the restriction property for DIBL,, we enrich the
atomic propositions to describe more fine-grained information about the do-
main and range of kernels, and then show that DIBI, with the enriched set of
atomic propositions still satisfies the restriction property. In particular, we want

to enrich the atomic propositions in the following ways.

Domain. Given a kernel f, the existing atomic propositions (A » B) can only
describe properties that hold for all (well-typed) inputs m to f. We would
like to be able to describe properties that hold for only certain inputs, e.g.,

for memories m where a variable 7 is true.

Range. Given any input m to a kernel f, the existing atomic propositions can
only guarantee the presence of variables in the output distribution f(m).
We would like to describe more precise information about f(m), e.g., that
certain variables are independent conditioned on a particular value of m,

rather than on all values of m.

Thus, we extend atomic propositions to all pairs of logical formula (¢ » ¥),
where ¢ is a logical formula over the kernel domain (i.e., memories), while y is

a logical formula over the kernel range (i.e., distributions over memories).

To describe memories, we take a simple propositional logic.
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Definition 4.3.3 (Domain logic). The domain logic has formulas ¢ of the form

S : pa, where S C Var is a subset of variables and

pai=ler=e] | T|LIpaApllpaVp)

Aformula S : p, is satisfied in by a memory m, writtenm |=4 S : pg, if dom(m) = S

and p4 holds in m. In particular, [e; = e>] holds in m iff [e1 ]| (m) = [e2] (m).

We read S : p; as “memories over S such that p;” and abbreviate S : T as S.

To describe distributions over memories, we adapt formulas in probabilistic

BI for the range logic.

Definition 4.3.4 (Range logic). The range logic has the following formulas from

probabilistic BI:

pro=ISIx2d|[x=el | TILIp, AP, |pssp)

We give a semantics where states are distributions over memories:
M, ={u: D(Mem[S]) | S C Var}.

We define a preorder on states via u; &, u» if and only if dom(u;) € dom(uz)
and mgom(u) M2 = 11, and we define a partial binary operation on states: for any

w1 € D(Mem|[S]) and pp; € D(Mem|[T]),

{ms\r1 ® 6, ® p\su2} if Im € Mem[S N T] s.t. wsarp1 = AsATH2 = O
M1 ©r 2 =
{} otherwise

where ® takes the independent product of two distributions over disjoint do-

mains. That is, for any x € D(Mem[SUT]),

(ms\7H1 ® O ® mr\sH2) (X) = s\ i1 (ms\7X) - 1 - wp\s o (77 5%)
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This operation generalizes the monoid from the probabilistic BI frame to allow
for combining distributions with overlapping domains if the distributions over
the overlap is deterministic and equal; this mild generalization is useful for our
setting, where distributions often have deterministic variables (e.g., variables

corresponding to the input of kernels).

Then, we define the semantics of the range logic as:

ukE T always
ukE L never
uEr [s] iff s € dom(u) or s € dom(u)

HEretd iff FV(e) € dom(y) and [e](u) =d

1 [er=e] iffFV(e) UFV(es) C dom(u) and [e] (m) = [¢'] (m)
for any m in the support of u

pErprAp,  iftp ke prand p e opp

K Er prox P; iff there exists p1 ®, p2 C© u with g |5, pr and o |, P;-

We only use domain formulas ¢ and range formulas ¢ in the enriched atomic
propositions of the form (¢ > ), so we do not need to show formulas in the do-
main logic are persistent and similarly formulas in the range logic are persistent.

Now, we can give a semantics to our enriched atomic propositions.

Definition 4.3.5. Given a kernel f and atomic proposition (¢ » ), we define

f E (¢ » y) iff there exists /' C f such that m =4 ¢ implies m € dom(f’) and
f(m) Er ¢

This valuation is persistent by construction. Furthermore, formulas in DIBI,

with these atomic propositions satisfy restriction.

Theorem 4.3.1 (Restriction in DIBI,). Let P € DIBI, with atomic propositions (¢ >
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W), as described above. Then f | P if and only if there exists f* T f such that
range(f’) C FV(P) and f' = P.

Proof sketch. We prove a stronger statement by induction on P: f |= P if and only
if there exists f’ C f such that dom(f’) € FVp(P), and FVR(P) C range(f’) C
FV(P). O

Last, atomic propositions satisfy some axiom schemas, inspired by proof

rules of BI.

Proposition 4.3.2. The following axiom schemas for atomic propositions are valid.

(S:parp)A(S: p:i > p;) — (S:pa N p'd > pr A p;) ZfFV(pr) = FV(p;)

(AP-AND)
(S:pa>pr) AN(S:py>py) = (S:paVpy»prVp) (AP-OR)
(S:pa>pr)* (S :pyepy)— (SUS :paApyepr+p)) (AP-PAR)

py — paand |, p, — pimplies = (S: pg>py) = (S:py>p;)  (AP-IMP)

We omitted the proofs to appendix C.3.2.

4.3.2 Conditional Probabilistic Separation Logic (CPSL)

With the assertion logic set, we are now ready to introduce our program logic.
We call it Conditional Probabilistic Separation Logic, abbreviated as CPSL.
Judgments in CPSL have the form {P} ¢ {Q}, where c is a loopless probabilistic
program in pWhile and P, Q € DIBI, are restricted assertions serving as the pre-

and post-conditions. As usual, a judgment holds if the program in the judgment
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x ¢ FV(e) UFV(P) x ¢ FV(P)
ASSN SAMP
F{P}x —e{P3(FV(e)» [x=¢])} F{P}x & d{Ps(0>x4d)}

p F{Pyc{0} r{Q} (R}
+ {P} skip {P} F{P}c:c’ {R}

F{@> [b=ul)sP}c{(0>[b=0u])s(b:[b=1]>Q01)}
F{O> [b=FD 5P} {(O>[b=f1)5(b:[b=f1>02)}
F{(0>[b])sP}if bthencelsec” {(0> [b])5((b:[b=1]>Q)A(b:[b=f]>02)}

COND

F{P} c {0} F{P} c {0} FV(R)NnMV(c) =0
EPP—->PAQ—>Q FV(Q) € FVR(P) UWV(c¢) RV(c) € FVR(P)
WEAK FRAME
F{P'} c {0} F{P* R} c{Q = R}

Figure 4.5: Proof rules: CPSL

maps states satisfying the pre-condition to states satisfying the post-condition.
One small difference is that DIBI, formulas are interpreted on kernels while
the program states are distributions — the mismatch is handled by the natural

lifting of the distributions to kernels.

Definition 4.3.6 (CPSL Validity). A CPSL judgment {P} ¢ {Q} is valid, written
E {P} c {0}, if for every input distribution u € D(Mem[Var]) such that the

lifted input f), = () > p satisfies f, | P, the lifted output satisfies fj.j, F Q-

The proof rules of CPSL are presented in Figure 4.5. Note that the require-
ment that the assertions in the judgments are in DIBI, poses implicit side condi-
tions. For example, the rule ASSN requires that the post-condition P § (FV(e) »

x = e) is a formula in DIBI,, which in turn requires that FV(e) € FVR(P).

The rules SKIP, SEQ, WEAK are standard, we comment on the other, more
interesting rules. AsSN and SAMP allow forward reasoning across assignments
and random sampling commands. In both cases, a pre-condition that does not

mention the assigned variable x is augmented with new information tracking
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the value or distribution of x, and variables x may depend on.

COND allows reasoning about probabilistic control flow, and the ensu-
ing conditional dependence that may result. The main pre-condition P is al-
lowed to depend on the guard variable b but nothing else — because we need
FVp(P) € FVR(0 » [b]) for the formula to be in DIBI, — and P is preserved
as a pre-condition for both branches. The post-conditions allows introducing
new facts (b:b=1tt> Q) and (b : b = ff » Q), which are then combined in the
post-condition of the entire conditional command. As in PSL, the rule for con-
ditionals does not allow the branches to modify the guard b — this restriction is

needed to accurately associate each post-condition to each branch.

Finally, FRAME is the frame rule for CPSL. Much like in PSL, the rule in-
volves three classes of variables: MV(c) is the set of variables that ¢ may write
to, RV(c) is the set of variables that ¢ may read from the input, and WV (c) is the
set of variables that ¢ must write to; these variable sets are defined as in defini-
tion 2.3.8. Then, the first side-condition FV(R) N MV(c) = 0 of FRAME ensures
that the framing condition is not modified, which is a fairly standard condition
in frame-like rules. The second and third side-conditions are more specialized.
Observe that the variables described by Q in the post-condition are either al-
ready described by P in the pre-condition, or are written by ¢. These two side
conditions ensure that variables mentioned by Q that were not already indepen-
dent of R are freshly written, and freshly written variables are computed using
variables that were already independent of R in the precondition, which can be

guaranteed if the variables c reads from are all in FV(P).

Theorem 4.3.3 (CPSL Soundness). CPSL is sound: derivable judgments are valid.

Proof sketch. By induction on the proof derivation. The restriction property is
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z & Berny ), z & Berny ),

x & Berng ) if z then

y & Bern);; x & Berny;y & Bern,,

a<«—xVz else

b—yVvz x & Berng;y & Berny
(a) COMMONCAUSE (b) CONDSAMPLES

Figure 4.6: Example programs

used repeatedly to constrain the domains and ranges of kernels witnessing dif-
ferent sub-assertions, ensuring that pre-conditions about unmodified variables

continue to hold in the post-condition. m|

We include the full proof in appendix C 4.

4.3.3 Example: CPSL in Action

Now, we demonstrate CPSL on two example programs.

Example 4.3.3. Figure 4.6 introduces two more example programs. The pro-
gram COMMONCAUSE (Figure 4.6a) generates a distribution where two ran-
dom observations share a common cause. Specifically, z, x, and y are indepen-
dent random samples, and a and b are values computed from (x, z) and (y, z),
respectively. Intuitively, z, x, and y could represent independent noisy measure-
ments, while a and b could represent quantities derived from these measure-
ments. Since a and b share a common source of randomness z, they are not
independent. However, a and b are independent conditioned on the value of z;

this is a textbook example of conditional independence.

The program CONDSAMPLES (Figure 4.6b) is a bit more complex: it branches
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on a random value z, and then assigns x and y with two independent samples
from Bern, in the true branch, and Bern, in the false branch (p, g are constant
value in [0, 1]). While we might think that x and y are independent at the end
of the program since they are independent at the end of each branch, this is not
true because their distributions are different in the two branches. For example,
suppose that p = 1 and ¢ = 0. Then at the end of the first branch (x, y) = (1, 1)
with probability 1, while at the end of the second branch (x,y) = (f,f) with
probability 1. Thus, observing whether x = # or x = ff determines the value of
y — clearly, x and y can’t be independent. However, x and y are independent

conditioned on z.

In both cases, we will prove a conditional independence assertion as the
post-condition. We will need some axioms for implications between formulas

in DIBL,. The following axioms are valid in our probabilistic model X¢;.

Proposition 4.3.4. (AXIOMS FOR DIBL,) The following axioms are sound, assuming

both precedent and antecedent are in DIBL,.

(PsQ)§R— P5(Q=*R) (INDEP-1)
PsQ—->P=xQ if FVp(Q) =0 (INDEP-2)
P5Q — P5(Q=(S»[S]) (PAD)
(P+Q)s(R+S)— (PsR)*(039) (RESTEXCH)

We briefly explain the axioms. INDEP-1 may look surprising, and it does not
hold if we do not require the formulas to be in DIBL,. Under this assumption, it
holds because P § (Q * R) € DIBIL, implies that R only mentions variables that
are guaranteed to be in P, and then with some maneuver, we can change one

sequential composition into a parallel composition. INDEP-2 holds because any
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kernel witnessing Q depends on no variables and thus is independent of any
kernel witnessing P. PAD allows conjoining (S » [S]) to the second conjunct:
since P§(Q * (S » [S])) is in DIBI,, S can only mention variables that are already
in P. Finally, RESTEXCH shows that the standard exchange law also holds for

restricted assertions. We defer the proof to Appendix C.3.2.

We also need the following axioms for a particular form of atomic propo-
sitions, in addition to the axioms for general atomic propositions in Proposi-

tion 4.3.2.

Proposition 4.3.5. (AXIOMS FOR ATOMIC PROPOSITIONS) The following axioms

are sound. For any S, A, B,C C Var,

(S»[A] = [B]) = (S»[A]) = (S»[B]) ifANBCS (REVPAR)
(S» [A] * [B]) — (S»[AU B]) (UNIONRAN)
(A>B)5(B»C) = (A C) (ATOMSEQ)
(A>B) > (A»A)s(A> B) (UNITL)
(A>B) > (A»B)s (B> B) (UNITR)

We defer the proof to Appendix C.3.2.

Now, we have all the ingredients for verifying our example programs,
COMMONCAUSE and CONDSAMPLES. Throughout, we must ensure that all
formulas used in CPSL rules and DIBI, axioms are in DIBL,. The conjunction §
raises a tricky point: DIBI, is not closed under reassociating s, so we add paren-
theses for formulas that must be in DIBIL,. However, we may soundly use the
tull proof system of DIBI when proving implications between DIBL, assertions,

since DIBI, is a fragment of DIBI.
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Verification of COMMONCAUSE We aim to prove the following judgment:
F{T} COMMONCAUSE {(0 > [z]) § ((z > [a]) * (z> [D])}

By Theorem 4.2.2, this shows that a, b are conditionally independent given z at
the end of the program. First, using SAMP to handle the sampling for z, x, y, we
can prove the assertion: (0 > [z]) § (0 > [x]) 5 (0 » [y]). Using Axioms PAD, AP-

PAR, UNIONRAN, and § ASSOC, this assertion implies (0 > [z]) ¢ (z > [z, x]) § (z »

[z, y]).

(0> [z])5 (0> [xD) 5 (0> [¥])
(0> [z]) 5 (0> [x]) = (z» [2]))) $ (O > [¥]) * (2> [z]) * (z> [z])
(0> [z]) 5 (2> [2] = [x]) § (2> [2] * [y])

(0> [z]) 5 (z> [z.x]) (2> [z, ¥])

PAD
AP-PAR

UNIONRAN

We take the proved formula as the pre-condition before assigning to a and as-

signing to b. After the assignments, ASSN proves:

(0> [2D) 5 2> [2.]) 5 (2> [2,3D) 3 (o [aD)) 3 (2. » [B]).
Then, we can reassociate and apply INDEP-1 to derive:

(0> [zD 3 ((z> [2.x]) § (z.x > [a])) = ((z> [2,9D) § (2, y > [])).
By Axiom ATOMSEQ, we obtain the desired post-condition:

(0> [z]) 5 ((z> [a]) = (z > [b])).

Verification of CONDSAMPLES We aim to show the following judgment:
F{T} CONDSAMPLES {(0 > [z]) s ((z > [x]) * (z» [y])}
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Again, by Theorem 4.2.2, this shows that x,y are conditionally independent
given z at the end of the program. Starting with the sampling statement for
z, applying SAMP, the Axiom INDEP-2, »-UNIT and 3-UNIT-R gives:

F{T}z & Berny)y {(0> [2]) 5T}

To reason about the branching, we use COND.  We start with the
first branch. By SAmP, AssN, SKip, WEAK and SEQ, we have +
{(0>z=1t)5T} x & Bern, 5y & Bern, {(0>z=1)5(0> [x])5(0>[y])}. As
before, Axioms PAD, AP-PAR, UNIONRAN, together with § ASSOC give the post-

condition
0> z=11)5(z> [z,x]) § (2> [z, ¥])-

Applying Axiom INDEP-1, we can show (0> z =11) § ((z > [z,x]) * (z> [z, ¥])) at

the end of the branch. Thus:

F{(@>z=1)5T}x & Bern, sy & Bern, {(0>z=11)5(z:z2=1t> [z,x] * [2,y])}.
The second branch is similar:

F{O>z=ff)sTtx & Bern, 5y & Bern, {(0>z=f)35(z:z2=f > [z, x] * [z,¥])}.

Applying COND, we have:

{(0~>[zD}

F CONDSAMPLES

{0 [zD) s ((z:z=1t> [z,x] * [z, y]) A(z=f» [2,x] = [z,y]))}

By AP-OR, the postcondition implies

0> [zDs((z:z=uVz=[f)> [z, x] * [z,y] V [z,x] = [z, y]).

In the domain and range logic, we have: | z: T — z: (z =1tV z=ff) and
Fr [zx] * [z, y] V [2,x] = [z, y] = [z,x] * [z, ¥].
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So AP-IMP implies (0 > [z]) § (z » [z,x] * [z, y]). We can then apply REVPAR
because {z,x} N{z, y} = z, deriving the postcondition (0 > [z]) 5 ((z > [z,x]) * (z»
[z,¥])). By Axiom SPLIT, we obtain the desired post-condition: (0 » [z]) 5 ((z »
[x]) = (z»> [y])- O

4.4 Related Work

While our program logic is the first separation logic for proving conditional in-
dependence, related work has explored other approaches to capture dependen-
cies and independence and has potential to lead to alternative formal methods

for reasoning about conditional independence.

Other non-classical logics for modeling dependencies There are other non-
classical logics that aim to model dependencies. Independence-friendly (IF)
logic [Hintikka and Sandu, 1989] and dependence logic [Vaandnen, 2007] intro-
duce new quantifiers and propositional atoms to state that a variable depends,
or does not depend, on another variable logically; these logics are each equiv-
alent in expressivity to existential second-order logic. More recently, Durand
et al. [2018] proposed a probabilistic team semantics for dependence logic, and
Hannula et al. [2020] gave a descriptive complexity result connecting this logic
to real-valued Turing machines. Under probabilistic team semantics, the uni-
versal and existential quantifiers bear a resemblance to our separating and de-
pendent conjunctions, respectively. It would be interesting to understand the
relation between these two logics, akin to how the semantics of propositional IF

forms a model of BI [Abramsky and Vddnanen, 2009].
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Conditional independence, join dependency, and logic There is a long line
of research on logical characterizations of conditional independence and join
dependency. The literature is too vast to survey here. On the conditional inde-
pendence side, we can point to work by Geiger and Pearl [1993] on graphical
models; on the join dependency side, the survey by Fagin and Vardi [1984] de-
scribes the history of the area in database theory. There are several broadly
similar approaches to axiomatizing the general properties of conditional depen-

dence, including graphoids [Pear] and Paz, 1985] and separoids [Dawid, 2001].

Graphical Approach to Conditional Independence Probabilistic graphical
models offer a powerful framework for representing probabilistic relation-
ships [Koller and Friedman, 2009, Pearl, 2014]. In particular, Bayesian networks
model joint distributions of program variables using directed acyclic graphs
(DAGs), where edges represent conditional dependencies: each child node is
associated with a conditional distribution given its parent nodes. This structure
enables a more compact representation of the overall distribution by leveraging

conditional independence between variables.

Bayesian networks are widely used in machine learning as a flexible and
interpretable class of models for fitting data [Friedman et al., 1997, Murphy,
2012]. In many cases, the structure of the network is fixed, and the parame-
ters—defining the conditional distributions along the edges—are learned from
data via probabilistic inference. In such settings, the conditional indepen-
dence encoded in the network can significantly improve the efficiency of infer-
ence [Obermeyer et al., 2019]. Moreover, the graphical structure makes it easier

to identify and exploit these independence relations.

153



However, when the structure of a suitable Bayesian network is not known
in advance, structure learning techniques are applied to discover it from
data [Chickering, 2002, 1996, Kitson et al., 2023]. These methods often rely
on identifying conditional independence relationships among variables—either
through statistical tests or scoring criteria—to constrain the space of possible
graph structures. Consequently, the accuracy and reliability of structure learn-
ing depend heavily on the ability to verify conditional independence in ob-

served data.

Categorical probability The view of conditional independence as a factoriza-
tion of Markov kernels has previously been explored [Jacobs and Zanasi, 2017,
Cho and Jacobs, 2019, Fritz, 2020]. Taking a different approach, Simpson [2018]
has recently introduced category-theoretic structures for modeling generalized
conditional independence, capturing conditional independence and join depen-
dency as well as analogues in heaps and nominal sets [Pitts, 2013]. Roughly
speaking, conditional independence in heaps requires two disjoint portions ex-
cept for a common overlap contained in the part that is conditioned; this notion
can be smoothly accommodated in our framework as a DIBI model where ker-
nels are Kleisli arrows for the identity monad (Brotherston and Calcagno [2009])
also consider a similar notion of separation). Simpson [2018]’s notion of condi-
tional independence in nominal sets suggests that there might be a DIBI model
where kernels are Kleisli arrows for some monad in nominal sets, although the

appropriate monad is unclear.

A recent work [Simpson, 2024] studies logical reasoning principles for gener-
alized conditional independence and equality, when equality is a coarser notion

than equivalence. They provide a semantic foundation for these reasoning prin-
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ciples based on atomic sheaves, and shows a category of probability sheaves as
an instantiation. While they do not concern probabilistic programs, and their
reasoning principles derive new relations of variables based on known relations
in a fixed distribution, it could be interesting to explore alternative assertion

logic for capturing probabilistic programs based on their atomic sheaf logic.

A Categorical model to DIBI logic The relational model of DIBI, introduced
in the conference version [Bao et al., 2021], and the probabilistic model intro-
duced above are similar but Bao et al. [2021] does not provide a unifying way
to construct such similar DIBI models. In our follow-up work Gu et al. [2024],
we develop an abstract framework for systematically constructing DIBI models,
using category theory as the unifying mathematical language. In particular, we
use string diagrams — a graphical presentation of monoidal categories — to give
a uniform definition of the parallel composition and preorder in DIBI models.
Our approach not only generalises known models, but also yields new models
of interest and reduces properties of DIBI models to structures in the underlying
categories. Furthermore, our categorical framework enables a logical notion of

CI, in terms of the satisfaction of specific DIBI formulas.
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CHAPTER 5
BLUEBELL: A UNIFYING FRAMEWORK FOR INDEPENDENCE,
CONDITIONAL INDEPENDENCE AND RELATIONAL REASONING

5.1 Overview

In this chapter, we present BLUEBELL, another separation logic for reasoning
about probabilistic programs. While BLUEBELL is designed to be a flexible
framework for combining unary reasoning and relational reasoning of proba-
bilistic programs, in this thesis, we mostly focus on the unary part of BLUEBELL.
The unary part of BLUEBELL shares functionality with CPSL in that they can
both be used to prove independence and conditional independence of program
variables. However, BLUEBELL allows more expressive assertions and has more
ergonomic rules, which enable us to prove conditional independence arising in
more complicated programs. Below, we overview our motivation for design-
ing a unifying framework for unary reasoning and relational reasoning, prior
work that we get inspiration from, and our key design choices to make it more

ergonomic.

Motivation: Independence Helps Relational Reasoning

Unary reasoning means analyzing the behavior of the one target program di-
rectly. For example, the program logics introduced in previous chapters, PSL,
LINA and CPSL, are all techniques for conducting unary reasoning. This choice
aligns with the nature that independence, negative dependence and conditional

independence, are all properties of program variables in a single program.
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However, sometimes the properties of concern are naturally relational. For in-
stance, we may want to show that two probabilistic programs have the same
behaviors, or that their outputs only differ up to a certain margin. To prove
such relational goals, it could be easier to compare the two programs step by
step, instead of individually capturing their outputs and comparing their out-
puts. Formalization of relational reasoning of probabilistic programs has been
an active research area. One prominent line of work in this area is probabilistic
relational Hoare logic (pRHL) [Barthe et al., 2013, Hsu, 2017], which formalizes a

technique known as “proof by coupling” by the probability theory community.

Conceptually, we can think of any probabilistic program as a distribution
over different execution traces. To compare two probabilistic programs, it can
be helpful to pair up the execution traces from the two programs and examine
the pair: for example, consider simple programs A and B that both make coin
flips, then their coin flips have the same bias iff we can pair up their execution
traces such that when A flips head, B flips head as well, and vice versa. This
method works not only for proving program equivalence but also for a range
of properties important for cryptography and differential privacy [Barthe et al,,
2009, 2015, Hsu, 2017, Wang et al., 2019, Zhang and Kifer, 2017]. To describe the
pairing, we can use a coupling, i.e., the joint distribution of the two distributions,
thus making sense of the name “proof by coupling.” Note that the pairing and
the coupling here are just reasoning tools — the actual execution of the two

programs can be either correlated, or completely oblivious of each other.

Our motivation for designing BLUEBELL comes from an observation that in-
dependence allows one to decompose relational arguments. As an example, say

we want to show two probabilistic programs A and B are equivalent, and Ay, A,
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are two independent components in program A, and similarly, By, B, are inde-
pendent two components in program B. Then it is sufficient (and of course not
necessary) if we can develop one relational argument showing A; equivalent
to B; and another relational argument showing A, equivalent to B,. Here, the
key condition used is independence: when A, A, are not independent, or By, B,
are not independent, then component-wise equivalence does not guarantee the
overall equivalence because the components may be correlated differently; the
relations between the two programs do not matter, i.e., we can also replace pro-

gram equivalence with other relations between A; and B;.

Such decomposition can make relational reasoning more scalable, especially
when the only other tool for building relational arguments is “proof by cou-
pling,” which until recently requires rigid alignments between two programs.
Since both reasoning of probabilistic independence and coupling can be sub-
tle, we want to formalize such usage of probabilistic independence in relational
proofs. Furthermore, since probabilistic independence is inherently a unary
property, it is more natural to prove it in unary style arguments, such as in prob-
abilistic separation logic, prompting us to unify unary reasoning and relational

reasoning of probabilistic programs in one framework.

Unary Fragment of BLUEBELL: A More Ergonomic Probabilistic Separation

Logic

On the unary reasoning side, we want to present a program separation logic
that can cleanly prove independence and conditional independence. Concretely,
we want a logic that allows precise description of complicated program states

and formalizes subtle probabilistic reasoning as easy-to-apply syntactic rules.
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Ideally, the users of the logic can carry out all (or at least most of) the important
steps using rules in the logic, instead of resorting to meta-level mathematics.
Also, we want to relieve the users from the burden of checking side conditions

for applying a rule as much as possible.

In the previous chapter, we show one way to assert conditional indepen-
dence in bunched logic — using the DIBI logic interpreted on the probabilis-
tic kernels model, and also showed a program logic based on it for reasoning
about conditional independence arising in programs. The approach, however,
has some limitations. For one thing, DIBI, excludes a lot of formulas in DIBI
to ensure the restriction property (theorem 4.3.1) which says that a formula P
holds in a kernel iff it holds in the subkernel restricted to free variables of P.
Although we demonstrated that conditional independence in small programs
can be proved using CPSL, whose program rules only involve DIBI, formulas,
it is cumbersome to always have to check if a formula is in DIBL,. In addition,
in PSL, LINA and DIBI, we cannot assert expressions e, e, independent if ¢;
and e share variables. For example, while x may be independent of x xor y, the

formula Own(x) * Own(x xor y) always implies false in their assertion logic.

When designing BLUEBELL, we take inspirations from Li et al. [2023a] (Lilac),
which proposes a variant of probabilistic separation logic that addresses these
limitations of DIBI for functional programs. We investigate whether we can
design a program logic for an imperative probabilistic programming language also
with these nice features. We work with an imperative probabilistic program-
ming language both because of intellectual curiosity, investigating whether it
would allow us to use less technical program semantics than Lilac, and be-

cause of our bigger goal to unify unary reasoning and relational reasoning in
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one framework — a lot of work in pRHL (e.g., Barthe et al. [2013, 2015, 2016b,a,
2017]) also feature an imperative probabilistic programming language. Allow-
ing the program states to be mutable creates new challenges for validating the
frame rule, which requires any separate resource framed to the current one to

always be preserved in program execution.

Quick Walkthrough of Lilac [Li et al., 2023a]

Lilac’s key innovation is using a new Bl model based on measure-theoretic prob-
abilities. In PSL and LINA, no state u can satisfy assertions such as Own(x) *
Own(x xor y) because evaluating x and (x xor y) respectively needs marginal
distributions with domain {x} and {x, y}, and the independent product of these
two marginal distributions is undefined because their domain overlap on {x}.
However, measure-theoretic probability spaces are specified by a sigma-algebra
describing the event space and a measure on the sigma-algebra, and it is pos-
sible to separate the event space of x and the event space of (x xor y) such
that their independent product recovers the original probability space. With
measure-theoretic probabilities, they also give a rigorous treatment for contin-
uous probabilities, which enables them to handle examples that sample from a

uniform distribution over the interval [0, 1].

To assert conditional independence, Li et al. [2023a] introduce a modality
C,—x to the assertion logic: their assertion logic model consists of distributions
— represented using measure-theoretic probability spaces — instead of kernels
as states; in their model, a distribution satisfies C,. xP(x) iff, fixing the variable
X to any value x it can take, the conditional distribution satisfies P(X). Using

that, they show that the conditional independence of variables Y, Z given X can
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be asserted using C,x Own(Y) * Own(Z) and encode several axioms regarding

conditioning and independence.

On the program logic level, following the convention adopted by the higher-
order concurrent separation logic framework Iris [Jung et al., 2018], Lilac
chooses to work with a functional probabilistic language and define the va-
lidity of a Hoare triple differently. Their definition of Hoare triples implicitly
requires that any frame conjuncted to the current resource must be preserved.
This allows the frame rule to be proven easily, without relying on side condi-
tions or verifying that the formulas satisfy the restriction property. In exchange,
one needs to inductively prove that each program preserves the frame. As they
work with a functional probabilistic programming language, they fix a probabil-
ity space (“ambient sampling space” in their term) and their program variables
are simply random variables on that probability space. They show that every-
thing works out when they fix the ambient sampling space to be the product of
countably infinite copies of the [0, 1] interval under a particular set of technical
constraints. The choice of the “ambient sampling space” seems highly non-
robust, e.g., a product of finite copies of [0, 1] interval would not work in their
proofs even if the probabilistic programs only make a finite number of sampling

calls.

Bluebell’s Design Choices

In BLUEBELL, we combine Lilac’s measure-theoretic Bl model with a BI model
of permissions, which are used in Concurrent Separation Logic literature to track
who can read from and write to a resource. In our model section 5.3.3, two

resources a, b can be composed together only if their permissions can be com-
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bined as well, and this extra requirement plays a crucial role in ensuring that

the Frame rule holds in our logic.

We draw insights from both DIBI and Lilac to design a modified condition-
ing modality, introduced in section 5.3.4, that is more expressive and satisfies
a richer family of axioms than Lilac’s conditioning modality. Our conditioning
modality is the key to how we mix unary reasoning and relational reasoning.
It supports conditioning on one program state as well as two or more program
states, and using that, we can not only capture conditional independence, but
also couplings. Furthermore, from the axioms of the conditioning modality, we
not only derive reasoning principles important for proving conditional inde-
pendence, but also relational reasoning principles and their interactions. Even
when we only focus on the unary reasoning functionality of BLUEBELL, we can
formalize more interesting proof steps in the logic using the richer set of axioms

enjoyed by this conditioning modality, showcased by examples in section 5.5.

5.2 Preliminaries: Programs and Probability Spaces

To formally define the model of BLUEBELL and validate its rules, we introduce
a number of preliminary notions. Our starting point is the measure-theoretic
approach of Li et al. [2023a] in defining probabilistic separation. We recall the

main definitions below.

One crucial difference between elementary probability (as how we in-
troduced distributions in definition 2.2.9) and measure-theoretic probabil-
ity [Rosenthal, 2006, Fristedt and Gray, 2013] is their treatment of event space.

In elementary probability, we work with the set of outcomes directly — distri-
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butions are defined as maps from outcomes to numbers in [0, 1] and any subset
of outcomes is considered as an event. In measure-theoretic probability, events

are specified by a structure called o-algebra.

Definition 5.2.1 (0-algebra). Given a set of possible outcomes Q, a o-algebra 7
is a set of subsets of Q that is closed under countable unions and complements,
and such that Q € . We call an element of a o--algebra an event. We denote the

set of o-algebras over a set of outcomes Q2 as A(Q).

The full o-algebra over Q is o = P (Q), the powerset of Q. For F € P(Q),

we write o (F) € A(Q) for the smallest o-algebra containing F.

The measure-theoretic notion of distributions map events in o-algebras to a
number between 0 and 1, which we call the measure of the event, or the proba-

bility of the event.

Definition 5.2.2 (Probability Distributions). Given ¥ € A(Q), a probability dis-

tribution u € D(F), is a function u: ¥ — [0, 1] such that

¢ For any countable set of disjoint events {E; | i € I}, u(Wie1E;) = Yicy u(E)).

e u(Q)=1.

The support of a distribution u € D(Xq) is the set of outcomes with non-zero

probability supp(u) = {a € Q | u(a) > 0}, where u(a) abbreviates u({a}).

Probability spaces are given as a triple of the outcome space, the o-algebra,

and the distribution.

Definition 5.2.3. A probability space P is a pair P = (Q,F, u) of a o-algebra
¥ € A(Q) and a probability distribution u € D(F). We call the distribution
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u the measure in a probability space = (¥, u). The trivial probability space
1o € P(Q) is the trivial o-algebra {Q, 0} equipped with the trivial probability

distribution that maps Q to probability 1 and maps 0 to probability 0.

When the outcome space is clear, we omit outcome space in the triple of

probability spaces.

We define a pre-order on probability spaces to capture the intuition that a
probability space A is smaller than a probability space B if A is defined for a
subset of events where B is defined on and A agrees with B on the subset. This

pre-order will be used in BLUEBELL’s BI model over probability spaces.

Definition 5.2.4. Given 1 C %, and u € D(%), the distribution u|s € D(F1)
is the restriction of u to 7. The extension pre-order (C) over probability spaces is

defined as (1, u1) C (%2, 42) = F1 € F2 A 1 = 2l 7.

Given two probability spaces, we identify a set of functions that transfer

nicely between them, called measurable functions.

Definition 5.2.5. A function f: Q; — Q, is measurable on 1 € A(Q) and > €
A(Qy) if for any event X € F>, we also have f~'(X) € Fi. When F, = Lo, we simply

say f is measurable on 7.

Later we will want to decompose one probability space into two, and its
definition depends on how we compose two probability spaces into one. Two
natural ways to combine two c-algebras are taking the Cartesian product and

taking the union.

Definition 5.2.6 (Product and union spaces). Given 71 € A(Q), % € A(Qy),
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their product is the o-algebra 1 ® 7> € A(€; X ;) defined as
F1eF = oc({X1 x X2 | Xi € F1, X2 € F2}),
and their union is the o-algebra 71 ® 7, € A(Q; X Q) defined as o (¥ U 72).
We can take the product of two distributions to obtain a distribution over the

product o-algebra.

Definition 5.2.7. The product of two probability distributions u; € D(¥;) and
U2 € D(F) is the distribution (11 ® p2) € D(F1 ® 72) defined by

(11 ® u2) (X1 X X2) = p1(Xy) - u2(X2)

forall X; € 1, X» € %».

In this chapter, we will frequently use the independent product of two distri-

butions, which is over the union of their o-algebra and is not always defined.

Definition 5.2.8 (Independent product Li et al. [2023a]). Given (F71, 1), (%2, u2) €
P(), their independent product is the probability space (1 ® 2, 1) € P(Q) where
forall X; € 71, X0 € F2, u(X1 N Xo) = p1(Xy) - u2(X2). It is unique, if it exists [Li
et al.,, 2023a, Lemma 2.3]. Let $; ® P, be the unique independent product of #;

and P, when it exists, and be undefined otherwise.

Probabilistic Programming Language

Another important component in BLUEBELL is the probabilistic programming
language. We use a simple first-order imperative language very similar to

pWhile except that it contains a different construct for loops. As in pWhile, we
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T>t:=skip|x:=e|x=d|if bthent elset, |t ;1| repeat et
Figure 5.1: Program Syntax

tix a finite set of program variables x € Var and countable set of values v € Val = Z
and define the program stores to be s € Mem[Var] £ Var — Val. For sim-
plicity, booleans are encoded by using 0 € Val as false and any other value as
true. Program terms t € T are formed according to the grammar in fig. 5.1. (We
call them terms to follow the terminology in the conference version Bao et al.
[2025] and distinguish them from the commands in pWhile.) The expressions
e are interpreted into [e]: Mem[Var] — Val following the standard definition
(see definition D.1.1). As before, we write FV (e) for the set of program variables
that occur in e. The distributions d are interpreted to be measures over prob-
ability space X4 for some type A; when d : X4 is used in the sampling x = d,
we expect A to be a subset of Z. An example distribution is Bern,, the Bernoulli

distribution with probability v to yield 1 and probability 1 — v to yield 0.

Though we do not allow general loops because of difficulties around rea-
soning about them, we allow iterations implemented through using a simpler
construct repeat e r, which evaluates e to a value n € Val and, if n > 0, executes
t in sequence n times. Only allowing this restrictive version of iteration means

we only consider a subset of terminating programs.

For the semantics of programs, we interpret each term ¢ to a function
[t]: D(Emem[var]) = D (ZMem[Var]), i-e., a map from distributions of input stores
to distributions of output stores. The interpretation of the terms is standard, and
we defer the mathematical definition to definition D.1.2. Notably, working with

a countable set of values Val means that the set of program stores are also count-
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able, so distributions in D (Zyem[var]) are also discrete. In BLUEBELL, we work
with discrete distributions because it is unclear how continuous distributions
interact with some relational constructs in our logic. However, we still use the

measure-theoretic definitions for more granular control over the event space.

5.3 The BLUEBELL Logic

We are now ready to define BLUEBELL's semantic model and show its laws.

5.3.1 An Alternative Approach to Bunched Logic

While the assertion logic of BLUEBELL extends from the Bunched logic, we use
a different presentation than the one used in PSL, LINA and DIBI. We adapt the
approach to Bl in Krebbers et al. [2018], which is motivated by efforts in mech-
anizing various separation logics in a ROCQ framework called Iris. Though
BLUEBELL has not been mechanized yet in Bao et al. [2025], we look forward to
mechanizing it in the future, and thus, we lay the foundation of the logic in a
style that aligns with the Iris framework and its follow-up works. Specifically,
instead of interpreting formulas in a structure similar to BI frames and DIBI
frames, which combine two states using non-deterministic binary operators, we
use a structure called “ordered unital resource algebras ” (henceforth RA). RAs
allow their states to be combined using either partial or total binary operators:
RAs are always equipped with a fotal binary operation and a predicate V indi-
cating which elements of the carrier are considered valid resources; then partial-

ity of the operation manifests as mapping some combinations of arguments to
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invalid elements.

Definition 5.3.1 (Ordered Unital Resource Algebra). An ordered unital resource
algebra (RA) is a tuple (M, %,V, -, &) where <: M is a pre-order called the resource
order, V: M — Prop is the validity predicate, (-): M — M — M is the resource
composition, a commutative and associative binary operation on M, and € € M

is the unit of M, satisfying, for all a, b, c € M:

V(e); (Unit Validity)
£-a=a (Unit Existence)
V(a-b) — V(a); (Element Validity)
azb — a-c=2b-c (Validity Closure)
a=xb — a-c=Xb-c. (Order Coherence)

BLUEBELL also differs from PSL, LINA and DIBI in that, in BLUEBELL, we
take a semantic approach to assertions: we do not insist on a specific syntax and
instead characterize what constitutes an assertion by its type. We embed our
definitions in a standard first-order logic, and will refer to it as the meta-level
logic. We overload A and Vv as the conjunction and disjunction and write =
for the implication in this meta-level logic. Following the convention in ROCQ

community, we use Prop denote to the type of propositions.

BLUEBELL uses an alternative definition of Bl assertions. To disambiguate
from the definition of BI assertions in previous chapters, we denote the BLUE-

BELL version as BI* assertions.

Definition 5.3.2. We define BI" assertions relative to some RA M as the upward
closed functions M — Prop. A map P: M — Prop is upward closed if Va,a” € M

such that a <y a’, P(a) = P(a’) in the propositional logic.
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The requirement that BI" assertions need to be upward closed maps is another
way to express the persistence condition we impose on assertions in previous
chapters. In this chapter, we do not use the symbol = as the satisfaction relation;
instead, we say that a resource a satisfies an assertion P if P(a). Entailment is
defined as (P + Q) = Va € M.V(a) = (P(a) = Q(a)). Logical equivalence is

defined as entailment in both directions: P 4+ Q = (P + Q) A (Q + P).

We introduce two families of assertions useful in separation logic. First,
pure assertions "¢ lift meta-level propositions ¢ to BI* assertions (by ignor-
ing the resource). For example, an formula about specified distributions such as
Berng 5 = bind(Berng 3, v — Berngs) is pure and can be used in separation logic
as "Berngs = bind(Berny3,v — Berngs)"'. Second, Own(b) holds on resources
that are greater or equal than b in the RA order; this means b represents a lower

bound on the available resources. Mathematically,

l—¢—| A 7\17¢

Oown(b) £ ha.b 2 a

We also use standard connectives from BI to produce new assertions given
existing ones. We interpret these connectives relative to an RA, and the defini-

tion is standard:

PAQ £ Aa.P(a) AQ(a)
PvQ £ Aa.P(a) Vv Q(a)
P—-Q £ Aa.Vbs.t.a<Xb,P(b)= Q(b)
PxQ £ JAa.3db,cst.aTboc, P(b) AQ(c)
P-xQ £ Aa.Vb,cs.t. aob < c, P(b) implies Q(c)
Vx:X.P(x) = Mla.Vxe X.P(x)(a)
dx:X.P(x) £ Ala.3dx e X.P(x)(a)

Figure 5.2: Satisfaction for BI formulas on RA
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5.3.2 A Model of Probabilistic Spaces

BLUEBELL's assertions will be interpreted over a specific RA, which we con-
struct by combining more basic RAs. The main component is the Probability

Spaces RA, which uses the independent product as the RA operation.

Definition 5.3.3 (Probability Spaces RA). The probability spaces RA PSpg, is the
resource algebra (P(Q) W {4}, %, V, -, 1g) where < is the extension pre-order (def-
inition 5.2.4) with / added as the top element, ie. | < £, = £ C P> and

Va € PSpg.a < 4;V(a) £ a # 4; composition is the independent product:

PP, ifa=%P,b=%P,, and P, ® P, is defined

Q
S
1>

. otherwise

The fact that PSpg, satisfies the axioms of RAs is established in appendix D.3

and builds on the analogous construction in Lilac.

We now introduce assertions that are specific to PSp,. We use the follow-
ing two abbreviations so we do not need to write out the resource pedantically

when using the BI" assertion Own(-):

Own(F, . p) = Own(((F, u). p)) Own(¥, u) = 3p.OWn(¥F", . p)

We also want to use expressions in assertions. Let A-typed expressions be
maps E of type Mem[Var] — A. We allow PSpg, assertions to use A-typed ex-
pressions for any type A. As an example, the interpretation of any program ex-
pression [[e] : Mem[Var] — Val is a Val-typed expression. Thus, we seamlessly
use program expressions in assertions by implicitly coercing them to their se-

mantics.
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The first kind of PSpg, assertions we want to introduce are £ £ u. Intuitively,
we want it to assert that the expression E has the distribution y in the probability
space specified; and to evaluate the expression E, the probability space needs
to have enough information — we refer to the condition needed to evaluate an

expression E as ownership over E below.

Lilac proposed to use measurability as the notion of ownership. Recall that
a function f: A — B is measurable in a sigma-algebra ¥ :A(A) if f~1(b) =
{ace Al f(a)=b} € F for all b € B. An A-typed expression E always de-
fines a measurable function (i.e. a random variable) on Xpem[var] but might not
be measurable on some sub-algebras of Xyfem|var]- Their definition makes sense
because any resource that makes E measurable contains enough information to
determine E’s distribution, However, we discovered that this choice made ax-
ioms used in Lilac’s proofs flawed. In short, axioms such as Own(x) * [x = y| E
Own(y), which intuitively convey that idea that if x is measurable and x, y are
equal in any plausible outcomes, then y is also measurable, played crucial role

in Lilac’s proofs of example programs but are not sound. !

Thus, we propose a slight weakening of the notion of measurability which
solves those issues while still retaining the intent behind the notion of owner-

ship. We call this weaker notion “almost measurability”.

Definition 5.3.4 (Almost-measurability). Given a probability space (F,u) €
P(Q) and aset X C Q, we say X is almost measurable in (7, u), written X < (¥, ),
if

3X1, X € F. X1 CX CXo Au(Xy) = u(Xo)

We say a function E: Q — A, is almost measurable in (7, u), written E < (7, n), if

LA later revision Li et al. [2023b] corrected the issue, although with a different solution from
ours.
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E~'(a) < (F,u) foralla € A.

While almost-measurability does not imply measurability, it constrains the
current probability space to uniquely determine the distribution of E in any

extension where E becomes measurable.

Example 5.3.1. For example, let X = {s|s(x)=42} and ¥ = o({X}) =
{Mem|Var], 0, X, Mem|Var] \ X}. If u(X)

1, then x < (F, 1) holds but x is not
measurable in 7, as ¥ lacks events for x = v for all v except 42. Nevertheless,
any extension (¥, u’) 23 (¥, u) where x is measurable, would need to assign

#(X)=1and ¢/ (x =v) =0 for every v # 42.

In general, when X; € X C X; and u(X1) = u(X2) = p, we can unambigu-
ously assign probability p to X, as any extension of u to o must assign p to X;

then we write u(X) for p.

When defining E & u, we require E to be almost-measurable and to be dis-
tributed as u in any extension of the local probability space. Formally, given

u:D(Xy) and E: Mem|Var] — A, we define:
E %2 3F, u.Own(F, p) « "E < (F,p) A= poE™""

Notably, E < (F,u) A u = uo E7 is a pure fact that we can reason without
using the local probability space — the probability space (7, u) is fixed by the

existential quantifier and not relying on the local probability space.

Using the E & u assertion, we can define a number of useful derived asser-

tions. In their definition, we use the following events of the outcome space Val:
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false = {0} and true = {n € Val | n # 0}.

BIE]=r £ 3uE 2 ux"r=) *acupui(a) -a’
Pr(E) =r = 3u.E & ux"pu(true) =r"
E] % E £ Syue
Own(E) = Ju.E & u

Assertions about expectations (E[E]) and probabilities (Pr(E)) both assert
E is distributed as u for some distribution u and that u satisfies the desired
pure property. To assert E[E] = r, we implicitly assume E is a numerical-typed
expression. The assertion holds if E is uniquely determined to distribute as u
and the expected value in u is r. To assert Pr(E) = r, we implicitly assume E is
a Val-typed expression. The assertion Pr(E) = r holds on a probability space if
the probability space uniquely determines E to distribute as u, where u assign

probability r to the event true.

The “almost surely” assertion | E'| takes an expression E and asserts that E al-
ways “evaluate to true.” Because we encode booleans by treating 0 € Val as false
and any other value as true, we define it to evaluate whether E is distributed as
the Dirac distribution true — the handling of ownership over E is baked in the
definition of distributed as. By this definition, an assertion like [x = y| owns the
expression x = y but not necessarily x itself: the only events needed to make the
expression x = y almost measurable are {s | x = y} and {s | x # y}, which would

be not enough to make x itself almost measurable.

Now we see an example formula that is not satisfiable in PSL’s assertion

logic, but is satisfiable in the PSpg model.

Example 5.3.2. Assume there are only two variables x and y. Let X, =
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{s]s(x)=v}and P = (F1, u1) with F; = o ({X, | v € Val}) and let y; give x the
distribution of a fair coin, i.e. u; is the extension to ¥ of u;(Xp) = u1(Xy) = %
Intuitively, the assertion x ¢ Bern 1 holds on #;. Similarly, [x = y]| holds
on P, = (%2,u2) where /, = {0,Mem|Var],{E},Mem[Var]| \ E} with £ =
{s]s(x)=s(y)} and u2(E) = 1. Note that 7, is very coarse: it does not con-
tain events that can pin the value of x precisely; thanks to this, u, does not need
to specify what is the distribution of x, but only that y will coincide on x with
probability 1. It is easy to see that the independent product of | and $, exists
and is P3 = (F1 ® %2, u3) where 3 is determined by u3(XoNE) = u3(X; NE) = 3,
i.e. makes x, y the outcomes of the same fair coin. This means $; is a model of

x & Bern; x [x = y].
2

5.3.3 A Model of Mutable Probabilistic Stores

In BLUEBELL, we want to develop a program logic to reason about an imperative
probabilistic programming language. Ideally, we want a clean frame rule as in
Lilac, which does not need side conditions as in PSL (see section 2.3.3), to make
modular reasoning of independent components easy. That means we want to
allow assertions on any independent probability spaces to be framed to the pre-
and post-conditions of our program judgements simultaneously. Lilac shows
that it is sound to do so in their model because their program variables are
immutable: their program variables are essentially maps (i.e., random variables)
on a fixed probability space over an infinite tape, and they can always perform
some manipulations so that the random variables used in the frame assertion
depends on a previously unused index of the tape. However, we work with

a language with mutation — our program term updates the probability space
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over stores as it runs, and it is problematic to allow such a frame rule in our

setting.

Example 5.3.3. To illustrate the problem, consider a simple assignment x :=0. In
the spirit of separation logic’s local reasoning, we expect to be able to prove a
small footprint triple for the assignment, i.e., one where the precondition only
involves ownership of the variable x, such as {Own(x)} x:=0 {[x = 0]}. How-
ever, we would run into problems when proving the Frame rule, which is the
key to enabling modular reasoning in separation logics. As we remarked, an
assertion like [x = y] is a valid frame of Own(x), so the Frame rule would allow
us to derive F {Own(x) * [x = y|} x:=0 {[x = 0] = [x = y[}. Yet the Hoare triple
{Own(x) * [x =y]|} x:=0 {[x =0] = [x = y[} would be invalid because, as long

as y # 0 in input state , the formula [x = y| would not hold after the assignment.

We solve this problem by combining PSpyfem(var), the RA of probability
spaces over the outcome space Mem | Var], with an RA of permissions over vari-
ables. The idea is that in addition to information about the distribution, asser-
tions can indicate which “write permissions” we own on variables. An assertion
that owns write permissions on x would be incompatible with any frame predi-
cating on x. Then a triple for assignment just needs to require write permission
to the assigned variable. We model permissions using a standard fractional per-

mission RA.

Definition 5.3.5. The permissions RA is defined as (Perm, X,V, -, &) where the
carrier set Perm is defined to be maps Var — Q*, where Q" denotes non-negative
rational numbers. The resource pre-order is the point-wise order: for any two
a,b € Perm, we have a < b iff Vx € Var. a(x) < b(x). A permission is valid if it is

upper-bounded by 1: for a € Perm, V(a) iff Vx € Var. a(x) < 1. The composition
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of two permissions adds the two maps together point-wise: a; - a = Ax.a(x) +
az(x). The unit with respect to the composition is the constant zero permission:

e=n_0.

We now want to associate probability spaces with permissions. The goal
is to make sure that, for any resource s with permission 1 on a variable x,
any resources that validly compose with s must impose no constraints on the
marginal distribution of x. Since resources that validly compose with s must
have zero permission on x, we only put restriction on probability spaces” infor-
mation about variables with zero permission. For variables with strictly positive
permission, whether the permission is 0.01 or 1, the probability space can spec-
ify full distributions of them, or give no information, or anything in between.

This gives rise to the following definition.

Definition 5.3.6 (Compatibility). Given a probability space £ € P(Mem|Var])
and a permission map p € Perm, let S = {x € Var | p(x) = 0}. We say that # is
compatible with p, written # # p, if there exists #’ € P((Var \ S) — Val) such
that # is isomorphic to £’ ® 1s_,va, witnessed by the isomorphism lifted from
Mem[Var| = ((Var \ S) — Val) x (S — Val) on the outcome space. We extend

the definition to PSpygem(var] by declaring 4 # p.

We now construct an RA that associates probability spaces with permissions.

Definition 5.3.7. Let PSpPm £ {(P;,p) | P; € PSPytem[var]- P € Perm, P, # p}.
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We define Probability Spaces with Permissions RA (PSpPm, <X, V, -, ) where
V((Pys,p) =Py # 4 AVx.p(x) £ 1
(Py.p) 2 (P,,p)=P; 2P, andp < p’

(Py-Pyp-p)

&= (ﬂMem[Var]a Ax.0)

We define the following assertions specific to (PSpPm, <, V, -, £).

(x:q) £ AP, p.OwWn(P,p) * "p(i)(x) =q' P@p 2 IAP.P(P) AOwn(P,p) (5.1

The first assertion (x:g) states that the current resource (#’, p’) assigns per-
mission at least g to the variable x, i.e., p’(x) > ¢. In particular, any resource that
can be composed with a resource that satisfies (x:1) would have a o-algebra
which is trivial on x. Therefore, having (x:1) holds forbids any frame to re-
tain information about x. We can also differentiate between an assertion (x:%),
which does not allow frames that mutate x but allows frames that predicate on
x (e.g. [x =y]), and an assertion (x:1) which does not allows frames that pred-

icate on x; consequently, having (x:%) hold standalone does not allow mutation

of x, but having (x:1) enables mutation of x.

The second assertion P @ p states P holds in the probability space and p lower
bounds the permission. The assertion (x:g) is a special case of P@p where P is
setto T and p is defined as: p(x) = g and p(y) = O for any other variables y € Var.
Also, in practice, preconditions of valid program logic triples are always of the
form P@p where p contains full permissions for every variable, the relevant
program mutates, and non-zero permissions for the other variables referenced
in the assertions or program. For example, we define Hoare triples such that

{P@p} x:=y {Q@gq} is valid only if p(x) = 1 and p(y) > 0.
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While permissions allow for a clean semantic treatment of mutation and in-
dependence, it does incur some bookkeeping of permissions in practice. The
necessary permissions are however easy to infer from the variables used in the

assertions, as we will illustrate later in example 5.4.1.

Since we focus on BLUEBELL for unary reasoning in this thesis, our Bl model
is simply M = PSpPm, and we use assertions in the form of (x:¢) and P@p to
describe resources in this model. We write the type of assertions M — Prop as

PA.

5.3.4 Joint Conditioning

To assert conditional independence, we want to assert independence of vari-
ables in conditional distributions. We thus introduce the joint conditioning
modality C, K to assert on conditional distributions. Here we show the defi-
nition of C, restricted to the unary setting; a more general version defined for
tuples of program states (with permissions) is presented in the conference ver-

sion [Bao et al., 2025].

Definition 5.3.8 (Joint conditioning modality). Let u’ € D(X4) and K: A — PA,

then we define the assertion C, K : PA as follows:

CwK=ha.3F, pu,p, k. (F,u,p) 2 aAu=bind(y, k)

AYv € supp(u’). KWW)(F,k(v), p)

Intuitively, C, K holds on resources whose probability spaces can be seen as
the result of binding the given u and some kernel . Then for each outcome v
that is in the support of u, the assertion K(v) is required to hold on the distri-

bution «(v) (packaged with the original o-algebra and permission to make up a
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resource). Note that the definition is upward-closed by construction because of

the part 37, u, p.(F, 1, p) = a.

As the name “conditioning modality” suggests, we want to use C, K to as-
sert formulas on conditional distributions. To assert Q(v) on the conditional

distribution fixing the value of a variable x to v, we assert
. Cuv.x=v]*Q(v),

where we use the notation v.[x = v| * Q(v) to denote the map from any outcome
v € supp(y’) to the assertion [x = v| = Q(v). This works because: if a resource
(F, u, p) satisfies C,y v.[x = v] * Q(v), then we can prove from C, v.[x = v]| that
x is distributed as u’ in the y; furthermore, it says there must exists « such that
u is the distribution of x extended with «, i.e., 4 = bind(y/,«), and [x = v] in
(7, k(v), p) for every v € supp(u’), these two conditions together constrain «(v)
to be the original distribution u conditioned on [x = v]. Because Q(v) is asserted
on the distribution «(v) for each v € supp(u’) we have Q(v) holds in the respec-
tive conditional distributions. As an example, the conditional independence of

variables y and z given x can be asserted as
3. Cpv.[x =v]*Own(y) * Own(z).

In this particular case, Q(v) is invariant with respect to v.

5.3.5 The Rules of Conditioning and Independence

Although we adopt a “shallow embedding” approach to assertions in this chap-
ter, the rules of BLUEBELL provide an axiomatic treatment of these assertions so

that the user should never manipulate raw predicates over the semantic model. For
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— Distribution ownership rules

DIST-IN]J SURE-MERGE
ESuANEXp v p=p" [Ey] % [E2] 4 [(E1 A E2)]

PROD-SPLIT
(E\,E)) A i @ uoF Ey 2 uy + Ex & o

— Joint conditioning rules

C-CONS

C-TRUE C-FALSE Vv Ki(v) F K2(v)

FCy - True C, v.False + False C.v.Ki(v) F Cuv.Kr(v)
C-FRAME C-UNIT-L C-UNIT-R
P*CﬂV.K(V)I-C”V.(P*K(V)) C5v0 v.K(v) 4 K(vq) E & pAr C'uv, [E =v]|

C-ASSOC
o = bind(u, Av. (bind(k(v), Aw. return(v, w))))

Cuv.Ce(yw.K(v,w) F Cyy(v,w). K(v,w)

C-UNASSOC
Coind(u,x) W- K(W) F Cpv. Ci(vy w. K(w)

C-TRANSF
C-SKOLEM [+ supp(u) — supp(y’) bijective
p:D(Z4) Vb € supp(u’). p' (b) = u(f~" (b))
Cuv.Ix:X.0(v,x) FIAf:A > X.Cuv.Q(v, f(v)) Cua.K(a)+ Cuwb.K(f'(b))
SURE-STR-CONVEX C-FOR-ALL
Cuv.(K(v)*[E])F [E]*Cuv.K(v) Cyv.Vx:X.Q(v,x) FVx:X.Cuv.Q(v,x)

C-PURE
"u(X)=1"%Cuv.K(v) 4 Cyuv.("v e X xK(v))

Figure 5.3: Primitive rules of BLUEBELL.

brevity, we omit the rules that apply to the basic connectives of separation logic,
as they are well-known and have been proven correct for any model that is an

RA. For those we refer to Krebbers et al. [2018].

We make a distinction between “primitive” and “derived” rules. The primi-

tive rules require proofs that manipulate the semantic model definitions directly.

180



— Ownership and distributions

SURE-DIRAC SURE-EQ-IN]J
EL6S, 4 [E=v] [E=v]*[E=V]F"Tyv=y"
SURE-SUB DIST-FUN
Ey & [(Ex= f(E)| - Es & o f~! Etpr(foE)tpof
DIRAC-DUP DIST-SUPP
EL6,FE L6, %E L6, ELu+rE L u=[E €supp(pu)]

PROD-UNSPLIT
Ei 2 pup«Ey 2 o v (Ep,Ep) & g ® pp

— Joint conditioning

C-FUSE
Cuv.Civyw.K(v,w) 4F Cperc(v,w). K(v,w)

C-SWAP SURE-CONVEX

Cuvi.Cupyv2. K(vi,v2) F Cpy v2. Cpy vi. K (v, v2) Cuv.[E|+ [E]

DIST-CONVEX C-SURE-PRO]J

C.v.ES U vE &y Cu(w,w). [EW)[ 4k Copmr v [E(V)]
C-EXTRACT

Cuyvi-([Er=vi]*Ex L po) F Er & i x Ex & pip

C-DIST-PROJ
Cpu(x.3)- E() £ p(x) b Cppopt x. E(x) & u()

Figure 5.4: Derived rules.

The derived rules can be proved sound by staying at the level of the logic, i.e. by
using the primitive rules of BLUEBELL. Figure 5.3 presents the primitive rules

and fig. 5.4 presents the derived rules.”

We first present three primitive rules concerning distribution ownership.
DIST-INJ allows us to conclude from two assertions on an expression’s distribu-
tion that the distributions asserted in the two are the same. SURE-MERGE com-

bines two sure assertions into one. PROD-SPLIT rewrites an assertion saying that

2We omitted rules for relational reasoning here. They are presented in the appendix of the
conference version Bao et al. [2025].
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two expressions are distributed as the independent product of ui, u, using the

independent conjunction = in the logic.

We then present the primitive rules for the conditioning modality. Among
the primitive rules, C-TRUE, C-FALSE, C-FRAME, C-SKOLEM and C-FOR-ALL
describe how the conditioning modality interacts with other connectives in the
logic — respectively True, False, *, 3 and V here. In particular, C-TRUE allows to
introduce a trivial modality; together with C-FRAME this allows for the intro-

duction of the modality around any assertion.

Because distributions form a monad, and the definition of the conditioning
modality uses the monadic bind, we also have rules corresponding to the three
monad laws: C-UNIT-L (resp. C-UNIT-R) reflects the existence of left units (resp.
right unit) for bind; and C-ASSOC and C-UNASSOC) hold because the monadic
bind is associative. Among the rest, C-CONS allows us to weaken the asser-
tion under conditioning; C-TRANSF allows for the transformation of the convex
combination using u into using u’ by applying a bijection between their support
in a way that does not affect the weight of each outcome; SURE-STR-CONVEX
internalizes a stronger version of convexity of [E] assertions and allows us to
pull [E] out of conditioning modality — it is the reversal of C-FRAME but only
applies for sure assertions; C-PURE allows to translate facts that hold with prob-

ability 1 in u to predicates that hold on every v bound by conditioning on u.

The derived rules capture other useful reasoning patterns followed from the
primitive rules. For instance, C-FUSE is derived from C-ASSOC and C-UNASSOC.

It concerns a particular distribution u < k, defined by
u =<k :=bind(u,v — unit(v) ® «(v)).

We explain the rest of these rules in section 5.5 when they are used.
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5.4 Reasoning about Programs in BLUEBELL

To reason about programs, we introduce a weakest-precondition assertion (WP)
wpt{Q}. Our weakest-precondition assertion wpz {Q} intuitively states: given
the current input distributions, if we run the programs in ¢, we obtain output

distributions that satisfy Q; furthermore, every frame is preserved.

Definition 5.4.1 (Weakest Precondition). For a € M; and u: D(ZMem[Var]I), let

a < u to abbreviate for a = (ZMem[Var]I’ U, Ax. 1).

wpt{Q} = Aa.Yup.¥e. (a-c) 2 po = 3b.((b-c) =[] (1o) A Q(b))

The assertion holds on the resources a such that if, together with some
frame c, they can be seen as a fragment of the global distribution o, then it is
possible to update the resource to some b which still composes with the frame ¢,
and b - ¢ can be seen as a fragment of the output distribution [#] (o). Moreover,

such b needs to satisfy the postcondition Q.

In the previous chapters, we use Hoare triples for reasoning about programs.
We remark two kinds of differences here. The first difference is between the
Hoare-style logic and weakest-precondition style specifications. Previously, we
treat Hoare triples as judgments in the program logic layer, which uses the as-
sertion logic layer for specifications. But here, we consider WP as a modality of
the logic, analogous to the conditioning modality. The WP modality only uses
the post-conditions and the programs while Hoare triple in addition takes the

preconditions. One can also define Hoare triples on top of the WP by

{P}1{Q} = Prwpr{Q}

and computes a sufficient pre-condition. The second difference is our design
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choice to require every frame to be preserved in the definition of WP. While this
sets us apart from the the original notion of weakest preconditions in Dijkstra’s
seminal paper Dijkstra [1975], the choice of requiring the frame to be preserved
is also prevalent in separation logics literature (e.g., Jung et al. [2015], Li et al.
[2023a]). Crucially, this more complicated version of WP frees us from requiring
the formulas to satisfy the restriction property, which is needed to isolate a part

of the resource sufficient for validating a formula in LINA and DIBIL

We present the full set of WP rules in fig. 5.5. The structural rules has the
standard WP-CONS that allows us to weaken the post-condition. WP-CONS,
as we desired, does not need side conditions. C-WP-SWAP is a new rule, saying
that we can commute the conditioning modality and the WP. This rule facilitates
case analysis in program analysis: it implies that, if we can condition the current
probability space based on different scenarios v ~ u and, for each scenario v, we
have Q(v) after running ¢, then we can push the case analysis to the postcondi-
tion after running . There is a side condition, however, that we need to own
all the variables in Var because subtleties in the interaction of C-WP-swapping

frame preservation.

For the program rules, WP-SKIP and WP-SEQ are standard. We discuss the
rules for assignments and sampling in more detail below. WP-IF-PRIM is also
the standard rule for a conditional whose guard is simply a value; but we can
reason about conditionals whose guard is a randomized variable as well by first
conditioning on the value of the guard, and then apply WP-IF-PRIM together
with WP-BIND and C-WP-SWAP. We encapsulate this reasoning pattern as the
derived rule WP-IF-UNARY. The loop rule WP-LOOP-UNF helps unfolding a loop

with (n+1) iterations, and WP-LOOP reduces the task of reasoning about n itera-
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— Structural WP rules

WP-CONS
orQ WP-FRAME
wpt{Q} Fwpt{Q'} Pxwpt{Q}+rwpt{P*Q}
C-WP-SWAP

Cyv.wpt{Q(v)} AOWNvy, - Wpt {C,, V. Q(v)}

— Program WP rules

WP-SKIP WP-SEQ
P+ wp [skip] {P} wp (1] {wp ['1 {Q}} F wp [1; '] {Q}
WP-ASSIGN
x ¢ FV(e) Yy e FV(e).p(y) >0 px)=1 WP-SAMP
(p) Fwp[x:=e] {[x=e]@p} (x:) Fwp[x~d ()] {x 2 d(¥))}
WP-IF-PRIM

if vthen wp [1,] {Q(1)} else wp [12] {Q(0)}
Fwp[if v thent| else ] {Q(v)}

WP-LOOP-UNF
WP-BIND wp [repeat nt] {wp [t] {O}}

fe =v]*wp [EV]]{Q)} F wp [E[e]] {0} Fwp [repeat (n+1) 7] {Q}

WP-LOOP
Vi < n.P@i) - wp [t] {P(i+ 1)}

ne
P(0) - wp [repeat nt] {P(n)}

Figure 5.5: The primitive WP rules of BLUEBELL.

tions to reason about each loop iteration. Both loop rules are proved by straight-
forward inductions on the semantics level, and we can also derive WP-LOOP-0

from these two rules.

We prove the soundness of each rules, using facts in first-order logic, in ap-

pendix D.5.

Theorem 5.4.1. If P + Q, then P = Q is derivable in first-order logic.

WP-SAMP is the expected “small footprint” rule for sampling; the precondi-
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WP-LOOP-0
P+ wp [i: repeat 0¢] {P}

WP-IF-UNARY
Pxle=11rwp[u]{Q(1)} Px[e=0]F wp[t] {Q(0)}

Pxe 2B wp[if e thent else ] {Csb.Q(D)}

Figure 5.6: Derived WP rules.

tion only requires full permission on the variable being assigned, to forbid any
frame to record information about it. WP-ASSIGN requires full permission on
x, and non-zero permission on the variables on the right-hand side of the as-
signment. This allows the postcondition to assert that x and the expression e
assigned to it are equal with probability 1. The condition x ¢ FV(¢€) ensures e
has the same meaning before and after the assignment, but is not restrictive: if
needed the old value of x can be stored in a temporary variable, or the proof can

condition on x to work with its pure value.

The assignment and sampling rules are the only ones that impose constraints
on the owned permissions. In proofs, this means that most rule applications
simply thread through permissions so that the needed permissions can reach
the applications of the assignment rules. To avoid cluttering proof derivations
with this bookkeeping, we mostly omit permission information from assertions.
The appropriate permission annotations can be inferred, as we show in the fol-

lowing example.

Example 5.4.1. Consider the following triple with an unknown permission p:

(x2urxlx=ylxztw)@(p) rwp[x:=z][{([x=2z][*z 2L u)@(p)}

We want to determine a choice for p that makes the proof derivation goes

through. Because the assignment only changes the variable x by an assignment,

186



our proof strategy is to first apply WP-ASSIGN and WP-CONS to prove

(x 2 pp =[x =y@(p") Fwp [x:=z] {[x =z[@(p")},

for some suitable p’ and then apply WP-FRAME to frame z & u» and prove the
p pply p

original goal.

To apply WP-ASSIGN, we need to ensure p’(x) = 1 and p’(z) > 0. Because
[x = y|isnot trivial on y, so it must p’(y) > 0 as well Also, to apply WP-FRAME to
frame z & uy, we need to ensure p’ composes with another permission p” that is
compatible with the probability space where z £ u, holds; because z £ u» asserts
zisnon-trivial, it must p”(z) > 0, indicating p’(z) < 1. Thus, one reasonable way

to distribute the permission is

p'x) =1 p'(y)=1/2p"(z) =1/3
p’(x)=0 p"(y)=0p"(2) =1/3.
We can thus prove that

1 1 1
(x &2 up*[x= y})@(x:l,y:i,zzg) %z & ,uz@(zzg)

Fwp [ = 2] {([x = zl@(xﬂ,y:%,z:%) . ﬂz)@(zé)}

The triple can be further composed with a frame that asserts fractional permis-
sion for y and z. because permissions in the range (0, 1) essentially serve the

same role, we can also pick different number for p’(y), p’(z) and p”(z) as long

as p’(y), p'(z), p”(z) stay in (0, 1) and p’(z) + p”(z) stay in (0, 1).
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5.5 Case Studies for BLUEBELL

Our evaluation of BLUEBELL is based on two main lines of enquiry: (1) Are high-
level principles about probabilistic reasoning provable from the core constructs
of BLUEBELL? (2) Does BLUEBELL, through enabling new reasoning patterns,
expand the horizon for verification of probabilistic programs beyond what was
possible before? We include case studies that try to highlight the contribution
of BLUEBELL each question, and sometimes both at the same time. Specifically,

our evaluation is guided by the following research questions:

RQ1: Do joint conditioning and independence offer a good abstract interface

over the underlying semantic model?

RQ2: Can known unary/relational principles be reconstructed from BLUE-

BELL’s primitives?

RQ3: Can new unary/relational principles be discovered (as new lemmas) and

proved from BLUEBELL's primitives?

RQ4: Can BLUEBELL's primitives be successfully incorporated in an effective

program logic?

Since we only introduced the unary part of BLUEBELL, we only show exam-

ples that exercise BLUEBELL's unary reasoning.

5.5.1 One Time Pad Revisited
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In fig. 5.7 we show a simple example

adapted from Barthe et al. [2019]: the def encrypt () :

encrypt procedure uses a fair coin flip k ~ Ber (

)

=

to generate an encryption key k, gen- m:~Ber (p)

erates a plaintext message in boolean o=k xor m
variable m (using a coin flip with
some bias p) and produces the cipher-
text c by XORing the key and the mes-

B 6 B Figure 5.7: One time pad.
sage.

One way of stating and proving the correctness of encrypt is to establish that

in the output distribution ¢ and m are independent, which can be expressed as

the unary goal:
([k:1,m:1,c:1]) - wp [l:encrypt () ] {c £ Bern;); * m £ Bern,}

The triple states that after running encrypt, the ciphertext ¢ is distributed as
a fair coin, and—importantly—is not correlated with the plaintext in m. The
PSL proof in Barthe et al. [2019] performs some of the steps within the logic,
but needs to carry out some crucial entailments at the meta-level, which shows
some limitations of its abstractions (RQ1). The same applies to the Lilac proof
in Li et al. [2023a] which requires ad-hoc lemmas proven on the semantic model.

The stumbling block is proving the valid entailment:
k & Bern% *m & Bern, x [c =k xorm| +m £ Bern, x ¢ & Bern%

In BLUEBELL we can prove the entailment in two steps: (1) we condition on m
and k to compute the result of the xor operation and obtain that c is distributed
as Bern,; (2) we carefully eliminate the conditioning while preserving the inde-

pendence of m and c.
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The first step starts by conditioning the distribution of the message m us-

ing C-UNIT-R.

kiBern% *m & Bern, x [c = k xor m|
l—miBernp*kiBern%* [c =k xorm]|

F (CBem,, u.lm=ul)xk & Bern% x [c =k xorm| (C-UNIT-R)

Because the key k is sampled independently from the message m and the
almost sure assertion [c¢ = k xor m| also holds on an independent probability
space, conditioning on m does not change assertion on them — this idea is for-

malized by the rule C-FRAME.

(CBern,, u. [m = u]) « k 2 Berny » [c = k xor m]

F CBern, . ([m=ul] *k % Bern,  [c = k xor m) (C-FRAME)

Because [m = u| and [c = k xor m| under conditioning, so we can merge the
two facts into [¢ = k xor u| using SURE-MERGE. After that, we condition on &,
again by first using C-UNIT-R and then moving the fact [¢ = k xor u| under the

conditioning using C-FRAME.

CBern, u. ([m=ul *k £ Bern, = [c =k xor m])
F CBern, U. ([m=ul] =k & Bern% * [c =k xorul) (SURE-MERGE)
+ CBern,, U. ([m =ul * (CBem% v. [k =v])*[c=kxor u]) (C-UNIT-R)
+ CBern,, U. ([m =ul * CBem% v. ([k=v]*[c=kxor zﬂ)) (C-FRAME)

Under the conditioning of m and k, we have the fact that [k = v] * [¢ =
k xor u|. In the final goal, we do not care what the key & is as long as the ciphered

message ¢ does not leak any information about the original message m. So next,
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we side-step assertions about & to facilitate reasoning about ¢ and m. Formally,
wemerge [k =v|*[c =k xorulinto [k = vAc = k xor u| using SURE-MERGE, and
then apply propositional reasoning to rewrite it into a case analysis, i.e. [¢c = V]

whenu =0and [¢ = -v| when u = 1.

Chern, it ([ = u]  Ciern, v. Tk =v] x [c = k xor u]))

+ CBern, - ([m = u] % CBern, v. [k =V A c =v xo0rul) (SURE-MERGE)
2

CBern, V. [c = V] ifu=0
2

t CBern, u.| [m =ul * (C-CONS)

CBernl V. [C = —lv—| ifl/t = 1
2

The next is a crucial application of C-TRANSF. Because Bern 1is uniform
between 0 and 1, if we choose the bijection f : v — -, then the pushforward
measure of Bern 1 by f is also Bern L. Thus, applying C-TRANSF, we can rewrite

CBern, V. [¢ = ]| into Cern, W. [c¢ = 7—w]. Therefore,
2 2

CBern, V. [c=v] ifu=0
CBernp u. (m = Lt—| * 4 2

CBern, V. [c=-wv]| ifu=1
2

CBern, V. [c=Vv]| ifu=0
F CBern,7 u.| [m=ul*; 2

CBern, W.[c=w| ifu=1
2

Now, the formulas in the two cases of the case analysis are equivalent, so we

can combine the two cases.
CBern, V. [c=Vv] ifu=0
CBern, u-| [m =u] * 2 (C-TRANSF)

CBern, W.[c=w]| ifu=1
2

F CBernp u. (|'m =ul* CBern% v.|c= V—|)
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Now, we can almost read off that no matter what value m takes, the vari-
able c is distributed as a Bernoulli distribution Bern L and that implies that m
and c are independent. Formally, we apply a sequence of steps to reach that
conclusion. The first two steps are familiar applications of C-FRAME followed
by SURE-MERGE. Then, C-ASSOC binds the two distribution together — because
the second distribution Bern 1 does not use any u drawn from the first distri-
bution, we get the independent product of Bern, ® Bern 1 as the result. After
that, C-UNIT-R eliminates the conditioning. Last, PROD-SPLIT helps us pull the
independent product in the distribution Bern, ® Bern 1 into the independence

conjunction asserted in our logic m ¢ Bern,, * ¢ * Bern,.
2

CBern,, u. ([m =ulx* CBern% v.[c= V—|)

+ CBern,, U. CBem% v.([m=ul*[c=v]) (C-FRAME)
+ CBern, U. CBem% v.lm=unc=v] (SURE-MERGE)
F CBern,,@Bern% (u,v). [(m,c) = (u,v)] (C-ASS0C)
F(m,c) & (Bern, ® Bern 1 ) (C-UNIT-R)
Fm & Bern, x ¢ £ Bern 1 (PROD-SPLIT)

5.5.2 Markov Blankets

We next study Markov Blankets [Pearl, 2014] — a useful concept in Bayesian rea-
soning — to illustrate BLUEBELL’s expressiveness (RQ1 and RQ2). Intuitively,
Markov blankets identify a set of variables that contains all useful information

of a target set of variables. When knowing the values of variables in a Markov
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blanket, we no longer need to worry about how the other variables influence

the target set.

For concreteness, consider the program
xywdyixy = da(x); x3 = d3(xz).

The program describes a Markov chain of three variables, where we first sample
x1, then sample x; from a distribution determined by the value of x;, and last
sample x3 from a distribution determined by the value of x,. These kinds of de-
pendencies are ubiquitous in, for instance, hidden Markov models and Bayesian

network representations of distributions.

Clearly, x3 depends on x; and, indirectly, on x;. However, Markov chains
enjoy the memorylessness property: when fixing a variable in the chain, the
variables that follow it are independent of the variables that preceded it. For
our example, this means that conditioning on x;, then x; and x3 are independent
(i.e. we can ignore the indirect dependencies). The memorylessness property is
used in a lot of analysis of Markov chain based algorithms and also causal infer-
ence. In the following, we prove the memorylessness property for this specific

program using BLUEBELL.

Using BLUEBELL's program rules, we can prove that after the program exe-

cution the output distribution satisfies the assertion
Ca, V1. ( x1 = v % Cay(vy) V2. ([x2 = va] #x3 & d3(vz)))
We want to transform the assertion into:
Cpyva. ([x2 = val #x1 & 1 (v2) * x3 & d3(v2))
for appropriate p, and p;.
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In probability theory, the proof of memorylessness is an application of Bayes’
law: we compute the distribution of x{, x3 conditioned on x;, using the distribu-
tion of x, conditioned on x; and the distribution of x3 conditioned on x;. In
BLUEBELL we can reproduce the transformation using the joint conditioning
rules, in particular the right-to-left direction of C-FUSE and the primitive rule C-

UNASSOC.

Using these we can prove:

Ca V1. (Dﬁ =vi] % Cayvy va- ([x1 = v2] xx3 2 d3(V2)))

F Cq V1. (Cdz(vl) va. ([x1 =il * [x; =vp] %3 2 ds(Vz))) (C-FRAME)
F Cuo(vi,v2). ([x1 = vi] * [x2 = vo] % x3 2 d3(v2)) (C-FUSE)
F Cu, V2. (Cm(Vz) vie([xr =vi]# [x2=vp] % x3 & d3(V2))) (C-UNASSOC)
F Cuy V2. ([xz =2 % Cyyvy) Vi- ([X1 = V1] % x3 £ d3 (vz))) (SURE-STR-CONVEX)
F Cuy va. ([x2 = v xx1 & i (v2) xx3 & d3(v2)) (C-EXTRACT)

where di < dy = po = po < p1. The existence of such u, and u; is a simple ap-
plication of Bayes’ law: s (v2) = X, cval Ho(V1,v2), and u(v2)(vy) = % The
second to last step pull out [x; = v,]| from the second conditioning modality
Cu, v2. It is sound to pull out almost sure assertions like [x, = v, | but not gen-

eral assertions. Last, we use the derived rule C-EXTRACT to eliminate the second

conditioning and extract the distribution of x; given x,.

We see the ability of BLUEBELL to perform these manipulations as evidence
that joint conditioning and independence form a sturdy abstraction over the se-
mantic model (RQ1). The meta-reasoning required to manipulate the distribu-
tions and the conditioning modality — here it is showing the existence of u;,

such that d; < dy = uy < u; — are minimal and localized. Our abstraction and
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rules also offer a good way to inject facts about distributions without interfering

with the rest of the proof context.

5.5.3 Multi-party Secure Computation

In multi-party secure computation [Goldreich, 1998], the goal is for N parties to
compute a function f(x,...,xy) of some private data x; owned by each party i,
without revealing any more information about x; than the output of f would
reveal. For example, if f is addition, a secure computation of f can be used
to compute the total number of votes without revealing who voted positively:
some information would leak (e.g. if the total is non-zero then somebody voted

positively) but only what is revealed by knowing the total and nothing more.

To achieve this objective, multi-party secure addition (MPSAdd) works by
having the parties break their secret into N secret shares which individually look
random, but the sum of which amounts to the original secret. These secret
shares are then distributed to the other parties so that each party knows an in-
complete set of shares of the other parties. Yet, each party can reliably compute

the result of the function by computing a function of the received shares.

Barthe et al. [2019] analyze this example, where they prove the independence
between each party’s view and any other party’s secrets after the first round of
communications. However, there are two rounds of communication in the proto-
col, and after the second round, each party would get more information about
the other party’s values. So Barthe et al. [2019]’s proof does not ensure the end-

to-end security of the protocol.
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We aim to formally establish the end-to-end security of the protocol. As is
very often the case, there is no single “canonical” way of specifying this kind of
security property. For MPSAdd between three parties, for instance, one way to
formalize security is a unary specification saying that, conditionally on the secret
of party 1 and the sum of the other secrets, all the values received by 1 (we call
this the view of 1) are independent from the secrets of the other parties. Roughly:

X1 =vA(+x3)=s5]x*
(x1,x2,x3) & uo - wp [MPSAdd] {3u. Cy (v, s).

Own(view;) = Own(xy, x3)
where ug is an arbitrary distribution of the three secrets among the three par-
ties. The post-condition asserts that if we condition on the party 1’s secret and
the sum of party 2 and party 3’s secrets, which the party 1 can infer based on the
sum of the three secrets, then what party 1 can view, capture by view; is inde-
pendent of party 2 and party 3’s secrets. Here, the conditioning nicely expresses

that the acceptable leakage is just the sum.

There is also a natural relational formulation of the security goal, and in the

conference paper Bao et al. [2025] we provide BLUEBELL proofs for:

1. the unary specification;
2. the relational specification (not using unary proof);

3. the equivalence of the two specifications.

The relational specification can also be proved using Probabilistic Relational
Hoare Logic Barthe et al. [2009]. In the following, we elaborate on the proof

for the unary specification.
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First, we can apply the program rules for loops and assignments to obtain

the postcondition Q:

O=Xx*Rip*R3*S*Sum

where X ()C1,)C2,X3) 2 o

Rip= 3k (r[i][1] U, «r[i][2] £ U))

i€{1,2,3}
R; = ie{f’;j}ﬁ[i] [3] = x; = r[i][1] = r[i](2]]
S = sli] = r[111] +r[2]1] +r[3][i]

Sum = [sum = s[1] + s[2] + s[3] |

Now the goal is to show that Q entails the desired postcondition. As a first

step we transform X into (x;,x + x2) & u by DIST-FUN. Then we condition on
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(x1,x2 + x3,x2,x3) and the variables in Rj,, obtaining:

(X1 =V A (x2+x3) =v23 A (x2,x3) = (v2,v3) | *

Cu, un.Cu, uiz. Cy, u21. Cy, uzn. Cy, u31. Cu, uz.

r[U[1] = up Ar[1][2] =uip Ar[1][3] = vi —u1 —up2
r(2]{2] = ux Ar[2][3] = v2 —u21 —uz

Cu (V1,v23,v2,v3). r[3112] = usy Ar[3][3] = (va3 = v2) = uz1 = uz

s[1] = ur1 +uz1 +uz

s[2] = uip +uxn +uz

S[3] =vi—u —upp+ vy —uz —uz+ (voz — v2) — uzp — u3

sum = s[1] + s[2] + 5[3]

Here p’ = bind(uo, (x1,x2,x3) = unit(xy,x2 + x3,x2). We already weakened the
assertion by forgetting the information about r[2][1] and r[3][1], which are not

part of view.

Now we perform a change of variables using C-TRANSF, to express our
equalities in terms of u},, = uz — vy instead of up; and u};, = uz; — (vaz — v2)
instead of u3;. To justify the change we simply observe that, for all n € Z,, the

function f,(u) = (u —n) mod p is a bijection and U, o fl=u p- This gives us,
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with some simple arithmetic simplifications:

C/l/ (Vl’ V23, V2, V3)

X1 =vi A (x2+x3) =3 A (x2,x3) = (v2,v3)] *

’ ’
CUp uii. CUp uin. CUP u21. CUP ujnn. Cup u31. CUp usjp.

PUN] = un Ar[1[2] = uio A F[11[3] = vy — upy — upa
r2112] = un A r[2][3] = —id), — un
r3112] = us Ar[3][3] = —td}, — usn
S[1] = wyy +uh, + 1, +va3

s[2] = upa +un +uz

s[3] =vi —up —up —uhy —uxn —uj —un

sum = s[1] + s[2] + 5[3]

In particular, we removed all dependencies on v, from the inner formula. We

can now apply C-ASSOC to collapse all the inner conditioning into a single one:

C/J, (Vl, V23,V2, v3)‘

(X1 =V A(x2+x3) =va3 A (x2,x3) = (v2,v3) ] *

CU(V],VQ}) u. |' * 1view1 =u

where U(vi,v23) = (v < U, ® ... ® Up; returng(v)) takes the six independent

samples from U, and returns the values for each of the components of view

(which justifies the dependency on v; and v»3). Finally, we split u’ = bind(y, «)
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obtaining:
(X1 =V A(x2+x3) =va3 A (x2,x3) = (v2,v3) ] *

Cﬂ’ (vla V23,V2, v3)‘
CU(vyva3) U- [View] = u

X1 =viA(x2+x3) =va3] *

F Cuw (visv23,v2,v3). | [(x2,x3) = (va, v3)] = (SURE-MERGE, C-UNIT-R)

viewy 2 U(vy,v23)

(X1 =V A (x2+x3) =va3] *

F Cao(vi,v23). Ci(vivas) (V2,v3).

([(x2,x3) = (v2,v3)] % view; £ U(vi,vp3))

(C-UNASSOC, SURE-STR-CONVEX)

(X1 =vi A (x2+Xx3) =va3] *
b Chy(v1,v23). (C-EXTRACT)

(x2,x3) & k(vy,v23) % view; 2 U(vy,v23)

(X1 =V A(x2+x3) =va3] *
F Cgy (V1,V23).

view) & U(vy,v23) * Juzs. (x2,x3) £ u3

This gets us the desired postcondition and concludes the proof.

5.5.4 Von Neumann Extractor

A randomness extractor is a mechanism that transforms a stream of “low-
quality” randomness sources into a stream of “high-quality” randomness
sources. The von Neumann extractor [von Neumann, 1951] is perhaps the ear-
liest instance of such a mechanism, and it converts a stream of independent

coins with the same bias p into a stream of independent fair coins. Verifying
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the correctness of the extractor requires careful reasoning under conditioning,
and showcases the use of C-WP-SWAP in a unary setting, which gives positive

answer to RQ2 and RQ4.

We can model the extractor, up to
N € N iterations, in our language® as def vn(N) :
shown in fig. 5.8. The program repeat- len:=0

edly flips two biased coins, and outputs repeat N:

the outcome of the first coin if the out- coiny ®Ber (p)

comes where different, otherwise it re- coiny = Ber (p)

tries. As an example, we prove in BLUE- if coin; #coin; then:
BELL that the bits produced in out are out [len] :=coin;
independent fair coin flips. Formally, for len:=len+l

¢ produced bits, we want the following E 5.8 Von N tract
igure 5.8: Von Neumann extractor.

to hold:
Out; = out[0] & Bern%ﬁ« secout[€—1] & Bern%.

To know how many bits were produced, however, we need to condition on len

obtaining the specification (recall P - Q = P A OWNyay F Q A OWNyyy):
Fwp [1:va(N)] {3u. Cu €. ([len =€ < N = Out,) }
The BLUEBELL proof of this specification is shown in the outline in fig. 5.9.
The postcondition straightforwardly generalizes to a loop invariant
P(i) =3u.Cy L. ([len =€ < il * Outy)

At step (5.2) we show, by using C-UNIT-L and the definition of [ - |, that we can

3While technically our language does not support arrays, they can be easily encoded as a
collection of N variables.
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{ownyar }
len:=0
{[len = 0]}
{3u.Cut. ([len = <07)} (5.2)
repeat N:
{P@)}
coinj = Ber (p)
coiny = Ber (p)
{P(i) * coiny X Bern,, * coiny & Bernp}
[len =€ < i] * [(coin| # coiny) = b]
{C" t.Cpb. ( «*Outy = ("h=1"7= coin & Berné))} (53)

s
QS
*
v
S
[
S
- [len =€ < i]| = [(coiny # coiny) = b]
% «Outy « ("h=1" = coiny & Bern%)
Qi if coin; #coinj; then:
m [len =€ < i] * [(coin| # coiny)] 54
{g 2: x Quty * coiny & Bern% (54)
E/ 5 out [len] :=coin;
g e len:=len+1
§ i [len=C+1<i+1]=[(coiny # coiny)] 5.5
K= x Outy * coing & Bern, « [(out[len] = coiny)] (5.5)
= [(coiny # coiny) = b = Outy
CE) | llen=1C+1 §i+1]>:<0ut[len]iBern% if b=1 (5.6)
S Nflen=¢<i+1 ifb=0
é {Cﬂ €. Cgb.[(coiny # coiny) = b] *OMZ[*...}
{Cuw . ([len="C" <i+1]%Oute)} (5.7)

{3u.Cut.([len =€ < NTxOuty)}

Figure 5.9: Proof outline of the Von Neumann extractor example.

obtain the loop invariant with i = 0: P(0) = Ju. C, €. ([len = £ < 0] * Outy) =
Au.Cy L. ([len =€ < 0]).

For the proof of the body of the loop we can assume P(i) and we need to
prove the postcondition P(i + 1). After sampling the two coins, at step (5.3) we
apply the crucial insight behind the extractor. The key idea is that with some
probability g the two coins will be different, in which case the outcomes of the
two coins can be either (0, 1) or (1,0), which both have the same probability
p(1 = p). Therefore, if the coins are different, coin; = 0 and coin; = 1 have the

same probability, i.e. coin; looks like a fair coin.
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BLUEBELL is capable of representing this reasoning as follows.

We start with two independent biased coins, which we can combine into
a random variable (coin; # coiny, coin;) recording whether the two outcomes
were different and the outcome of the first coin. We use PROD-UNSPLIT and

DIST-FUN to derive:
coiny & Bern, x coiny £ Bern,, + (coin; # coina, coiny) £ py

where 1o = bind(Bern, ® Bern,,, (coiny, coiny) — (coin; # coiny, coin;)) Now we
can reformulate ug to reflect our above-mentioned insight into why this extrac-

tor works: there exists some probability g and ¢’ such that
Uo =B <k B = Bern, k(1) = Bern% k(0) = Bern,

Here one first determines whether the two coins will be different or equal using
a Bernoulli distribution that assigns probability ¢ for them to be different; here ¢
can be obtained using a function of p. The process then generates c; accordingly
using «: in the “different” branch (b = 1) the first coin is distributed as Bern !
while in the “equal” branch (b = 0) the first coin is distributed with some bias ¢’

(also a function of p).

So using up = 8 < k we derive:

(coiny # coiny, coiny) & (B < k)

F Cp« (b,c1). [(coiny # coiny) = b A coiny = ¢ | (C-UNIT-R)
F Cgb. Cyp)ci.[(coiny # coiny) = bl * [coiny = c1| (C-FUSE)
F Cgb. ([(coiny # coiny) = bl * Cypy c1. [coiny = c1]) (SURE-STR-CONVEX)
F Cgb. ([(coini # coiny) =bl+"b=1"= CBem% ci.[coiny = ci])  (C-CONS)
F Cpb. ([(coiny # coing) =b]+"b=1" = coin; & Bern%) (C-UNIT-R)
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The application of C-FUSE allows us to first condition on coin; # coin,, and
then the first coin. We can then weaken the case where b = 0 and only record

that if b = 1 then coin, is a fair coin.

This takes us through step (5.3) of fig. 5.9. Now the precondition of the if
statement is conditional on len and coin; # coin,. Intuitively, we want to evalu-
ate the effects of the if statement in the two possible outcomes and put together
the results. This is precisely the purpose of the C-WP-SWAP rule, which together

with C-CONS gives us the derived rule:

C-WP-ELIM
Vv € supp(p). P(v) - wpt{Q(v)}

C,v.P(v) Fwpt{Cyv.Q(v)}

By applying the rule twice (first on the conditioning on /en, and then on the
conditioning on coin; # coiny), we can process the if statement case by case,
and then combine the postconditions obtained in each case. For the conditional
with the guard coin; # coin,, the false branch is a skip (omitted), so it preserves
the precondition with b = 0. In the true branch, starting with the precondition
at (5.4), we apply WP-ASSIGN to the assignments to obtain (5.5). Last, we com-
bine the results from both branches by making the overall postcondition at (5.6)

to be parametric on the value of b (and ¢).

The last non-obvious step is (5.7) in fig. 5.9, where we show that the condi-

tional postcondition of the if statement implies the loop invariant P(i + 1). Let

len=C+1<i+1]x*out[len] £ Bern; ifb =1
K(¢,b) = ?

len=¢<i+1 ifb=0
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then the step is proven as follows:

Cul.Cgb.([(coiny # coiny) = b = Outy « K(€, D))

b Cugp(€,b). ([(coiny # coiny) = bl * Outy + K(L, b)) (C-ASSOCQ)
b Cuep(l,b). (Oute + K (¢, b)) (C-CONS)
[len={0 <i+1]|«0uty_; xout[len] £ Bern: if ¢’ =¢+1
F Cur (L, 0). 2
[len =€ <i+1]|x*Outp if&'=¢
(C-TRANSF)
F C”,,Oﬂl_l . ([len="0 <i+1]=Outy) (C-DIST-PROJ)

FAW.Cp . ([len =" <i+1]%Outp)

The application of C-TRANSF uses the function f (¢, b) = (£+b, {) to introduce
the new ¢’ and then we project away the unused ¢ using the derived C-DIST-PROJ
(note that the rule applies to [ - | assertions and multiple ownership assertions

in a separating conjunction thanks to PROD-SPLIT and PROD-UNSPLIT).

5.6 Related Work

Research on deductive verification of probabilistic programs has developed a
wide range of techniques that employ unary and relational styles of reasoning.
BLUEBELL advances the state of the art in both styles, by coherently unifying the
strengths of both. Since this chapter focuses on the unary fragment of BLUE-
BELL, here we compare BLUEBELL with unary-style deductive techniques in
more details, and overview relational-style deductive techniques only at a high-
level. At the end, we briefly survey other relevant techniques of reasoning about

probabilistic programs.
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Other Unary Reasoning Techniques for Probabilistic Programs Outside of
probabilistic separation logic, another line of unary deductive verification tech-
niques is the expectation-based approach. The high-level idea is to reason about
expected quantities of probabilistic programs via a weakest-pre-expectation op-
erator that propagates information about expected values backwards through
the program. The approach has been classically used to verify randomized al-
gorithms [Kozen, 1983, Morgan et al., 1996, Kaminski et al., 2016, Kaminski,
2019, Aguirre et al., 2021, Bartocci et al., 2020]. These logics offer ergonomic
principles for expectations, but do not aim at unifying principles for analyzing
more general classes of properties or proof techniques, like we attempt here.
Ellora [Barthe et al., 2018] proposes an assertion-based logic to overcome the
limitation of working only with expectations. But it does not support reasoning

about separation or conditioning.

Detailed Comparison with Lilac [Li et al., 2023a] Now that we have intro-
duced the unary fragment of BLUEBELL thoroughly, we revisit its comparison
with Lilac [Li et al., 2023a]. Lilac supports reasoning about independence and
conditional independence in continuous distributions, thanks to their measure-
theoretic model based on Borel spaces. BLUEBELL also uses a measure-theory
based model, similar to Lilac, but is limited to discrete distributions. The lim-
itation is imposed because we are only able to prove some key lemmas [Bao
et al.,, 2025, Lemma C.1 - C.7] for discrete measures, though we speculate that
they also hold for continuous measures. These lemmas are used in the proof of
key rules such as C-WP-SWAP and C-FRAME, and Lilac’s proof system does not

include similar rules.

Also, while BLUEBELL uses Lilac’s independent product as a model of sep-
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arating conjunction, it differs from Lilac in three aspects: (1) the treatment of

ownership, (2) support for mutable state, and (3) the model of conditioning.

In Lilac, ownership over program variables and expressions is de-
fined as measurability. In BLUEBELL, however, we define ownership
as almost-measurability, which is required to support inferences like
Own(x) * [x = y|  Own(y) These inferences were implicitly used in the first ver-
sion of Lilac, but were not valid in its model. Their arxiv version Li et al. [2023b]
fixes the issue by changing the meaning of [x = y|, while our fix changes the
meaning of ownership (and we define [E| assertions based on regular owner-

ship).

Lilac works with immutable state [Staton, 2020], which simplifies reason-
ing in certain contexts (e.g., the frame rule and the if rule). BLUEBELL’s model
supports mutable state through a creative use of permissions, obtaining a clean

frame rule, at the cost of some predictable bookkeeping.

The more significant difference with Lilac is however in the definition of
the conditioning modality. Lilac’s modality C,_g P(v) roughly corresponds
to the BLUEBELL assertion 3u.C,v.([E = v]| * P(v)). The difference is not
merely syntactic, and requires changing the model of the modality. For example,
Lilac’s modality satisties C,g P1(v) A Cy—g P2(v) + Cyg (P1(v) A P2(v)), but
the analogous rule C,v.Ki(v) A Cyv. K2(v) + C,v. (K1 (v) A K2(v)) is unsound
in BLUEBELL: the meaning of the modalities in the premise ensures the existence
of two kernels «; and «; supporting K| and K, respectively, but the conclusion
requires the existence of a single kernel supporting both K| and K. Lilac’s rule
holds because when one conditions on a random variable, the corresponding

kernels are unique. We did not find losing this rule limiting.
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On the other hand, Lilac’s conditioning has two disadvantages: (i) it does
not record the distribution of E, losing this information when conditioning,
(ii) it does not generalize to the relational setting. Even considering only the
unary setting, having access to the distribution x4 unlocks a number of new rules
(e.g. C-UNIT-R and C-FUSE). In particular, the rules of BLUEBELL provide more
ways to convert a conditional assertion back into an unconditional one, which is
crucial when the end goal is not under conditioning but conditioning is helpful

in intermediate steps.

Relational Reasoning We summarize several extensions of pRHL-style rela-

tional reasoning, the vanilla version of which is overviewed in section 5.1

Polaris [Tassarotti and Harper, 2019], is an early instance of a probabilis-
tic relational (concurrent) separation logic. The motivation is to reconcile the
relational lifting based reasoning with the semantics of concurrent programs.
However, separation in Polaris is again classic disjointness of state and is not

related to (conditional) independence in the style of PSL, Lilac, or BLUEBELL.

Gregersen et al. [2024] recently proposed Clutch, a logic to prove contextual
refinement in a probabilistic higher-order language, where “out of order” cou-
plings between samplings are achieved by using ghost code that pre-samples
some assignments, a technique inspired by prophecy variables [Jung et al., 2019].
In the conference version Bao et al. [2025], we showed how BLUEBELL can re-
solve this issue without ghost code (in the context of first-order imperative pro-
grams) by using framing and probabilistic independence creatively. In contrast
to BLUEBELL, Clutch can only express relational properties; it also uses separa-

tion but with its classical interpretation as disjointness of deterministic state.
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CHAPTER 6
DISCUSSION

In this thesis, we show three extensions of probabilistic separation logic for
reasoning about probabilistic programs involving not only independence, but
also negative dependence or conditional independence. We demonstrated that
we can use these program logics to formalize the correctness of a range of ran-
domized algorithms. With rules that utilize probabilistic (in)dependencies for
modular reasoning, these program logic allows relatively compact and clean
formal proofs. In this final chapter, we discuss more related work and direc-

tions for future work.

6.1 Related Work

Concurrent Developments in Probabilistic Separation Logic During the
course of my doctoral study, various papers have explored other variations of
probabilistic separation logic. Dal Lago et al. [2024] extends PSL to prove com-
putational independence, which relaxes probabilistic independence by only re-
quiring variables” distribution to be computationally indistinguishable from in-
dependence. They demonstrate their logic by formalizing several simple cryp-
tographic protocols developed to guard against against adversaries with com-
putational power. Ho et al. [2025] extends Lilac [Li et al., 2023a] to support a
probabilistic programming language that can not only sample from distribu-
tions but also condition based on observations and soft constraints. They then
apply the logic to reason about a range of classic examples in Bayesian reason-
ing, including Bayesian coin flip, collider Bayesian network, and the burglar

alarm model. Yan et al. [2024] mechanizes a variation of PSL in Isabelle/HOL
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and uses it to mechanize the security of several probabilistic oblivious algo-
rithms. Similar to the unary fragment of BLUEBELL, Ignacij Jereb and Simpson
[2025] also tackles the problem of formulating a clean frame rule for impera-
tive probabilistic programs, using a model more similar to PSL’s than Lilac’s.

However, they do not provide a full program logic with a soundness proof.

On the foundation side, Li et al. [2024] bridges the gap between Lilac’s inde-
pendent product with the standard independent product in probability theory

by showing that they are equivalent up to a suitable equivalence of categories.

Quantitative Separation Logic An alternative separation logic for probabilis-
tic programs is Quantitative Separation Logic (QSL) by Batz et al. [2019]. QSL is
developed to unify separation logic for heap-manipulating programs and weak-
est preexpectation, which captures program states using expectations, i.e., numer-
ical quantities, instead of assertions. QSL uses connectives in the bunched logic
to construct new expectations over the existing one; for example, Q; * Q> is the
maximum of the numerical product of the quantity Q;(k;) and Q(h2), where
hi, hy are disjoint subheaps of the current heap. As a result of these design
choices, applications of QSL often involve reasoning about some quantities re-
lating to the heap — for example, the expected length of a list, which are quite
different from the applications of PSL. QSL is automated in Batz et al. [2022]
through using a weakest preexpectation calculus to reason about programs and
reducing entailments checking to standard separation logic’s entailments check-

ing by Echenim et al. [2020].

Automated Verification of Probabilistic Programs Automated verification

of probabilistic programs is an active field of research. For example, there

210



is a long line of work in automating weakest pre-expectation style calculus
for probabilistic programs [Gretz et al., 2013, Chen et al., 2015, Feng et al.,
2017, Batz et al., 2023, Bao et al., 2024], where the bottleneck is to compute
the weakest pre-expectation of probabilistic loops. Bartocci et al. [2019, 2020]
also utilize moment-based analysis to develop automated tools for analyz-
ing probabilistic programs. Probabilistic model checking provides verifica-
tion tools [Dehnert et al., 2017, Kwiatkowska et al., 2002] of a different flavor.
They typically target probabilistic models specified as discrete-time Markov
chains (DTMCs), continuous-time Markov chains (CTMCs), or Markov decision
processes (MDPs) and ask users to specify desired properties using temporal
formulas involving probabilities. While probabilistic programs can be trans-
lated into such probabilistic models, it is unclear how to encode probabilistic
(in)dependencies as a property in these tools, whose specification languages do

not naturally support relating the probabilities of more than one events.

6.2 Directions for Future Work

While recent work shows the potential of probabilistic separation logic, more
work has to be done to make this technique appealing to practitioners of prob-
abilistic programs. Here we envision some directions for further development
of probabilistic separation logic. First of all, currently it takes expertise to man-
ually construct the formal proof, so automation of the proof construction is im-
portant to make it easier to adopt. Second, users may want to use a richer set of
language features, e.g., concurrency, the conditioning operator, a more general
loop, or higher-order programs, and it would be helpful to enrich probabilis-

tic separation logic to support these language features as well. Third, it would
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be great to have an unifying framework that is also extensible, so one does not

need to apply different program logic to prove different properties.

In my most recent project, I work on automating PSL for loop-less proba-
bilistic programs, joint with former Cornell undergraduate student Jessica Cho
and my advisor Justin Hsu. We draw inspiration from the automation of stan-
dard separation logic [Berdine et al., 2004, 2005, 2006, Appel, 2011, Piskac et al.,
2014] to develop a syntax-directed version of PSL. However, we observe that
probabilistic programs introduce several additional challenges. For example,
automating PSL must account for conditionals and loops that branch on ran-
domized guards and apply custom axioms about independence at appropriate
places. Moreover, various verification tasks demand the ability to infer the dis-
tribution of an expression given an assertion. We view our work as a pilot study
that demonstrates one approach to automating probabilistic separation logic,
with significant opportunities for further exploration. For instance, how can we
effectively leverage the post-condition to prune the proof during construction?
Is there a loop rule particularly well-suited to automation? Furthermore, can
existing techniques for synthesizing probabilistic loop invariants be adapted
to support the automation of probabilistic separation logic in programs with

loops?

Advances in automation are also closely tied to the foundational develop-
ment of probabilistic separation logic itself, which may lead to a cleaner and
more automatable set of rules. In addition, a unified and extensible framework
would enable automation of new extensions to build upon the automation in-

frastructure developed for existing ones.
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APPENDIX A
BUNCHED LOGIC AND PROBABILISTIC SEPARATION LOGIC

A.1 Proofs related to Bunched Logic

Theorem 2.2.13. Xp = (Xp, Cp, ®p, Ep) is a Bl frame.

Proof. We show that the defined structure satisfies all the frame conditions.

Commutativity For any u; € OD(Mem[S]), uo € D(Mem|[T]),

M E K Bp M2

eu(m) = pi(rsm) - ur(nym) for any m € Mem[S U T

SUE U2 D U1.

Associativity Given u; € D(Mem[S]), uo € D(Mem[T]), u3 € D(Mem|[R]), for

any po € puy ®p p2 and p € po ®p 3,

M € o Bp U3
eu(m) = po(rsurm) - uz(mrm) for any m € Mem[S U T U R]
eu(m) = (ui(rsm) - pp(rrm)) - uz(rrm) for any m € Mem|[S UT U R]

eu(m) =y (rgm) - (u2(rrm) - uz(mrm)) for any m € Mem[S UT U R]
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Define u’ = nryrp. Then for any m € Mem[T U R],

Wimy= > plm’»em)

m’eMem[S]

D, ilrsm’ e m) - (uamrm’ s<m) - ps(mpm’ v m))
m’eMem[S]

( >, m(m’)) (2 (rrm) - 3 (7gm))

m’eMem|[S]

= pa(wym) - uz(mrm)
Thus, ¢’ € up ®p us3, and furthermore,

p(m) = py(wsm) - (u2(mrm) - uz(mgm)) for any m € Mem([S UT U R]
=u(m) = ui(xsm) - u’(rrygrm) for any m € Mem[S UT U R]

=u € u ®p

Unit Existence Given any y € D(Mem[S]), for any m € Mem[S],

(u@p () (m) = u(wgm) - () (mom) = p(m).

Thus, 4 € u Qp ().

Unit Closure Ep is closed under the pre-order as Ep = Xp.

Unit Coherence For any u, € D(Mem|[S]), u, € D(Mem|[T]), if u, € u, ®p fe,
then for any m € Mem([S U T], u,(m) = pu,(wsm) - p.(nrm). Thus, for any
ms € Mem[S], mr € Mem[T], u,(ms > mr) = uc(ms) - u.(mr), which

implies that

D, mlmgeemi) = Y pu(mg) - pe(mf) = p(ms).

m.€Mem|(T] m7.€Mem|[T]

Therefore, u, Cp py.
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Down-Closed If y; € py ®p py, and p; Cp py, pf Ep y, then define X =

dom(u,),Y = dom(u,), X" = dom(y}), Y’ = dom(y)), and define u

nxuy M. The fact that u, € u, ®p py implies that for any m € Mem[X U Y],

pz(m) = pe(mxm) - puy(mym);

Thus,
u(m) = (mxoy pz)(m) = Z pz(m” >< m)
m’eMem|[XUY\(X'UY")]

= Z /Jx(ﬂxm/ > m) . /-ly(ﬂ.Ym/ >d m)
m’eMem[XUY\(X'UY")]

Z My (mxmy > my bam) -y (mymy > my > m)
mieMem|[X\X’'] myeMem[Y\Y’]

pe(mxmysam) || 30 py(ayma e m)
mieMem|[X\X’] myeMem|[Y\Y’]

Ty phy(m) - ”Y’/ly(m)

py(m) - 5, (m)

Hence, u € u; ®p uj, and by definition, u Cp ;.

Lemma 2.3.2. For any distribution u € Xp, for a set of variables {X;}ics, 1 E

*ies OWN(X;) iff variables {X;}es are distinct and mutually independent.

Proof. For the forward definition: u | *,c5 Own(X;) implies u | *;cr Own(X;)
for any subset T C S. by inductively unfolding the satisfaction definition and

applying eq. (Down-Closed), there exists a set of distributions {;};er such that

* u; EOwn(X;) foranyieT.
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* dom(y;) are all disjoint

* LetT’ = Uier{X;}. For any m € Mem([T], nyu(m) = [ier ti(Tdom(u;)™m) -

Thus, the first condition implies X; € dom(y;) for each i, and thus u;(X; = v) can
be evaluated for any i € T and v € Val. Combining this with the third condition,
we have that: for any set of {v; € Val};er

mrp(m) = | | mi(Xi = vi)

ieT

= ]—[N(Xi =vi).

ieT
Also, the second condition combined with the third one imply that all X; are

distinct.

For the backwards direction. We define u; = ny,u for each i € T. Then
clearly, each y; satisfies Own(X;). For convenience, relabel the variables in T as
Ti,...,T,, and denote Ul]le{Ti} as T'[: k]. Furthermore, we can prove by induc-

tion that 7. u *,’-‘:1 Own(X;) for 1 < k < m.

Base: ny,u |E Own(X;).
Inductive: X; being mutually independent implies that for any set of values
{vi € Val}i<i<m,

:u(/\Ti:Vi) :l_[,u(Ti:Vi):ﬂ( /\ Ti:Vi) (T = vi)

i<k i<k 1<i<k

Thus, for any m € Mem[U<;<x{T;}],

u(m) = mppp-np(mrpe-nym) - mp p(zwr,m)

And therefore, nrpu € (arpr-1jp) © mrpu. By inductive hypothe-
sis, (mrpep) FE *f:_l] Own(X;), and by satisfaction, we have nrpqu

i Own(X;).
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A.2 Proofs related to Probabilistic Separation Logic

Lemma 2.3.7 (Restriction). Let u € D (Mem|[S]) and let ¢ be a Bl formula. Then:

U@ e (o, (1) E o

Proof. The reverse direction follows by the persistence. The forward direction

follows by induction on ¢.

* ¢ =T,1,and atomic propositions p. Trivial.

* ¢ = ¢ A ¢2. By induction, we have

TEv(end F o1 and  wpy(p,) U FE @2

By persistence, we have
TEV(ping it F @1 and - TEviging) i F @2

SO TRV (¢ aen)H F @1 A 2.

* ¢ = ¢1 V ¢y. By induction, we have npy, 1 | ¢ fori = 1 ori = 2. By
Kripke monotonicity, we have mpy (¢, ¢,) 1 [ @i SO TEV (o npn)H | €1V @2.

* ¢ = 91 = ¢. Take any u’ I 7py(p,—p,)u such that u’ | ¢;. By in-
ductive hypothesis, gy )1’ F ¢1 Because p’ 3 mpy(p,—e)u , We have

TEV(p1—p)H = TRV (g1 -, and thus npy e’ = mpy(e)u. There exists

a distribution y” such that dom(y”) = dom(u) U dom(npy(, ) u’), and

Tdom(p)(1”) = p and Tgom(r, ) (1) = 7wy u'. In particular, p” 3 p. By
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persistence, we have u” = ¢; and by validity, we have u” | ¢,. By induc-
tion, mpy(,) (1) E 2. Since mpy(,) (1”) T u’, persistence gives u’ = ¢o.
S0, TRV (¢ - M F @1 — @2 as desired.

® ¢ = @1 * . There exists u; and up with uy o up C p and u; E ¢ and
M2 E ¢2. By induction, we have npy(, ) u1 E ¢1 and npye,)u2 E ¢o.
By persistence, we have mpy(y«p)i1 F @1 and mpy (g «p)i2 F @2. Now,
since py o uy is defined, ey (g +p)H1 © TRV (g +p) M2 is defined as well and
BV (g1002) 1 © TTEV (g1 xp) M2 E TTEV(prepn M- SO, TEV(gixe)H F @1 % @2 as de-
sired.

* ¢ = ¢ * ¢y. Take any u’ such that y’ o gy (g, wpyu Land p' = @1 I p'op |,
then u’ o u | ¢2 and by induction, (7rv(p,«e)H') © (TEV(p+e)H) FE 2.
persistence gives ' o Ty (4, «p) M E @2.

Otherwise, suppose that u’ o u is not defined. Since p’ o mry (g« |, it
must be the case that @ # dom(y’) N dom(u) C Var \ FV(¢; = ¢3); thus,
(MEv(gy) (1) op) | By induction, ey () (1) F @1 and so ey (g,) (1) opt = 2.
By induction again, (v (4,)nFv(e) M) © (TEV(p) M) E @2. By persistence and

the fact that the extension is defined, we have u’ o (7pv(¢,«gy)i) E @2. So,

(TEV (g1 gn) i) E @1 * @2 as desired.

O

Lemma A.2.1 (Soundness for RV, WV, MV [Barthe et al., 2019]). Let ' = [c]u,
and let R = RV(c),W = WV(c¢), S = Var \ MV (c). Then:

1. Variables outside of MV (c) are not modified: nc(u') = nc(p).

2. The sets R and W are disjoint.
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3. There exists f : Mem[R] — DMem[MV(c)]) with '’ = bind(u,m +—
f(mr(m)) ® unit(ms(m))).

Theorem 2.3.6 (Soundness). If + {¢} ¢ {¢} is derivable, then |= {¢} ¢ {y}.

Proof. By induction on the derivation. Let u satisfy the pre-condition of the

conclusion.

SKIP Trivial.
SEQ By induction hypothesis.
DASssSN By induction on the syntax of ¢.

RASSN The output distribution [x « e]u = bind(u,m +— unit(m[x -

[ell(m)])). Because x ¢ FV(e), for any m,

[x](m[x = [ell(m)]) = [e] (m[x — [e] (m)]).

Thus, [x « e]u E [x = e].

SAMP The output distribution [[x & d](x) = bind(u,m +— bind(d,v —
unit(m[x — v]))). Thus,

[x]([x & d](w) =bind([x & df (1), m = [x] (m))
= bind(bind (1, m > bind(d, v — unit(m[x > v]))),m > [x] (m))
= bind (i, m — bind(d, v — unit(v)))
= bind (1, m — d)

=d.

Therefore, [x & d](u) Ex & d.
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COND Since 4 E ¢ and E ¢ — Detm(b), we have u | Detm(b). Thus, either
u E [b=tt] or u = [b =[ff]. Note that exactly one case holds. If u = [b = ]
holds, then u | ¢ A [b = tt] and thus [[if b then c else ¢'[|(u) = [[c](n), we

can conclude by induction. The case u = [b = ff] is similar.

RCOND Because u | ¢ * Own(b), there exist uy, up such that u; o up C u, and
11 E ¢ and po = Own(b). Let p be the probability [[5](u2)(7r). We may
assume that p € (0, 1) — if p is equal to zero or one then we can conclude

by induction.

By the semantics of commands, we have

[if b then c else ¢'[[ (1) = p - [c] (ue) + (1 = p) - ['] (y)

where y; is the distribution u conditioned on b = #t, and y is the distribu-
tion u conditioned on b = ff. Recall that by the induction hypothesis, we

have:
[el(u) E v = [b =] and ['] (up) E ¢+ [b= 1.
Thus, we can decompose the output states into

vov, E[c](u) and vovy E[e](uy)

such that

viEyand v, E [b=1tt] and vy [ [b = ff]

noting that v can be taken to be the same in both branches since ¥ € SP;

by lemma 2.3.7, we may also assume that dom(v;) = dom(vy). Thus, we
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have:

p-vovi+(1—=p)-vovr=p-(v®v)+(1-p)- (v®vy)
=v® (vi®, vy)
=vo (v ®,vy)

C [[if b then c else ¢’ (u),

and we can conclude since v = ¢ and v; ®, vy = Own(b).

Loor For any u [ ¢, the side condition implies ¢ = Detm(b). We show by
induction that 4 |= ¢ implies that for any n > 0, [(if b then ¢)"| (1)
¢ A Detm(b).

Base case: [[(if b then ¢)°] (1) = y, so it satisfies ¢. By side condition that
| ¢ — Detm(b), we have [ (if b then ¢)°] (1) £ ¢ A Detm(b).

Inductive case: Say p' = [(if b then ¢)"](u). By inductive hypothesis,

1 E ¢ A Detm(b), there are two possibilities:

* W' EeAl[b=ff], then
[ (if b then ¢)""'] (u) = [[if b then c| (1) = 1/,

which implies that [ (if b then ¢)"*'] (1) | ¢ A [b = f].

e u' E @A |[b=tt],then

[Gf b then ¢)"* '] (u) = [if b then c]|(¢') = [c] (1),

which implies that [(if b then ¢)""'](u) E ¢ because
Fo{eAlb=1t]} ¢ {p}. Since £ ¢ — Detm(b), so
[if b then "] (0", 1) E ¢ A Detm(b).

In both cases, [[if b then ¢"*'] (0, 1) E ¢ A Detm(b).
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Since we assumed that the loop ends in finite step, there exists a fi-
nite number N such that [(if » then ¢)"](u) E ¢ A [b=f] (and also
[(Gf b then ¢)V~'] () E ¢ A [b=1t] if N > 1, but this fact is not used in
this proof).
Then [ while b do c]|(u) = [ (if b then ¢)V] (1) E ¢ A [b = fF].

WEAK By induction hypothesis and semantics of implication.

TRUE Trivial.

CoNJ By induction hypothesis and semantics of conjunction.

CASE By case analysis.

CoNSsST The fact that [[¢](u) E ¢ follows by induction. To show [c](u) E 7,
by the restriction property we have mgry(; (1) F 7 initially, and since the
free variables of n are disjoint from the modified variables of ¢, we have
nevay) ([e]u) E n as well. Thus, by monotonicity, [ ¢]|(x) = 7 as desired.

FRAME There exist uy, up such that u; o up C u, and u; E ¢ and up E n; let
S1 £ dom(u;), and note that 7 U RV(c) C S| by the last side-condition.

By the restriction property we have npy(,; (u2) F n; let S = dom(uz) N
FV(n) and note that S; and S, are disjoint. Let S3 be the set of all variables
not contained in S; or S». Since WV(c¢) is disjoint from S, by the first side-
condition, we must have WV (c¢) C §; U S3.

By induction, we have [c](x) E ¢. The restriction property gives
mev) ([e] (W) Ey.

By the third side-condition, RV(c) € §;. By soundness of RV and WV, all
variables in WV (c) must be written to before they are read and there is a

function F : Mem|[S;] —» D(Mem|[WV(c) U S1]) such that:
mwv(eyus; ([ellw) = bind(u, m = F(xs, (m))).
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Since S, < FV(p), variables in S, are not in MV(c) by the first side-

condition, and S, is disjoint from WV(c) U S;. By soundness of MV, we

have:

Towv(eyusyus, (Lell 1) = bind(mwvy(eyus,yus, (1), (m1,mz) — F(mi)@unit(my)).

Since S; and S, are independent in i, we know that S UWV(c) and S are

independent in [[c] (1) as well. Hence:

[ele 2 (rsuwvie) (Lellw) o (s, (el ).

We know that FV(y) € T UWV(c) € S; UWV(c) so since ¢ is valid
in [[c](p), it is valid in the first conjunct by the restriction property and
the second side-condition. Since g, ([c]lu) = 7s, (1), and n does not de-
pend on modified deterministic variables,  is valid in the second conjunct.

Thus, we can conclude:

[cl(w) v =n. :
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APPENDIX B
LINA: A SEPARATION LOGIC FOR NEGATIVE DEPENDENCE

B.1 Preliminaries

Lemma B.1.1. Say S = {S; | 1 < i < N} where S; are disjoint, S = US and u €
Mem|S],

Then, S; are independent in u if and only if for any family of all monotone or all

antitone functions f; : Mem[S;] — R¥,

[ ] AiGrs»

S,’GS

B = | | Beslfitrs.0)l. (B.1)

SiES

Proof. The forward direction is straightforward. The backward direction needs
more careful analysis. In general, zero correlation does not imply independence,
but here, we have the equality for all family of monotone or antitone functions,

so that suffices for independence.

We prove by induction on 7 = {S; | 1 < i < K} that for any family of

v; € Mem|[S;],
Ey-y (/\ TS X = vi) A /\ ms,x <vill = 1—[ Ex-y [Jrsix = vi] . l_[ Ex~u [7TS[X < vi].
SieT S;eS\T S;eT S;eS\T

(B.2)

Case |7|=1: Say 7 = {S;}. Since indicator functions S; < v; and §; < v; are
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both monotonically decreasing,

Eyvp|ms;x =vj A( /\ ms,X < V;)
SiES\T

=Epp|ms,x <vjA( /\ msX < Vi) | = By |ms,x <vj A ( /\ s X < V;)

SiGS\T S,‘ES\T
=Beglmsx <v] - [ | Bewslmsx <] = Bewulmse <vi] - [ ] Beeulmsix < vi]
Sl‘ES\T Sl‘GS\T

(By Equation (B.1))

= (By~u [ﬂij < vj] —EBey [ﬂ'ij < vj]) . 1_[ By~ [ﬂ'six < vi]
SiGS\T

=Eyy [nij = vj] . n Eyy [ﬂ'gl.x < v,-]
S,ES\T

Case |[7| > 1 Let S, be an elementin 7.

By (/\ 7sx=v) AC N\ 7sx <w)

S;eT S;eS\T
= Epp|msx < vjA( /\ wsx =vi) A ( /\ Tsx < V)
S,’ET\{S]'} SiES\T ]
—Eiep|ms;x <vj A ( /\ s, x =vi) A ( /\ s, X < Vi)
S; €T \{S;} S;eS\T ]
=By [”ij < VJ'] : By [”Six = Vi] : By [”Six < Vi]
SiET\{Sj} S,‘ES\T
= Bx~p [”S_fx < Vj] : Evwy [”Sfx = Vi] : By [”Six < Vi]
SiGT\{Sj} SiES\T
=Eyu [ﬂij = vj] . Eyy [nsix = vi] . Eyy [ﬂsix < vi]
SiGT\{Sj} SiES\T

When 7 = S, Equation (B.2) implies

/\ TS X = vi] = 1_[ Exu [ﬂsix = vi]

S;eS S;eS

Eyy

for any v;’s. Thus, components in S are independent.
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We prove some properties of coarsening. In the following we will use an
alternative definition of coarsening, which will be shown to be equivalent to

what we define in the main text.

Definition B.1.1 (Alternative definition of coarsening). We first index any par-
tition S as Sy, ..., Sis). Say |§’| = m, |S| = n. We say &’ coarsens a partition S
there exists a function a f : [m] — P([n]) such that 1) Ujc(n) (i) = [n]; 2) for
any i, j € [m], eitheri = j or f(i), f(j) are disjoint; 3) &’ = {U{S; | j € f(D)} |i €
[m]}.

Lemma B.1.2. Let S, 8’ be two partitions. Then S’ coarsens S according to Defini-
tion B.1.1 if and only if " coarsens S according to Definition 3.3.4 .

Proof. Weindex S as Sy,...,S,and 8’ as S1,..., S/

Im] *

Backward direction: By that definition, we know a) for any §/ € §’, S/ = UR

for some R C S; b) US = US".

We define the function g : [m] — P([n]) as g(i) = {j | S; € §'}. This g

would satisfies all the conditions required:

1. By substitution, Ujc[m)8(i) = Uieim{j | S; € S} = Uges{j | S; € s'}. By b),
forany j € [n], S; € US’. Then by a) and that S is a partition, if s" covers
any of S, it must covers all of S;, then §; € US’ implies there exists s" € &’
such that S; € s’. Thus, j € {j | S; € s’} € Uyes{j | S;j € s'}. For any
J ¢ [n], S; is undefined, so it is impossible that S; C s’ for some s* € S’.
Therefore, Uyes {j | S; € 5’} = [n].

2. Forany k € g(i), Sy € S!. Ifi # j, then S’ and S;. are disjoint since S’ is
a partition. Thus, S; ¢ Sj’., and k ¢ g(j). So for any i # j, g(i),g(j) are

disjoint.
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3. By substitution,
{U{Sj1jeg@}liem]} ={U{S; IS, cS}liem]} ={U{S;[S;cs}|s €S}

Again, by a) and that S is a partition, if s € S covers any part of of S;, it
must covers all of S;, so U{S; | S; C s’} = s". Thus, {U{S; | S; C s’} | 5" €

St=8"

Forward direction: By 3), we know that 8" = {U{S; | j € f(i)} | i € [m]}.
So for any S’ € &', we have s = U{S; | j € f(i)}, which is a subset of S" by
construction. So we proved a). Also, US" = U{U{S; | j € f(i)} | i € [m]} =
U{S; | j € f(i) | i € [m]}, and by 1), that is equivalent to U{S; | j € [n]}, which

is equivalent to US. o

We can prove that coarsening commute with projections.

Lemma B.1.3. Given a partition S = {S;}; and a set X, let Sx = {Sin X | §; € S}.
For any T coarsening Sx, there exists a coarsening 8" of S such that T = {S; N X |
S; € 8'}; conversely, for any S’ coarsening S, and Sy = {S; N X | S; € S’}, we have

S coarsens Sy.

Proof. Forward direction: By Definition B.1.1, there exists a coarsening function

f such that

T ={u{(Sx); lj e fO} i IT1}
={U{§;nX|jef@OrielITI}
={(U{S;ljef@pnXfiell7l}
={§nXx|seS} (where 8" = {U{S; | j € f(D} [ i € [IT1]})
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S’ has the same size as 7, s0 S’ = {U{S; | j € f(i)} | i € [|IS']]}, and thus &’

coarsens S.

Backward direction: S’ coarsens S, so there exists a coarsening function f

such that

S ={u{S;1jef@O}1ie IS}

Thus,

Sy ={(U{S; 1jefOHNX[iel[lS}
={u{S;nX|jef@}iellS}

={U{Sx; [ € fF(D} i e[IS]]}.

Therefore, S} coarsens Sx.

B.2 A BI Frame for Negative Association

B.2.1 Capturing Negative Association

Theorem 3.3.2. For any two states py, ua € X, u1 ®5 2 S (1 ® po S py S fo.

Proof. Let S denote dom(u;) and 7 denote dom(u»).

For any p € uj ®, 2, we have wgu = py, mrpu = pp, and p satisties NA. u being
NA implies u is R-PNA for any partition R on dom(u) So for any partition S on

S, partition 7 on 7, u is S U 7-PNA. Therefore, u € 1 & po.
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For any p € uy @ po, msu = py, mrp = pp, and p is {S,T}-PNA since y; is
{S}-PNA, s is {T}-PNA. Thus, u € u; &, uz. ]

Theorem 3.3.1. Given a set of variables S, S satisfies NA in p iff u satisfies S-PNA
forany S partitioning S iff u satisfies {{x} | x € S}-PNA.

Proof. The second equivalence is straightforward:

* {{s}|s € S} isapartition of S, so we have the backward direction.

* Any S partitioning S coarsens {{s} | s € S}, so we have the first direction.

For the forward direction of the first equivalence, it suffices to prove that
for any partition S of S, any family of all monotone or all antitone functions
fi : Mem[S;] — R,

| ] fitrsim)

S,ES

< [ Bl itmsm] B3

Sl‘ES

Ep- u

We prove that by induction on the size of S.

Base case |S| = 1: S-PNA is trivial.
Base case |S| = 2: S-PNA is straightforward from NA.

Inductive case: Assuming u satisfies S-PNA for any partition with size less
than K, we want to show that y satisfies S-PNA for any partition with size

equals to K.

Say S = {S1,...,Sk}. For any family of all monotone or all antitone func-
tions f; : Mem[S;] — R*, either both m +— Hfi}l fi(ms,m) and fx are mono-

tone, or both m +— ]‘[{i}l fi(ms,m) and fk are antitone. Thus, by the induc-
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tive hypothesis

K K-1
Ex~y 1_[ ﬁ(ﬂS,-m) < Ex~u n fi(ﬂSim) ' Ex~,u [fK(ﬂSKm)]
i=1 i=1
(We can partition UX S; into {UX11S;, Sk})
K-1
< Exp [fi(ﬂ'gim)] By [fK(JTSKm)] (B.4)
i=1
(We can partition UX S; into {S1, ..., Sk})
K
= |Evwu[fi(msm)]. (B.5)
i=1

The backward direction of the first equivalence is more involved. For any

two disjoint A, B C S, we know p satisfies {A, B}-PNA, so for every pair of both

monotone or both antitone functions f : Mem[A] — R*, ¢ : Mem[B] — R*, we

Bn~pu [f (mam) - g(mpm)] < Em~u [f(mram)] - Em~u [g(mpm)].

But the problem is to show this inequality when f, g are not both non-negative.

We prove that in three steps:

1. If f, g are lower-bounded by —L, i.e., f(x) > —L and g(x) > —L for any x.

Thenx — f(x)+L and x — g(x)+L are both non-negative functions. Thus,

Em~u[(f(7TAm) +L)-(g(mpm)+ L)] < Em~,u [f(mam)+ L] - Em~y [g(mpm) + L].
(B.6)
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Meanwhile,

E[(f(mam) + L) - (g(xpm) + L)]

= E[f(wam) - g(xpm)] + L - E[f(am)] + L - E[g(wpm)] + L?
E[f(zam) + L] - E[g(npm) + L]

= (E[f(mram)] + L) - (E[g(7pm)] + L)

=E[f(mam)] - E[g(zxgm)] + L - E[f (ram)] + L - E[g(npm)] + L*.

So Equation (B.6) implies that
Enulf (mam) - g(mgm)] < Bpoy[ f(mam)] - B~y (g (wpm)].

. If the codomain of f or g does not range across both negative and posi-
tive numbers, then we can also prove the desired inequality by applying
the monotone convergence theorem on the result for lower-bounded func-

tions.

¢ Say f is non-negative and g is non-positive. For any natural number
n, m € Mem[A U B], we define g, (rgm) = max(g(ngm),—n), h,(m) =
f(mam) - gy(npm). Then for any n, g, and h, are lower-bounded non-
positive functions; and for any m, {g,(m)},en is a monotonically de-
creasing sequence converging to g(m), {h,(m)},en is a monotonically
decreasing sequence converging to f(wam)-g(npm). By the monotone

convergence theorem,

Em~/1f(7TAm) : g(ﬂBm) = I}I_)IEO Em~,uhn(m)
Em~ug(7TBm) = nh_)n(}o Em~,ugn(

pigm).
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By what we proved above, for any n, we have
Enulhn(m)] < By Lf (mam)] - Byl gn(7pm)]
Taking that to the limit n — oo,
1im By [ (m)] < lim (B[ f (ram)] - By [8 (mpm)])
= Tim By, (am)] - lim By [g(rpm)]
Therefore, for any distribution 4 € O(Mem[A U B]),

Enu [f(mam) - g(mpm)] < By [ f(mam)] - Bpep[g(mpm)].

* The case where f is non-positive and g is non-negative is symmetric.
* The case where f and g are both non-positive is also similar. We
will define f,(mam) = max(f(mwam),—n), gn(mpm) = max(g(npgm), —n),
hy(m) = fu(mwam) - g,(npm). Then we have
By f (mam) - g(wpm) = 1im By frn (m)
Epnpg (pm) = im By g
pipm)
By f () = lim By

piam).
And the rest follows.

3. Now we consider the general case where we only know both f and g are

either lower-bounded or upper bounded.

e [f both f and g are lower-bounded, reduce to the first case.
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e If f is lower-bounded by L, g is upper-bounded by U, then we can
consider function /' = f + L and g’ = g — U. Then f’ is non-negative

and g’ is non-positive, so by step 2, we have
B f'(mam) - g'(mpm)] < By [ (am)] - Bppyu[8' (mpm)].
By calculations analogous to what we did in step 1, that implies
Enplf (mam) - g(xpm)] < By [f (ram)] - By [g (75m)].

e If f is upper-bounded and g is lower-bounded: analogous to above.

¢ Ifboth f and g are upper-bounded: also, analogous to above.

Thus, u satisfies {A, B}-PNA implies u satisfies (A, B)-NA. And therefore, u

satisfies {A, B}-PNA for any A, B C S implies S satisfies strong NA in u.

B.2.2 Omitted Proofs of Frame Conditions

Theorem 3.3.4. The structure Xpna = (Xp, Ep, ®, Ep) is a Down-Closed BI frame.

Proof. We sketch the conditions, using the notation from the definition:

Down-Closed. Let dom(x) = §,dom(x") = §’,dom(y) = T,dom(y’) = T’. We
claim that we can take 7z’ = ng:yrz. We evidently have z 3 7/, and ng7’ =

ngnsz =x"and np 7’ = npnpz =y’

What remains to show is that 7’ is S U 7-PNA for any S, 7 such that x’ is

S-PNA, y’ is 7-PNA, and (US) N (UT) = 0.
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If x” is S-PNA, then x is S-PNA; if y’ is 7-PNA, then y is 7-PNA; then
z € x®y mustbe SUT-PNA. Since 7’ := ngurz, and (US) U (UT) € S'UT,
we have 7' is SUT -PNA too. And evidently, dom(z’) = S'UT’ = dom(x") U

dom(y’'). So7 ex’" @y’
Commutativity Immediate.

Associativity Let dom(x) = R, dom(y) = S,dom(z) = 7. We can assume that
these sets are all disjoint, otherwise there is nothing to prove. We claim
that we can take s = rgurw. Forany wint ® z, t € x @ y, we want to show

thatw ex@®sands ey @ z.

¢ For any partition R, S such that (UR) N (US) = 0 and x is R-PNA,
s is S-PNA. For set X C Var, write {Y N X | Y € S} as Sx. Then,
by Lemma B.1.3, 5 is S-PNA implies y must be Sg-PNA. Similarly, s
is S-PNA implies z must be Sr-PNA.

Then, t € x®&y must be RU(Ss)-PNA, and w € &z must be RUSsUS7-
PNA. Note that S coarsens Ss U Sy so w is R U S U Sr-PNA implies
that w is R U S-PNA.

Also, mrgw = mrmgrusw = gt = x, and dom(w) = RUSUT = dom(x) U
dom(s).

Hence, w € x @ .

* Note that x is trivially {R}-PNA. Then, for any partition S, 7 such
that R N (US) N (UT) = 0 and y is S-PNA and z is 7-PNA, first ¢
must be ({R} U S)-PNA, and then w must be ({R} US U 7)-PNA. By
projection, s = mrgur must be S U 7 z-PNA.

Also, ngs = msmsurw = msw = Asmrusw = nst = y, and similarly,

nrs = z. Also, dom(s) = SUT = dom(y) U dom(z).
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Hence, s e y & z.

Unit Existence Take e to be u where u is the (unique) distribution in

D(Mem|[0]).
Unit Closure Immediate as we take E = M.

Unit Coherence x € y ® e entails y = 7gom(y)X, which implies y C x. m|

B.3 Soundness and Completeness of /M-BI algebras

B.3.1 Algebraic Soundness and Completeness

The proof is very similar to the proof of BI soundness and completeness in sec-
tion 2.2.3: we first construct a new algebra — “M-Bl algebra,” prove the algebraic

soundness and completeness and then establish the overall theorem.

Definition B.3.1 (M-Bl algebra). An M-Bl algebra is an algebra Ay = (A, A, Vv, —

s T7 J—’ >X<}’ﬂG]W’ _*meM, T;;leM) SLICh that

* For each m € M, the structure (a, A, V, =, T, L, %, *,,, T},) is a Bl algebra;

® Ifm; <mythena =,, b <axy,, b.

We can interpret M-Bl in an M-BI algebra Ay Let V : AP — Ay be a map
assigning atomic propositions to elements of A),. We extend V to an interpre-

tation [[- ]| » mapping M-BI propositions to elements of A, defined by:
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[P]a=V(P)

[Tla=T
[Znlla =T,
[L]a=1

[P AQla=[Planr[C]a
[PvOla=[PlavIC]a
[P — Ola=[Pls - [2]a
[P #m Qlla = [P]a *m [Q]a
[P ~m Qlla =[Pl ~m [Q]a

Theorem B.3.1 (Algebraic Soundness). If P + Q is provable, then [ P]|a < [Q] a for

any algebraic interpretation || -] 4.

Proof. By induction on the derivation of P + Q. The cases for everything ex-
cept *-WEAKENING follow from the exact same argument as for standard BI
and Bl-algebra, as in theorem 2.2.3. For the remaining case of *-WEAKENING,

which derives P x,, Q from P x,, Q if m; < my. We have

[P #m, Olla =[Pla #m [C]a (By definition of [-] 4)
<[Pla #m [C]a (By definition of M-BI algebra)
=[P #m, Olla- (By definition of [-] )

O

Next, we want to show the algebraic completeness. Analogous to before the-

orem 2.2.6, we construct the Lindenbaum-Tarski algebra corresponding to M-BI.
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Definition B.3.2 (Lindenbaum-Tarski Algebra). Define the equivalence relation
P~QasPt+QandQ+ P. Let [P]. be the equivalence class of P under ~. Take

I, T,and 1 tobe [1,]~, [T]., and [L]., respectively. Then we define:

[P~ #m [Q]~ = [P #m O]~
[P]~ ~m [Q]~ = [P ~m O]~

The fact that these operations are well-defined and form a M-BI algebra follows

almost entirely from lemma 2.2.4. The only remaining case is to check that if

my < my then [P]. *,, [Q]. < [P]~ %, [Q].. We have

[P]~ #my [Q]~ = [P #m, O]~

< [P #m, O]~ (Since P #,,, Q + P, Q)

= [P]~ *m, [Q]~

Then, we can construct an algebraic interpretation into Lindenbaum-Tarski

algebra, [ -], and use it to prove algebraic completeness.

Theorem B.3.2 (Algebraic Completeness). If [P]la < [Q]a for all algebraic inter-

pretations [ -] a, then P + Q.

The proof is identical to the proof for theorem 2.2.6.

B.3.2 Soundness of M-BI formulas

M-BI formulas are interpreted on M-BI frames. We define a structure called

complex algebra on M-BI frames and show that the complex algebra of every M-
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BI frame is an M-BI algebra.

Definition B.3.3 (Complex Algebra). If X is an M-BI frame, then the complex
algebra of X, written Com(KX) is the structure (Pc(X),N, U, =x, X, 0, *mepmr, *mem

, E;nenmr) where

Pe(X)={ACX|acANaThb—beA}
A—-xB={a|Vb.aEbAbeA —beB}
Ay B={x|3Iw,y,zwExAwey®d,zAyeAANzZEB}

Ay B={x|YW,y, 2. (XCWAZEWD,, YAy € A) > 7€ B}

Lemma B.3.3. If X is an M-BI frame, then Com(X) is an M-BI algebra.

Proof. Each (X,C, &, E,,) is a Bl frame. Lemma 2.2.7 shows that the complex of
a BI frame is a Bl algebra. Thus the only thing to check is that the ordering on *
respects the ordering on M. Let m| < m,. We must show that A *,,, B C A *,,, B.
Let x € A #,, B. Then there exists w, y, z such that w C x and w € y @,,, z, with
y € A and z € B. by Operation Inclusion property, we have that w € y &,, z,

hence x € A x,, B. o

Theorem B.3.4. Let X = (X,C, oy, E,,) be a M-BI frame and let Vi : AP — P(X) be
a persistent valuation on X. Define the algebraic assignment Vy : AP — Com(X) by
letting Va(p) = Vi(p) for all atomic proposition p. Define the algebraic interpretation

[—1a by taking the homomorphic extension of V, Then we have: x =y, P if and only if

x € [[P]a

Proof. The proof is almost identical to the proof for theorem 2.2.8. We show that
by induction on the syntax of the formula P. M-BI formula only differs from BI

formula by having indexed version of the x, I, =+, so the only difference in the
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proof is that: in the induction proof for formula *,,, I,,, *,, we use the indexed

version of the operations in the complex algebra. o

Theorem B.3.5 (Soundness of M-BI). In M-BI logic, if P + Q is derivable, then
PE Q.

The proof is identical to the proof of theorem 2.2.9.

B.3.3 Completeness of M-BI formulas

We reverse the direction now; we define a prime filter frame for every M-BI alge-

bra and show that a prime filter frame of any M-BI algebra is an M-BI frame.

Definition B.3.4 (Prime Filter Frame). If A is an M-BI algebra, then the prime

filter M-frame of A is defined as Prf(A) = (Prf(A), C, ®nem, Emem) Where

Fi e, F, = {F € Prf(A) | Vai € Fi.VYay € Fr.a; *,, ap € F}

E,={F e Pri(A) | T, € F}

Lemma B.3.6. If A is an M-BI algebra, then Prf(A) is an M-BI frame.

Proof. Lemma 2.2.10 shows that for eachm € M, (Prf(A), C, ®,, E;) is a Bl frame.
Therefore, we only need to check the Operation Inclusion property. Let m; < m,
and let F,G,H € Prf(A) with F € G ®,, H. Leta € G and b € H. Then
a *p,, b € F.Since a *,, b < a *,, b, and filters are upward-closed, a *,, b € F,

hence F € G ®,, H. o

Theorem B.3.7. Let A = (A, ...) bea M-Bl algebra and let [ -] : Formg; — A be an

algebraic interpretation that homomorphically extends the assignment Vy : AP — A.
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Define the persistent valuation Vi : AP — P (Prf(A)) on the prime filter frame Prf(:A)

by:
Vi(p) = {F € Pr(A) | Va(p) € F}

Then for F € Prf(A), we have F |=, P if and only if [ P]| € F .

The proof is almost identical to the proof of theorem 2.2.11. Then, we can

prove the completeness of M-BI using the same argument as for theorem 2.2.12.

Theorem B.3.8 (Completeness of M-BI). In M-BI logic, if P |= Q, then P + Q is

derivable.

B.4 A M-BI Model for Independence and Negative Association

B.4.1 Independence Implies PNA

The proof that independence implies PNA will use the following lemma.

Lemma B.4.1. In a distribution u, if u satisfies {S1, S2}-PNA, u satisfies {Ty,T>}-
PNA, and S| U S, is independent from Ty U T, in p then p is {S; U Ty, S» U T }-PNA.

Proof. By the definition of PNA and independence, S, S, are disjoint, T;, 7, are

disjoint, and S} U Tj, S» U T; are disjoint. For any monotonically decreasing/in-
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creasing functions f : Mem([S; UT;] — R*, g : Mem([S, U T>] — R*,

Em~u [f(7T51UT1m) : g(ﬂ52UT2m)]

= ES“’”SIUSZIJEI“’TTTIUTZ,U [f(ﬂ'SIS > 7TT1I) : g(ﬂSQS > ﬂ'th)]

(By independence of S; U S, and 71 U T)

< By syt B L £ (5,5, 1] Byl (5,5, 1)1 (0)
< Eslwrsl,uEtlerlu [f(sl’ )] - Esz~n52yEt2~n72,u [g(Sz, H)] (@)
< Em~,u [f(”SluTlm)] : Em~,u [g(ﬂSZUsz)] ("')

where the step ¢ is because mr,ur,u is T1, T>-PNA and f(ng,s,t1), g(ns,s,t2) are
both monotonically decreasing/increasing in T, T5; the step © is because 7g,us,
is 51, 52-PNA and that ]Et1~,rTlﬂ[f(7r51s,t1)], and EtZN,rTz#[g(ﬂszs, t>)] are both
monotonically decreasing/increasing in Si,S2; and the step & is by indepen-

dence of S| and 7} and the independence of S, and 75 in pu. O

Theorem 3.4.5 (Independence implies PNA). Let S,T C Var be two disjoint sets of
variables. Suppose u; € D(Mem[S]), ur € D(Mem|[T]). If u; satisfies S-PNA and
U satisfies T-PNA, then any u € us ®p ur satisfies (S U 7)-PNA.

Proof. Fix S and 7. Say S = {S,...,S,}and 7 = {Ti,...,T,}. For any R
coarsening S U7, indexing SU T as {Uyj, ..., Uy}, indexing R as {Ry, ..., R,},

we have:

R={U{U; | j € f(D} | i€ [n]}.

Then, given a family of monotonically increasing/decreasing functions g; :

Ri—>R+

Epu

1—[ gi(mg,m)

RiER

=By | | | &iGroyiseranm|-

i€[n]
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For each i, U{U, | j € f(i)} can be divided into the part in S and the partin T.
We refer to them as S” and 7. (Some of S/ and 7/ may be empty). Thus, for each

[
gi(mug,ljeranm) = gi(wsjurm).

By Lemma B.1.3, S’ = {§/,..., S} coarsens S, and 7' = {7}, ..., T,} coarsens
7. So uis 8’-PNA and 7'-PNA.

We prove by induction on k € [n] that

Em-u l_[ gi(mgurym) | < 1—[ Ep~u|8i(zsjurym) |-

i€[k] i€[k]

Base case When k = 1, trivial.

Inductive case For k < n, assume

B H gi(msurym)| < ]—[ B~ [gi(ﬂSl’.UT[’m)]-

ie[k] i€[k]
Note that u is §’-PNA implies that u is {Uje41(S7), S}, }-PNA, and u is 77-
PNA implies that {Uc(x(T/), T}, ,}-NA. Thus, by Lemma B.4.1, u is also
HVietn (8) U {Vie i (T)), S, Y T/, }-NA. Also, since all g; is monotoni-
cally increasing (decreasing) and non-negative, m — [[;c[x) g&i(m) is also a
monotonically increasing (decreasing) function from Ujc[x]S} U Uje(1 T} to

R*. Therefore,
By 1_[ gi(wsiurym) | < By ngi(ﬂs;uT;m) 'Em~p[8k+1(ﬂs;(+luT,g+lm)
ielk+1] i€[k]

< l_[ Emu|gi(msurm)],

ie[k+1]

where the second inequality follows from the inductive hypothesis.
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Thus, the desired inequality holds for any R coarsening SU7” and any family
of monotonically increasing (decreasing) functions on R. Thus, u is S U7 -PNA.

O

B.4.2 Axioms of Negative Association

Lemma 3.5.5 (N-NARY MONOTONE MAP). Let x, xy o and y,, be program variables.

Let K, be natural numbers. The following is valid in (Xya, V™).

N (K, N N
= y@%( \ Own(x%a)) A /\ [yy =fy (x),,o, .. ,x%Ky)] - g:% Own(y,)

a= y=0

when fi, ..., fy all monotone or all antitone (Mono-Map)

Proof. Abbreviate the partition of variables {Ufﬁo{x%a} |L<y<M } as X|[L :
M]. Intuitively, we group all the x, , with the same y as a block in the partition,
and different blocks in the partition are separated by the separating conjunction

®.

Forany u @;VZO ( /\fio Own(x%a)), we use induction and definition unfold-

ing to show that u satisfies Xy-PNA. We choose the inductive hypothesis P(M)
to be: y @ﬁo( Ao Own(x,,,a)) implies that y is X[0 : M]-PNA.

Base case: X[: 0] = {Uflo{x%a}} is partition that contains a single block. Thus,

u is trivially X[0 : 0]-PNA.

Inductive case: For any 0 < M < M , by satisfaction rules, u |

M
®7=O( /\fzO Own(x%a)) implies there exists u’, u1, u2 such that 4 2 y’ €
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M1 © u2,

M-1 K, Km
mE®(Aown(s,)) and ok A Ownlo)
Y= =0 a=0
By inductive hypothesis, u; satisfies X[0 : M — 1]-PNA. And X[M : M] is
a partition that contains a single block, so trivially, u, satisties X[M : M]-

PNA. Therefore, 4’ € u; ® pp implies that " is X[0 : M]-PNA

Therefore, we can conclude u is X [0 : N]-PNA from u | @gzo ( /\fio Own(x%a)).

If additionally u | /\5:0 yy = fy(xy.1,...,Xyk,) and f, are all monotone or
antitone, then we can show that u is {{ Yy} 1<y <N }-PNA. For any family of
non-negative monotone functions g,, note that the composed function g, o f,

are either all monotone or all antitone. Thus,

Em~y n 8)/()’7)

I<y<N

=B | | &y (FCrytse o xyk,)

1<y<N

=Bpeu| || (&ro A)Gors o3y

_ISySN
< l_[ Em~pu [(gy o fy)(xy1,... ,x%Ky)] (Because u is X[0, N]-PNA)
1<y<N
= l_[ Em~u [gy(yy)]- (B.7)
I<y<N

That is, u is {{yy} | 1 <y < N}-PNA. And by Theorem 3.3.1 this implies that

{{yy} | 1 £ ¥ < N} satisfies NA in p. Then, by Theorem 3.3.5, (o, u) E
N

@Vzl Own(y,). o
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B.4.3 The Restriction Property of M-BI Formulas

For the counterexample of the restriction property, we prove a lemma.

Lemma B.4.2. Let y be the uniform distribution over one hot vectors on A, B. Then,
u | (Unif g 1(C)) ® (Own(B) * Own(C)).

Proof. Fix any uc such that uc [ Unif (o 1,(C), which implies that 7cuc(0) = 0.5

and rcuc(1) =0.5. Fix g, € u & puc.

Since B € dom(u), u is trivially {{B}}-PNA. Similarly, uc is trivially {{C}}-
PNA. Thus, u. € p & puc must be {{B}, {C}}-PNA. Then for any two both

monotone or antitone functions f : Mem[B] — R*, ¢ : Mem|[C] — R,

Enu, [f (mgm) - g(mem)] < By [ f (rpm)] - Einep, [8(mem)].

Similarly, u, € u ® pc must be {{A}, {C}}-PNA, and thus, for any two both

monotone or antitone functions f : Mem[A] — R*, g : Mem|[C] — R",

Em~,ue [f(ﬂ'Am) : g(ﬂcm)] < Em~ye [f(ﬂAm)] : Em~ﬂe [g(piCm)]- (BS)

Next, we want to prove that yu, E Own(B) * Own(C). We prove by
contradiction. Suppose variables B and C are not independent in u,, then
by Lemma B.1.1 that says NA definition with equality instead of inequality
asserts independence, there must exists some both monotone or both antitone

functions f : Mem|[B] — R*, g : Mem|[C] — R* such that

Em~,ue [f(mgm) - g(mcm)] < Em~ue [f(mpm)] - Em~ﬂe [g(mcm)]

Since u, € u @ uc, we have y, 3 u, and u being a uniform distribution over

one-hot vectors on A, B indicates that for any m in the support of u., A = 1 iff
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B =0,and A = 0iff B = 1. Therefore,

Emp, [f (=mam) - (=g(mem))] = By, [ f (mpm) - (—g(7mcm))]
= —Epp, [ f(npm) - g(ncm)]
> _Em~ue [f(_ﬂAm)] : Em~,ue [g(ﬂ'Cm)]

= Em~/le [f(_ﬂAm)] : Em~,ue [—g(ﬂcm)]

where x — f(—x) and x — —g(x) are two both monotone or both antitone func-

tions because f, g are so. Thus, this inequality contradicts Equation (B.8).

Therefore, B and C must be independent in y,. Hence, yu, E Own(B)
Own(C), and u  (Unify1,(C)) ® (Own(B) * Own(C)). m]

Theorem 3.5.2. There exists u € D(Mem[S]) and formula ¢ such that u = ¢ but

TEV(e) FE .

Proof. Let A, B, C be three variables in Var. Let ¢ = (Unify( ;,(C)) -® (Own(B) *
Own(C)). Let u be the uniform distribution over one hot vectors on A, B. Then,
we claim u | ¢ but mpcyu E ¢. For u | ¢, it suffices to show that for any
tc where C’s value is the uniform distribution on {0, 1}, for any ¢’ 3 u, and

He € ' ® uc, Band C are independent in 1, according to Lemma B.4.2.

To show mp cyu [ ¢, we first note that n (g ey = mpyu is a uniform distri-
bution of 0 and 1 on B. Let u,. € D(Mem[{C}]) be the uniform distribution on
{0,1}, ' € D(Mem[{B, C}]) be the uniform distribution over one-hot vectors on
B, C. Clearly, B, C are not independent in y’, so u” £ Own(B) * Own(C). Also, u’

is in mpCrH D ,u’c. So TRCM 2 Unif{()’l}(C) -® (Own(B) = Own(C)). O

Theorem 3.5.1 (Restriction). For any distribution u € Xp, for any ¢ be an MBI,
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formula interpreted on (Xya, V™), and any valuation V,

HEY @ © TRy By ¢.

Proof. We prove it by induction on the syntax of formula. Most cases are the

same as in lemma 2.3.7. So we only show the case for the additional case P ® Q.

¢=P® Q: Assuming u = P ® Q, then there exists y’, uy, 0 such that y 3 u’ €
H1 @ po, 1 = P, and uo E Q. By the definition of the pre-order and &, it

must u I u’ € uy ® uo.

By inductive hypothesis, npy(yu1 E P and mpyu2 E Q. Also,
by eq. (Down-Closed), there exists u” C ' and u”npy (o)1 @ mpy(p)i2. SO

1" E P ® Q and by persistence, u = P ® Q.
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APPENDIX C
DIBI: A BUNCHED LOGIC FOR CONDITIONAL INDEPENDENCE

C.1 A Probabilistic Model of DIBI

Remark. In the following, we sometimes abbreviate dom(f;) as D; and

range( f;) as R;.

C.1.1 Well-definedness of the Structure

To facilitate proving that (Xc;, E, ®,0, E) is a DIBI frame, we first show some
properties of the binary operations and the order. First, we prove that Xc; is

closed under @ and ©.

Lemma C.1.1. X, is closed under & and ©.

Proof. For any fi, fo € Xc1, we need to show that

e If fi ® f> is defined, then f} & f; € X¢;.

Recall that f; @ f> is defined if and only if Rj N R, = D1 N D,, which implies

that (Ri URy) \ (D1 UD1) = (R \ D) W (R2\ D3).

State fi @ f> preserves the input because for any d € Mem|[D U D,], we
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can obtain the following (we will refer to this as x):

(0,00, (f1 & f2)(d)(d)
= D (/1 ® f2)(d)(d =)
xeMem[(R;UR,)\(D1UD3)]
- 2. fil@P) @ s xt) - fo(dP2) (@ e )

X1 €Mem[R| \D 1 ] ,xpEMem [Rz\Dz]

D fl(d“)(d’)l»«xl))-( > AP e

)ﬂEMEm[R]\D]] X2€Mem[R2\D2]

=1-1=1 (Using fl,fz € Xc1)

Then, for any input d € Mem[D; U D»], (f1 @ f2)(d) is a distribution since:

> (e A m)

meMem|[R|UR;]

= > AP - fa(dP) (R

meMem|[R|UR;]

|1+

Si(@P)(dP axy) - fo(dP?)(dP? e x)
x1eMem[R1\Dl],xzeMem[Rz\Dg]

=1 (Using the last two steps of (x))
Step i follows f; and f, being input-preserving, which means that the term
fi(naD;)(m,R;) is 0 when dPi # mPi.
Thus, fi @ f> is a kernel in X¢;.
e If fi © f» is defined, then f; © f> € X¢;.

Recall that f; © f, : Mem[D ;] —» D(Mem|[R;]) is defined iff R; = D,. The

composition fi © f> preserves the input because for any d € Mem|[D ], we
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can obtain (s):

(p, f1 © f2)(d)(d)
= D> (fiof)d)(dmx)

xeMem[Rz\D 1 ]

fi(d)(d v xB\PYY . £ (d ba xRV (d ba )
xeMem[Rz\Dl]

D, h@Uex)-| > fpldeexn)(deex )

x1€EMem[Ri\D] x26EMem|[R,\R]

= (fild)(dpax1) - 1) (Using f> € Xci)
x1€EMem[R\D]

=1

Then, for any d € Dy, (f1 © f2)(d) is a distribution as

> (e K d)m)

meMem|[R;|

= Z Si(d)(m®) - fo(m®) (m) (Equation (4.2))
meMem|[R;]

SN )@ xR fo(d e xPVP) (d be)
xeMem|[R;\D ]

=1 (Using the last three steps of (s))

Step © follows from fi, f> being input-preserving, so the f; terms are 0

when dPi £ mP:.

Thus f; © f; is a kernel in X¢;. |

Lemma C.1.2 (Reflexivity and transitivity of order). The order C defined in X¢y is

transitive and reflexive.
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Proof. Letx: Mem[A] — D(Mem[X]) € M, S =0, v = unity. Then

(x ® unitg) © v = (x & unity) © unity
= x O Unity (By lemma C.1.7)

=X
Thus, we have x C x, and the order is reflexive.

For any x,y,z € M,if x C y and y C z, then by definition of C, there exist
S1 and v; such that y = (x @ units,) © v;, and there exist S, and v, such that

z=(y® Unitsz) O vy.
We can now calculate:

z = (y @ units,) © vy
= (((x @ units,) ©v;) @ units,) © v
= (((x @ units,) ©vy) @ (units, © units,)) © v2
= (x @ unitg, ® units,) © (vi & units,) © v (By C.1.8 and lemma C.1.9)

= (x ©® Unitslusz) © ((V] @ Unitsz) O] Vz)
Xcr is closed under &, ©, so (v @ units,) © v, € X¢;. Thus,
z=(x® Unitslusz) O & Unitsz) (ORY)

showing that x C z. So the order is transitive. o

Next we prove that the parallel composition @ is associative, commutative

and identify its identity.
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C.1.2 Associativity of Parallel Composition

Lemma C.1.3 (& - Associativity). We show that when (f @ g) ® hand f & (g ® h)
are defined, (f® g)®h=f®(g®h).

Proof. Consider f: Mem[S] — D(Mem[SUT]), g: Mem[U] — D(Mem[UUV]),
and /: Mem[W] — D(Mem[W U X]). For any d € Mem[S U U U W], and m €
Mem[SUTUUUVUWU X],
((f @) ® h)(d)(m) = (f(a%) (™) - g(@”)(m"")) - h(d")(m"X) ~ (def. @)
= f(@)(m*7) - (g(a”)(m"Y) - n(d@") (m"Y))
= (f® (g ® h))(d)(m)
o

Lemma C.1.4 (Standard associativity of ®). For any fi, >, 3 € M, (i ® f2) ® f3
is defined if and only if fi ® (f> ® f3) is defined and they are equal.

Proof. To show that (fi @ f>) @ f3 is defined if and only if f; @ (f> @ f3) is defined,

it suffices to show that

RiNR,=D1ND, (C.1)
(RiUR2) NR3 = (DU Dy) ND3 (C2)
if and only if
RyNR3 =D, N D3 (C.3)
RiN(RyUR3) =D N (DyVU D3) (C4)

We show that eq. (C.3) and eq. (C.4) follows from eq. (C.1) and eq. (C.2):
Recall that D1 € Ry, D> € Ry, D3 C R3, S0
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¢ Equation (C.3) follows from D, N D3 € R, N Rz and D, N D3 2 R, N R3,

which holds because

RyNR3; =R, N ((RyURy) NR3)
=R, N ((Dy UDy) N D3) (By eq. (C.2))

=R, N ((Dy N D3) U (Dy N D3))

C ((R2NRy) N D3) U (D2N D3) (By D1 € Ry)
= ((D2ND1)ND3) U (DyN D3) (By eq. (C.1))
C Dr)N D3

¢ Equation (C.4) follows from (D{ U D;) N D3 C (R{ URy) N Rz and (D U

D>) N D3 2 (R URy) N R3, which holds because

RiN (RyUR3)

= (R NR2) U (R NR3)

C(RINR)U(R N(R;URy) NR3)

=(D1NDy) U(R N(D UDy)ND3)  (Byeq. (C.1)and eq. (C.2))
=(D;ND>2)U((RyND;ND3)U (R NDyN D3))
C(D1NDy)U((DyND3)U(R;NRyN D3)) (By Dy C Ry)
C (D, N Dy) U ((Dy N D3) U (DN DN D3)) (By eq. (C.1))
C(DiNDy)U(D;ND3)

=D N (DyVU D3)

We show that eq. (C.1) and eq. (C.2) follows from eq. (C.3) and eq. (C.4):

¢ Equation (C.1) follows from D1 N D, € RiNRyand D1 N Dy 2 Ry N Ry,
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which holds because

RiNRy=(RiN(RRUR3))NRy
=(D1N(D2UD3)) N Ry (By eq. (C.4))
=D N ((D2NRy) U (D3N Ry))

=D N (DU (D3NRy))

C DN (DU (R3NRy)) (By D3 C R3)
=D N (D2 (D3N Dy)) (By eq. (C.3))
=D NDy

¢ Equation (C.2) follows from (D; U D2) N D3 € (R; U Ry) N Rz and (D U

D) N D3 2 (R U Ry) N R3, which holds because

(Ry URy) N R

= (Ri N R3) U (R, N Ry)

= (Ry N (R, U R3) N R3) U (Ry N R3)

= (D1 N (D2 U D3) N R3) U (D2 N D3) (By eq. (C.4))
= (D1 N ((D N R3) U (D3N R3))) U (Dy N D3)

C (D1 N ((Ry N R3) UD3)) U (Dy N Ds) (By D, C Ry, D3 C R5)
= (Dy N ((D N D3) UD3)) U (D, N D3) (By eq. (C.3))
= (D N D3) U (D, N D3)

= (D1 UDj)N D3
Thus, eq. (C.1) and eq. (C.2) hold if and only if eq. (C.3) and eq. (C.4) hold.
Therefore, (fi @ f>) @ f3 is defined if and only if f; ® (f2 ® f3) is defined. By

lemma C.1.3, they are equal when both defined. o
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C.1.3 Commutativity of Parallel Composition

Lemma C.1.5 (& - Commutativity). When fi & f, and f, ® fi are both defined,
heh=neh

Proof. For any d € Mem|[D; U D;], m € D(Mem[R; U R;]) such that d > m is
defined,

(fi ® L)(d)(m) = fi(dP)(m™) - f(aP?)(m™2)
= (dP)(m™) - fi(dP)(m™)

= (2@ f1)(d)(m)

Thus, fi® o= £ ® fi. o

Lemma C.1.6 (9 - Identity). For any f: Mem[A] — D(Mem[A U X]) € M, and

any S C A, we must show
f@unitg=f
Proof. Since S € A, we have dom(f@units) = AUS = A = dom(f) and range(f ®

units) = AUX US = AU X = range(f). For any d € Mem[A], and any r €

Mem|[A U X] such that d > r is defined, we have

(f ® units)(d)(r) = f(d)(r) - unit(a®) (r®)
= fd)(r)-1
= f(d)(r)

If d > r is not defined, then (f @ units)(d)(r) = f(d)(r). Hence, f @ unitg = f. O
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C.1.4 Other Properties Used in Proving Frame Conditions

Lemma C.1.7. For any f: Mem[A] — D(Mem[A U X]) € M, and any S C A, we

have

f@unitg=f

Proof. Since S € A, we have dom(f@units) = AUS = A = dom(f) and range(f ®
units) = AUX US = AU X = range(f). For any d € Mem[A], and any r €

Mem[A U X] such that d ® r is defined, we have

(f ® units)(d)(r) = f(d)(r) - unit(a®) (r®)
=f(d)(r) - 1= f(d)(r)

Hence, f @ unitg = f. m|

Lemma C.1.8 (Reverse Exchange Equality). We show that when both (fi ® f) ©
(f3® fa) and (f1 © f3) ® (f2 © fa) are defined, it holds that

(fi®f)o(fso f1)=(fi0fz) & (20 fa). (C.5)

Proof. First, the well-definedness of f| o f3 implies that D; € R} = D3 C Rj3,
and the well-definedness of f; o f4 implies that D, € Ry, = D4 € R4. Moreover,

both terms are of type Mem[D; U D3] — D(Mem[R3 U R4]), and, for any d €
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Mem|[D;| U D;] and m € Mem[R3 U R4], we have:

((fief)o(fse f0)(d)(m)

= (fi ® L))"V - (f @ f2) (mP2VP4) (m) (Equation (4.2))
= (Aid@®)(m™) - fo(dP)(m™)) - (f5(mP2) (m™) - fa(mP) (m"))
((fiof) e (f0 f0)(d)(m)

= (f1 @ f5)(dP)(m™) - (o © fa)(dP?) (m™)

= (@) (m®r) - f(dP) (m™)) - (f2(dP?) (m"2) - fa(@P*)(m™))

= (A@”)(m®1) - f(dP)(m"2)) - (f5(mP) (m®) - fa(mP*) (m™))

Thus, (fi© )@ (L0 fi) = (/1 ® £) O (3 f1). m

Lemma C.1.9. For any fi, f>, f3, fa in Xc1, (fi © f3) @ (f» © fa) is defined implies
(fi ® f2) © (f3 ® fa) is also defined. The converse does not always hold, but if in
addition, fi © fzand f © fu are defined, then (fi ® f2) © (f3 @ fa) is defined implies
(fi © f3) ® (f2 © fa) is defined too.

Proof. We prove each direction individually:

e Given (fi © £3) @ (f>» @ f3) is defined, it must that Ry = D3, R, = Dy, and
R3N Ry =Di;NDsy Thus, RiNRy = D3N D4 C R3N Ry = D1 N Dy, ensuring
that f; @ f> is defined;

R3N R4y =D N Dy C Ry NRy =D3N Dy, ensuring that f3 @ f; is defined;
range(f1®f2) = R{URy = D3UD4 = dom(f3® f4), ensuring (f1©2)O( 3@ f1)

is defined.

e Given f; © f3 and f> O f4 are defined, (f; ® f3) ® (f>» © f4) is defined if
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R3N Ry =D N Dy When (fi ® f2) © (f3 ® f3) is defined,

R3;NRy=D3N Dy (Because f3 @ f; is defined)
=R NR, (Because f; © f3 and f» © f4 are defined)
=D N D, (Because f; @ f> is defined)

So (f1 © f3) ® (f> © fa) is also defined. O

C.1.5 Main Theorem: Proving Frame Conditions

Theorem 4.2.1. (X¢;,C,®, 0, Xcp) isa DIBI frame.

Proof. We restate the frame conditions using concrete definitions of ® and © and

then check that they hold.

® Down-Closed We want to show that for any x’,x,y’,y € M, if ¥’ C x and

yEyandx®y =z thenx’ @y’ is defined,and x’ ® y' =7/ C z.
Since ¥’ C x and y’ C y, there exist sets Sy, 52, and vi,v, € M such that
x = (¥’ @ unitg,) ©vy, and y = (y’ @ units,) © v,. Thus,

X®y= ((x' 7 Unitsl) Ov))® ((y' D Unitgz) O vy)

= ((x' @ Unitsl) & (o Unitsz)) O (v ®vy)
(By lemma C.1.9 and C.1.8)

= ((xX’ @ y") @ (units, ® units,)) © (vi ® v2)

(By commutativity and associativity)

= ((x’ & y’) @ (Unitglusz)) O (vi®wvy)
This derivation proved that x’ @ y” is defined, and x’ ® y Cx® y = z.
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© Up-Closed We want to show that forany z’,z,x,y e M,ifz=x0yand z’ J z,

then there exists x’, y’ such thatx’ 2 x,y Jy,and z =x" 0 .

Since 7 3 z, there exist set S, and v € M such that 7’ = (z ® unitg) © v. Thus,

7 = (z®unity) o v
= ((x ®y) ® unity) O v
= ((x @y) @& (unitg © unitg)) O v
= ((x ® units) © (y ® unitg)) O v (By lemma C.1.9 and C.1.8)

= (x @ unitg) © ((y @ unitg) © v) (By standard associativity of ©)

Thus, for x’ = x @ unitg and y’ = (y @ units) v, 7/ =x" 0 y".

® Commutativity We want to show that z = x ® y implies that z = y @ x. First,
x @ y is defined iff range(x) N range(y) = dom(x) N dom(y) iff y & x is
defined; second, when x @ y and y @ x are both defined, they are equal due
to lemma C.1.5. Thus, the ® commutativity frame condition is satisfied.

® Associativity We want to show that z = (x®y) @ zimplies that z = x® (y & 2).

We show that in lemma C.1.4.

@ Unit Existence We want to show that for any x € M, there exists e € E such
that x = e ® x. We show that ¢ = unity serves as the unit under & for
any x. For any x : Mem[A] — D(Mem|[B]), x & unity is defined because

BNO=0=AnN0, and by lemma C.1.7, (x ® unitp) = x.

@ Unit Coherence We want to show thatforanyye M,e c E=M,ifx=y®e,
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thenx J y.

xX=yde
=(yo Unitrange(y)) ® (Unitdom(e) Oe)
=(ye unitdom(e)) O (Unitrange(y) ®e)
(By lemma C.1.8 and lemma C.1.9)

= (y ® UNitgom(e)) © (€ ® UNitrange(y)) (& Commutativity)

Thus, x J y.

© Associativity The frame axiom reduces to the standard associativity of ©.
Kleisli composition satisfies standard associativity, so © also satisfies stan-

dard associativity.

© Unit Existencer, and © Unit Existenceg We need to show that, for any x €
M, there exists e € E such that e © x = x, and there exists ¢/ € E such
that x © ¢’ = x. Since © is the Kleisli composition, for any morphism x :
Mem[A] — D(Mem|[B]), unit, is the left unit, and unit is the right unit.

In addition, for all S, units € M = E.

© Coherencer For any y € M,e € E such that x = y © ¢, we want to show
that x 3 y. We proved in lemma C.1.7 that (y & unitg) = y for any y, so

x=y0Oe=(y®unity) ©e,and x C y as desired.

Unit Closure We want to show that for any e € E and ¢’ J ¢, ¢’ € E. This is

evident because E = M and M is closed under @ and 6.

Reverse Exchange Givenx =y®zandy =y; Oy, z = z1 © 22, we want to show

that thereexistsu =y @z, v=y,®z3, andx =u O v.

After substitution, we get (y1 © y2) ® (z1 ©22) = y®z = x. By C.1.8

and lemma C.1.9, when (y; © y2) @ (z1 © 22) is defined, (y1 ® z1) © (y2 © z2)
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is also defined, and (y; © y2) ® (z1 © 22) = (y1 ® z1) © (y2 ® 22). Thus
(Yi®z1)0(2®z22) =y®z=x,and thusu = y; ® z;, v = y2 ® z completes

the proof. o

C.2 Capturing Conditional Independence

C.2.1 Properties of the Probabilistic Frame

We prove some properties of the model that are useful for proving lemma C.2.8.
Lemma C.2.1 (Disintegration). If f = f1 © fo , then ng, f = fi. Conversely, if

7R, f = fi, then there exists g such that f = f; © g.

Proof. In short, it follows from properties of Kleisli category of discrete proba-
bility monad: Kleisli category of discrete probability monad is a Markov cate-
gory that has conditionals [Fritz, 2020, Example 11.2]; since the kernels are mor-
phisms in this category, and the operator © is the morphism composition in the

category, we have this lemma. We spell out the detailed proof in the following.
For the forwards direction, suppose that f = f; © f>. Then,
mr S = 7R, (f1© f2) = fL © (g, f2) = fiL O UNitg, = f1.
Thus, ng, f = fi.

For the converse, assume 7z, f = fi. Denote range(f) as R. Define g :

Mem[R;] — D(Mem|[R]) such that for any r € Mem[R;], m € Mem[R] such
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that f,(#P)(r) # 0, let

S (rP1)(m) : .
D; r > m is defined
g(r)(m) = fEP1)(r)
0 r >« m not defined

We need to check that g € X¢;. Fixing any r € Mem[R/],

mel\él[le] s = meMem|[R] an;;vmr is defined % (By definition of g)
f@P)(m)
seméatigy S17PN0)

= ) S0 (Because ng, f = f1)

yeMem|[R\R’] erMem[R\Rl] f(rDl)(r ba x)

=1
so g does map any input to a distribution, and g preserves the input.

By their types, fi © g is defined. For any d € Mem[D], m € Mem|[R], if
fi(d)(m®) £ 0, then

(f1 @) (d)(m) = fi(d)(m"™1) - g(m")(m)

= fl (d)(m ) fl (le)(le)
= £(d)(m) (d »< m is defined iff d = mP")

If (g, f)(d)(m®1) = 0, then f(d)(m) = 0, and (f; © g)(d)(m) = fi(d)(m™) -
g(m®)(m) =0 = f(d)(m). Thus, fi © g = f. O

Lemma C.2.2 (Uniqueness). Forany f,g: Mem[X] — D(Mem[X UY]) in M, and

arbitrary h € M, if f C hand g € h, then f = g.

Proof. f C h implies that there exists vy, S; such that (f ® units,)) ©v; =h; g C h

implies that there exists v, S> such that (g @ units,) ©v, = h. Take h: Mem[W] —
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D(Mem[Z U W]), and then

fo Unit51 = ﬂrange(f@unitgl)h = ﬂXUYUdom(h)h

8§ UnitSz = ﬂrange(geaunitgz)h = ﬂXUYUdom(h)h

Thus, f @ units, = g & units,. Now, suppose f # g. This would imply f @ units, #

g @ unitg, which is a contradiction. Thus, f = g. o

Lemma C.2.3 ( © elimination). For any f,g € Xcy, if f © (g @ unitx) is defined and

dom(g) C dom(f), then f © (g ® unity) =g @ f.

Proof. Let f: Mem([S] —» D(Mem[S UT]) and g: Mem[U] — D(Mem[U U V])
bein M. When U C S,

fo(ga Unitx)

= (f @ unity) © (g @ unity & unitgyr) (By C.1.7)
= (unity @ f) © (g @ unity & unitgyr) (By commutativity)
= (unity @ f) © (g ® unitsur) (1)
= (unity © g) ® (f © unitgyr) (By lemma C.1.9 and C.1.8)
=gof O

where f follows from X C S U T, which holds as f © (g & unity) defined implies

SUT=XUU.

Lemma C.2.4 (Converting & to ©). For any kernel f: Mem[S] — D(Mem[SUT])
and g: Mem[U] — DMem[U U V]) in Xc;. If f @ g is defined, then f ® g =

(f ® unity) © (unitsur @ g).
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Proof.

f®g=(founitsyr) ® (unity © g)

= (f @ unity) © (unitsur ® g) (By lemma C.1.9 and C.1.8)
m|

Lemma C.2.5 (Quasi-Downwards-closure of ®). For any f,g,h,i € Xcy, if f E h,

gCi,and f © g, h©iareall defined, then f ©gC hO1.

Proof. Since f C h, g C i, there must exist sets S1, 52 and vi,v2 € M such that
h = (feunits,)Ovy, i = (gdunits,) Ov,. fOgis defined, so dom(g) = range(f) C

range(f @ units,) = dom(v;). Thus,

hoi=(fa® Unitsl) Ovio(ge unit52) O vy
= (f®units)) © (g®vi) ©vy (Bylemma C.2.3 and dom(g) € dom(v;))

= (f &) Unitsl) O(go unitdom(vl)) © (unitmnge(g) ®vi) Oy

(By lemma C.2.4)
=(fe& Unitsl) O(go Unitsl) O] (unitmnge(g) ®v)) OV ()
=((fog) & (Unitsl O} Unitsl)) O} (unitrange(g) Ddv)) OV (@)

= ((f © g) &) Unitgl) © (unitrange(g) Ddv)) Ovy

where 1 follows from dom(g) = range(f) and lemma C.1.7, and © follows

from lemma C.1.9 and C.1.8.

Therefore, f © g C hOi. m|
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C.2.2 Key Lemmas: Conditional Independence is Expressed

Lemma C.2.6 (Classical flavor in intuitionistic model). Forany f € M,

FEWO-2)5(Z>X) x(Z>Y))

if and only if there exist g,h,i € M, such that g: Mem[0] — D(Mem[Z]),
h: Mem[Z] - D(Mem|[ZUX]),i: Mem[Z] —» D(Mem|[ZUY]), and go(h®i) C f.

Proof. The backwards direction trivially follows from persistence. We detail the
proof for the forward direction here. Suppose f = (0> Z) ; ((Z> X) * (Z > Y)).
Then, there exist fi, f2, f3, fasuchthat 10 AL = f, D 1 T f, fi E (0> Z),
fHEZeX)and fu|F (Z>7).

* f1 E (0> Z) implies that there exists f{" C fi such that dom(f") = 0, and
range(f]’) 2 Z. Let f{ = nzf{. Note that f/: Mem[0] — D(Mem[Z])
and f{ C f" C fi. Hence, there exists some set S| and v; € M such that
fi = (f] ®units,) ©vy.

* f3 E (Z » X) implies that there exists f;” C f; such that dom(f]) = Z,
and range(f;’) 2 X. Define f; = nzuxfy. Then f; C f € f3, and
f3: Mem[Z] —» D(Mem[X U Z]).

* f4 E (Z » Y) implies that there exists f;” C f; such that dom(f;") = Z,
and range(f;,’) 2 Y. Define f; = nzuyf; and note that f;: Mem[Z] —

DMem[Y U Z]).

* By @ Down-Closed, having f; @ f4 defined implies that f; & f; is also de-
fined and £ ® f, C f3 ® fi C f. Thus, there exists some v, € M and finite

set S, such that f; = (f3/ @ f;( @ units,) © va.
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Using these observations, we can now calculate and show that f{ © (f; ® f; ®

unity) C fi @ fo:

1o f
= (f] ®units,) ©vi © (f5 & f, @ units,) O v»

= (f] @ units,)) © (f5 & f1 ®vi) Oz

(By lemma C.2.3 and dom(f; & f;) = Z C range(f| ® units, ))
= (f] @ units,) © ((f; @ f; ® UNitgom(v,)) © (UNitxuyuz ®vi)) ©v2  (By lemma C.2.4)
= (f] @ units,) © (f;5 ® f; @ unitz ® units,) © (Unitxuyuz ® vi) O v2

(By dom(vy) =Z U )

= ((fl, ©} (f3, D f4’ ® unity)) @ (Ul’lits1 © Unitsl)) O (Unitxuyuz ®vi) © vy

(By lemma C.1.8 and lemma C.1.9)

= ((fl, © (f3, (&) f4’ (&) Unitz)) (&) Unitsl) © (unitXUYUZ (&) V1) [ORY)

= ((ff © (f4 & f1)) @ units,) © (Unitxuyuz ® vi) © v2 (By lemma C.1.7)
To finish, take g = f{: Mem[0] — D(Mem|[Z]), h=f;: Mem[Z] — D(Mem[Z U
X1),i=f;: Mem[Z] — D(Mem[ZUY]), and note that g© (h®i) = f{O(f;& f;) C
e LE S O

Lemma C.2.7. If X,Y are conditionally independent given S, then values on X NY is

determined given values on S.

Proof. In short, conditional independence is closed under projection (of the con-
ditionally independent components). Thus, X NY is conditionally independent
to itself given S. Any random variable independent to itself must be determin-

istic. Thus, X NY is deterministic given S. We spell out the detailed proof below.

Let X" =X\Y,Y’ =Y\ X. By assumption, X,Y are conditionally independent
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given S, so x € Mem[X], y € Mem[Y], s € Mem[S],
pX=x[S=s)-uY=y|S=s)=p(X=xnY¥Y=y|S=s).

Thus, if we denote x’ = nx.x, y) = ny'y and let M = X nY, then for any m €

Mem|[M],

uX' =x'nY =ynM=m|S=ys)
=uX'=xN"M=m|S=s)-ulY =yNM=m|S=ys) (C.6)

For any probabilistic events E,Ey, E3, u(Ey N Ey | E3) = u(Ey | E2,E3) - u(E3 |
E3). Thus, eq. (C.6) implies that

uX'=x"I1M=mnS=s)-uY =y |M=mnS=s)-u(M=m|S=s)
=uX' =x'nY' =y |[M=mnS=s) (C.7)
Then, for any s € Mem[S],m € Mem[M] such that uy(M =m NS =5) #0,
uX'=x'|M=mnS=s)-ulY =y |M=m,S=s)-u(M=m|S=s)
x’eMem[X’]Ny’eMem|[Y’]

= Z uX' =x"Y =y | M=m,S=5) (Because of eq. (C.7))
x’eMem|[X’],y’eMem|[Y’]

-1 (C.8)

Meanwhile, for any s € Mem([S],m € Mem[M] such that m »< s is defined
and u(M =m,S =s) #0,

X' =x' |M=mnS=s)-u(Y' =y |[M=mnS=s) - u(M=m|S=s)
x’eMem|[X’],y’eMem|[Y’]

uX'=x"I1M=m,S=s) - uY =y |M=mnS=s)|-u(M=m|S=y5)
x’eMem[X’],y’eMem|[Y’]

:( Z ,u(X’zx’|M=mﬂS:s))-( Z y(Y':y'|M:mﬂS:s))-,u(M:m|S:s)

x’eMem[X’] y’eMem|[Y’]

—1-u(M=m|S=5s) (C.9)
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Combining eq. (C.9) and eq. (C.8), we derive u(M = m | § = 5) = 1. That
is, when X 1L Y | S, whether M 2 S or not, u(M = m,S = s) # 0 implies
u(M =m | S =5)=1. Thus, X 1L Y | S renders values on X NY deterministic

given values on S. m|

Lemma C.2.8. For a distribution 1 on Var, let f, denote the kernel () v p. Then, there
exist S, X,Y C Var, fi: Mem[0] — D(Mem[S]), f>: Mem[S] —» D(Mem|[S U X]),
f3: Mem[S] — D(Mem[SUY]) such that {iO(f2® f3) E fu ifandonlyif X 1L Y | S

andalso X NY C S.

Proof. Forward direction: Assume the existence of fi, f>, f3 satisfying fi © (f2 ®

f3) E fu. Wemustprove X 1LY [ Sand X NY C S.

1. XNY € S: 28 f; defined implies (XUS)N(YUS) € SNS. Thus, XNY C S.

2. X 1LY |S: Byassumption, fi © (2@ f3) C f,. lemma C.2.1 gives us f; ©

(L@ f3) = msuxuy (fu), and fi = ms(f,). Thus, forany m € Mem[X UY U S],

p(X =m Y =m", S =m®) = (wxuyusp) (m” pam” >am®)

= mxurus (fu) () (m™ e m” o m®)

= fio (H® f)())m* sam” sam®)

Similarly, since f; = ws(f,), we have

p(S =m®) = (msp) (m*) = (ws(fu)) (O)(m*) = f1(()(m®) (C.10)
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By definition of conditional probability, when u(S = m%) # 0,

uX =mXYy =m" | § =m®)

B ,u(szX,Y =mY,S = m®)
- u(S =mS)
_ho(he S)()) (m® s m* bam”)
J1(() (m5)
_ SO m®) - (f2 @ f3)(m®) (m® >« mX bam”)
J1(O) (m?)

= (2 ® f3)(m°) (m® sa m* bam”)

(By eq. (4.2))

= fo(m®)(m*%) - f50m%) (m") (C.11)

Let f; = f> ® UNitmem(y], f; = f3 ® UNityem[x)- By lemma C.2.4,

02 f3) =110 £ 0 (fs®UnitmMem[x]) =f1© L O f3

fio(fLe ) =08 f)=110£0(feunitvemy) =0 301

Lemma C.2.1 gives us mxus(fu) = fi © f>, and myus(fu) = f1 © f3, Therefore,

p(X =m*, 8 =m®) = (mxus (fu)) () (m® >a m*)

= (fi © L)) (m” »am™)

= Al()(m®) - fo(m®) (m® v m™)
p(Y =m", S =m®) = (xyus (fu) () (m® >am")

= (fi @ f3)(0)(m® »am")

= Al (m®) - f5(m®) (m® 2 m")
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Thus, by definition of conditional probability.
Cu(X = mX, S =m5)
S u(S=md)

_ A - fo(m) (m9X)
F1(0) (m)

= fo(m®)(m>%) (C.12)

X = X — S
WX =m | §=mb) = HE=m8 = m)
u(S = mS)

_ L)) - f3(m®) (m)
Si1(O)(m?)

= f3(m®)(m*"") (C.13)

p(X =m* | S=m’)

Substituting eq. (C.12) and eq. (C.13) into the equation eq. (C.11), we have
pX=m* Y =m" | S=m®) = u(X =m* | S =m®) - u(X =m" | $ = m"))

Thus, X,Y are conditionally independent given §. This completes the

proof for the first direction.

Backward direction: We want to show thatif X 1L Y | Sand X NnY C S then
there exists such fi, f>, f3 that fi © (2 ® f3) C f,. Given u, we define fi = ng(f,)

and construct f5, f3 as follows:

Let £ : Mem[S] — D(Mem[S U X]). For any s € Mem[S], x € Mem[X],
when f1({))(s) # 0, let

W if s >« x is defined

fa(s)(s e x) =

0 otherwise

When fi({))(s) = 0, we can define f>(s)(s »< x) arbitrarily as long as f>(s) is a

distribution, because that distribution will be zeroed out in f; © (/2@ f3) anyway.
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Similarly, let f3 : Mem[S] — D(Mem[S U Y]). For any s € Mem[S], x €
Mem|[Y] such that s >« y is defined, when f;({})(s) # 0, let

% if s >a y is defined

S(s)(spay) =

0 otherwise

By construction, fi, f>, f3 each has the type needed for the lemma. We are left to
prove that given any s € Mem[S], f> and f3 are kernels in X¢;, fi © (f2 @ f3) is
defined, and f; © (/2 ® f3) C f..

e State f» is in X¢;, which boils down to show that: for any s € Mem[S],
f2(s) forms a distribution, and also f, preserves the input. It can be shown

through by mechanical calculation and we omit it here.
e State f3 is in X¢;. Similar as above.
e State fi © (f» ® f3) is defined.

f2® f3is defined because R, NR3 = (SUX)N(SUY) =SU (X NY), and by
assumption, X NY € §,soSU(XNY)=S=DyND3. Then fi © (2 ® f3) is
defined because dom(f, ® f3) = D, U D3 =S U S = S = range( f}).

* State f1 0 (2 ® f3) E fu.

It suffices to show that there exists g such that (fi © (£ ® f3)) © g = fu-

For any s € Mem[S], x € Mem[X], y € Mem[Y] such that s >« x > y is
defined,

fio (28 f3)(()(spaxsay) (C.14)
=il (s) - 2@ f3(s)(s>2xpay)

= i) - (f2(s) (s> x) - f3(s) (s> y))

=u(S=9) (X =x|S=s5)-uY=y|S=s)) (C.15)
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Because X, Y are conditionally independent given S in the distribution ¢,
pX=x[S=s5) - uY=y[S=s)=puX=xY=y[S=s) (C.16)
Substituting eq. (C.16) into eq. (C.15), we have

fio (e f3)(Q)(spaxray) =pu(S=9) p(X=xY=y|S=s)

=uX=x,Y=y,5=5)

Let g : Mem[X UY U S] — D(Mem[Val]) such that for any d € Mem[X U

Y U S§], m € Mem|Val] such that d > m is defined, let
gldy((m)=u(Val=m | XUYUS =d)
Then, (f1 © (f>» ® f3)) © g is defined, and

(fio (L@ f3)08)(()m) = (fi o (He L)) m™ ). g(mX ) (m)

= u(Val = m)

Thus, (fi © (/2 ® f3)) © g = fu, and therefore 1 © (2 ® f3) T fy

This completes the proof for the backwards direction. o

C.2.3 Validating Graphoid Axioms, Section 4.2.3

Lemma C.2.9 (Weak Union). The following judgment is valid in Xc;:

F[Z]5 ([X] = [YUW]) = [ZU W] ([X] * [Y])

Proof. For any f € Xc¢y, if f E [Z] 5 ([X] = [Y U W]), by lemma C.2.6, there

exist f1, 2, f3 € M such that f; © (2, ® f3) C f, fi : Mem[0] —» D(Mem|Z]),

£ Mem[Z] - D(Mem[Z U X]), f3: Mem[Z] - D(Mem[Z UY U W]).
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Let f = mzuw f3, then by Disintegration there exists f7 € M such that f3 =
f3 © f}. We note that

fio (2o f3) =00 (Unitzuyuw & f2) (By lemma C.2.4)
= f1 © f3 © (Unityuw & f2) (By dom( f5) = Z)

= fi© (f; © ) © (unityuw ® f2)

= f10 f; © (f5 © (unityuw & f2))
= fi0 fi © (2@ unity) ® f7) (1)
where T follows from lemma C.2.3 and dom(f; @ unity) = Z U W C range( f31).

Thus, fi © f; © ((f2 ® unity) & f}) C f.

Note that f; © f31 has type Mem[0] — D(Mem[Z U W]), so fi © f31 E (0>
ZUW). State f, @ unity has type Mem[Z U W] — D(Mem[Z U W U X]), so
f@unity = (ZUW » X). State f7 has type Mem[ZUW] — D(Mem[ZUW UY]),

SO f32 E (ZUW»Y). Therefore,

fiofio((freunty) e ff)EO>ZUW)3(ZUWs X) x (ZUWsY).

By persistence, f = [Z U W] 5 ([X] * [Y]), and Weak Union is valid. O
Lemma C.2.10 (Contraction). The following judgment is valid in Xc;:

F (2] ([XT = [YD) A ([Z0Y] 5 ([X] = [W]) — [Z] 5 ([X] = [Y UW])
Proof. Tf h = ([Z] § ([X] = [Y])) A ([Z VY] 5 ([X] * [W])), then

* h = [Z]5([X] = [Y]). By the Classical flavor in intuitionistic model lemma,
there exists f1, f2, f3 such that f; : Mem[0] —» D(Mem|[Z]), f> : Mem[Z] —
D(Mem[Z U X]), f3: Mem[Z] > D(Mem[Z UY]),and fi © (f> ® f3) C h.

Note fi © (f2 @ f3) has type Mem[0] — D(Mem[Z UY U Z]).
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* hE[ZUY]s5([X] = [W]). By lemma C.2.6, there exists g1, g2, g3 such that
g1 :Mem[0] > D(Mem[ZUY]), g, :Mem[ZUY] > D(Mem[ZUY U X]),

g3:Mem[ZUY] - D(Mem[ZUY UW]),and g; © (g2 ® g3) C h.

Note g; © g2 has type Mem([0] - D(Mem[Z UY U X]).

Bylemma C.2.2, fio (2 ® f3) =81 O g2

210 (g2 ® g3) = g1 © (g2 ® unitzuy) © (Unitzuyux ® g3) (By lemma C.2.4)

= g1 © g2 O (Unitzux & g3)

(Because ZUY C dom(gy), Y € dom(g3))

=10 (/2@ f3) © (Unitzux ® g3) (fio(fadf3)=810g2)
= f1 0 ((f2 © unitzux) & (f3 © g3)) (By C.1.8)

=fio (Lo (f30g3)

By their types, itis easy toseethat fi F (0> 2), L E(Z> X), 08 E(Z»>
Y UW). So,

fio(f2e(f308)) FI1Z]5 ([X] « [Y UW]).

Also, note that h 3 g; © (g2 ® g3) = f1 © (2 ® (3 © g3)), so by persistence,

hiE@>2)3((Z> X)*x (Z>Y UW)). O

C.3 CPSL Assertion Logic

For the proof of Theorem 4.3.1, we need the following characterization of g C f.

Proposition C.3.1. Let f be a Markov kernel, and let D C dom(f) C R C range(f).
Then we have ng(f(m)) = g(m’) for allm’ € Mem|[D], m € Mem[dom( f)] such that

mP =m’ ifand only if g C f and dom(g) = D, range(g) = R.
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Proof. For the reverse direction, suppose that f = (g ® units) © v, with S disjoint

from dom(g). Since range(g) € dom(v), we have:

mr(f(m)) = nr((g @ units)(m))

= 7g(g(m") @ units(m*))

= 7g(g(m?)) ® zg (units(m*))

= g(m")

= g(m’).

For the forward direction, evidently dom(g) = D and range(g) = R. Since f
preserves input to output, we have mgom(r)(g(m’)) = Tdom(s)(f (m)) = unit(m’) so
g preserves input to output and g is a Markov kernel. We claim that g C f. First,
consider g ® UNitgom(r)\p; Write D’ = dom(f) \ D. For any m € Mem[dom(f)],

we have:

npur(f(m)) = wr(f(m)) ® mp (f (m))
= g(m®) ® unitp (m?")
= (g @ unitp)(m).

So by lemma C.2.1, for every m € Mem[dom( f)] there exists a family of kernels

g Mem[D’UR] — D(Mem[range(f)]) such that

f(m) =bind((g & unitp)(m), g,,)

Defining g’(m) = g;ndomm (m), we have:

f(m) = ((g ®unitp) ©g’)(m)

andsogC f. O
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C.3.1 Restriction

Theorem 4.3.1 (Restriction in DIBI,). Let P € DIBI, with atomic propositions (¢ »
W), as described above. Then f | P if and only if there exists f* T f such that
range(f’) C FV(P) and f' = P.

Proof. The reverse direction is immediate from persistence. For the forward
direction, we argue by induction with a stronger hypothesis. If f £ P, we
call a state f’ a witness of f | P if f £ f, FVr(P) C range(f’) € FV(P),
dom(f’) € FVp(P), and f’  P. We show that f | P implies that there is a

witness f’ = P, by induction on P.

Case (D » R): We will use two basic facts, both following from the form of the

domain and range assertions:

1. If m 4 D, then dom(m) = FV(D).

2. If u &, R, then dom(u) 2 FV(D).

f E (D » R) implies that there exists f’ C f such that for any m € M, such

that m |4 D, f’(m) is defined and f’(m) , R.

Let T = range(f’) N (FV(D) UFV(R)). We claim that 77 f” is the desired

witness for f | P.
e nrf’ is defined and n7 f’ C f because:

dom( f’) = dom(m) (for any m € M, such that m =4 D)
- FV(D)

cT.

Thus 77 f’ is defined, and n7 f' C f' C f.
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e range(nrf’) =T € FV(D) UFV(R) = FV(P).

e 7rf" E (D » R): For any m € M, such that m =4 D, f'(m) is a
distribution. Based on the restriction theorem for probabilistic BI,
TRV (R)nrange( ) (f'(m)) E R too. Since T 2 FV(R) N range(f”), persis-
tence in M,, implies n7(f’(m)) E R. By definition of marginalization
on kernels, (n7f")(m) = np(f'(m)). Since (n7f’)(m) E R, we have

nrf" E (D > R) as well.
e EVp(P) =FV(D),so dom(ny f’) = dom(m) = FV(D) = FVp(P).

e FVR(P) = FV(D » R) = FV(D) UFV(R), so

range(n7 f') 2 dom((nrf')(m)) (for any m € M, such that m =4 D)
> FV(D) UFV(R) (By (w7 f")(m) E R)

- FVR(P).

so 7 f” is a desired witness for f = P.

Case O A R: Assuming FVR(Q) = FV(Q) = FVR(R) = FV(R). By definition,
f E Q A R implies that f = Q and f  R. By induction, there exists
f’' E f such that FVR(Q) = range(f’) = FV(Q), dom(f’") € FVp(Q), and
f" E O, and there exists f” £ f such that FVR(R) = range(f”) = FV(R),
dom(f”) € FVp(R) and f” |= R. Thus, range( f’) = range(f”).

Note that dom(f’) = dom(f) N range(f’) because in our models, f" C f
implies that there exists S and some v such that f = (f @ ns) © v,
and we can make § disjoint of dom(f’) and range(f’) wolog. Then,
dom(f) = dom(f’ & S) = dom(f’) U S, and range(f’) = range(f' ® S) \ S,
so dom( f) U range(f’) € dom(f’). Meanwhile, since dom(f") € dom(f)
and dom( f’) € range(f’), dom(f’) € dom(f) Nrange(f’). So dom(f’) =
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dom(f) N range(f’). Similarly, dom(f”) < dom(f) N range(f”), so
range(f’) = range(f”) implies that dom(f’) = dom(f”).
Since dom(f’) = dom(f”) and range(f’) = range(f”), proposition C.3.1
implies that f* = f”. This is the desired witness: f’ = f” | Q and f’ =
/" ER.

Case Q VR: fEQVRimpliesthat f EQor f ER.

Without loss of generality, suppose f = Q. By induction, there exists f” C
f such that FVR(Q) ¢ range(f’) € FV(Q), dom(f’) € FVp(Q). Then:

range(f’) € FV(Q) UFV(R) = FV(P)
range(f’) 2 FVR(Q) N FVR(R) = FVR(P)

dom(f") € FV(Q) UFV(R) = FVp(P).

Thus, f’ is a desired witness.

Case Q § R: Assuming FVp(R) € FVR(Q).
f E Q% R implies that there exists fi, f> such that fi © 2 = f, fi E O,
and 2 = R. fi © f» is defined so range(fi) = dom(f;). By induction,
there exists f{ C fi such that f/ | Q, FVR(Q) C range(f]) € FV(Q) and
dom(f]) € FVp(Q), and there exists f; C f; such that £ = Q, FVr(R) C
range(f;) € FV(R), and dom(f;) € FVp(R).

Now,f = f] © (f; ® UNitange( FO\dom(f;)) 1S defined because dom(f;) <
FVp(R) € FVR(Q) C range(f/). Then, we have
fEQ3R
range(f) = range(f]) Urange(f;) € FV(Q) UFV(R) = FV(P)
range(f) = range(f{) U range(f;) 2 FVr(Q) UFVg(R) = FVg(P)

dom(f) = dom(f]) € FVp(Q) = FVp(P).
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f E £, £ ® UNitrange(s)\dom(z)® E f2, S0 by lemma C.2.5, f = f] © (f; @
UNitrange(/))\dom(f)) E /1 © f2 = [
Thus, f is a desired witness.

Case Q0 * R: f = QO * R implies that there exists fi, f> such that fi ® f, C f,
fiEQ and f> E R.

By induction, there exists f] E f; such that f] F Q, FVr(Q) C range(f]) C
FV(Q) and dom(f]) € FVp(Q), and there exists fJ C f> such that f] | Q,
FVRr(R) ¢ range(f;) € FV(R), and dom(f;) € FVp(R). By downwards
closure of ®, f{ @ f; isdefined and f]® f; C fi® /2 C f. Wehave f{ & f;
0 * R, and

range(f; ® f;) = range(f{) Urange(f;) € FV(Q) UEV(R) = FV(P)
range(f{ ® f,) = range(f{) Urange(f,) 2 FVr(Q) U FVR(R) = FVR(P)

dom(f{ ® f;) = dom(f) Udom(f;) € FVp(Q) UFVp(R) = FVp(P).

Thus, f| ® f; is a desired witness.
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C.3.2 Extra Axioms

Proposition 4.3.2. The following axiom schemas for atomic propositions are valid.

(S:pavpr)N(S:pl>pr) > (S:paApy>p-ApL)  ifFV(p,) =FV(p,)

(AP-AND)
(S:pa>pr) AN(S:py>p,) = (S:paVpy>prVpy) (AP-OR)
(S:pa>pr)* (S :py>pr) = (SUS :paApy>pr=p;) (AP-PAR)

py — paand |, p, — p; implies = (S: pa>p,) — (S:py>p,)  (AP-IMP)
Proof. We check each of the axioms.

Case: AP-AND. Suppose that w £ (S : pa > p,) A (S : p); > p;). By semantics of
atomic propositions, there exists w; £ w and wy T w such that forallm €
Mem(S] such that m 4 ps A p/;, we have wi(m) |, p, and wa(m) - p;.
By restriction (theorem 4.3.1), we may assume that range(w;) = FV(p,) =
FV(p;) = range(w>). Thus, proposition C.3.1 implies that w; = w,, and so
wE (S:paAp,>prApy).

Case: AP-OR. Immediate, by semantics of V.

Case: AP-PAR. Suppose that w |= (S : pg > p;) = (8" : pl, » p;). We will show
thatw | (SUS": pa * pl, > p, * py).
By semantics of atomic propositions, there exists w; 5 w and wy Ty w
such that w; & wy C w, and for all m; € Mem|[S] such that m; 4 ps, we
have wi(m) [, p,, and for all my € Mem[S’] such that m; [F4 p/, we have
wa(m2) Fr p).
Now for any m € Mem[S U §’] such that m |4 pa A p/;, we have mS Eq pa

and m% |z p/,. Thus wi(m%) |, p, and wo(m%') |, p,. Letting T = SN S’
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and T1 = S\ T; I = §' \ T be disjoint sets, and noting that w;, w, both
preserve inputs on 7, we have:
w1 @& wa(m) = mp,wi (m%) ® unit(m’) ® ﬂTzwz(mS')
= (mr,wi (m%) @ unit(m?)) @, (unit(m’) ® 7TT2W2(mS,))
= wi(m®) @ way(m®)

Er Dr *p;

Thus, w E(SUS": pa = pl;» pr * py).

Case: AP-IMP. Immediate, by semantics of —.

O

Proposition 4.3.4. (AXIOMS FOR DIBI,) The following axioms are sound, assuming

both precedent and antecedent are in DIBL,.

(P$Q)sR— P5(Q*R) (INDEP-1)
P3Q > PxQ if FVp(Q) = 0 (INDEP-2)
P50 - P5(Q=(S>[S]) (PAD)
(P+Q)3(R*58)— (P3R) % (Q3S) (RESTEXCH)

Proof. We prove them one by one.

INDEP-1 We want to show that when (P §Q) s R, P 5 (Q * R) are both formula
in DIBL,, f £ (P$Q) $ Rimplies f = P§(Q * R).

By proof system of DIBI, f = (P ¢ Q) 3 R implies that f £ P5(Q ¢ R). While
P35 (Q ¢ R) may not satisfy the restriction property, that is okay because we

will only used conditions guaranteed by the fact that (P §Q) R, P §(Q *
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R) € DIBL,. In particular, we rely on P, Q, R each satisfies restriction, and

FVp(Q * R) € FVR(P), which implies that

FVp(R) € FVp(Q * R) C FVR(P) (C.17)

f E P35 (Q¢R) implies there exists f,, f,, f; such that f, E P, f, E Q, and
JfrER,and f, © (f4 © f;) = f.
By restriction property theorem 4.3.1, f; | Q implies that there exists f;] C

fqsuch that FVR(Q) C range(f7) € FV(Q) and dom(f;) € FVp(Q). f7 C f,

so there exists v, T such that f; = (f] & unity) © v.

Similarly, f, £ R, by theorem 4.3.1, there exists f; C f, such that FVr(R) C
range(f/) € FV(R) and dom(f/) € FVp(R). f/ C f; so there exists u, S

such that f, = (f/ &k units) © u.
Now, we claim that FVp(R) € dom(f] @ unity):

By theorem 4.3.1 f, [ P implies that there exists f, T f, such that
FVR(P) C range(f;) € FV(P), dom(f,) € FFV(P), and f; E P. Thus,
FVR(P) C range(f,) = dom(f,).

Recall that FVp(R) € FVR(P), so FVp(R) € domf,; = domf; & unitr.

As a corollary, we have dom(f/) € FVp(R) € dom(f; @ unity) € dom(v),
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and dom(f;) € FVp(R) € dom(f; @ unitr). Then,

fa © fr = ((f; ®unity) ©v) © ((f] ® units) © u)
= (f, ® unity) © (v © (f/ ® units)) O u
(By standard associativity of ©)
= (fy®unity) o (ff®@v)ou
(By lemma C.2.3 and dom(f/) € dom(v))
= (f, ® unitr) © ((fy © UNitrange(s)) ® (UNitgom(y) © V) O u

= (f, ® unitr) © (f; & UNitgom(y)) © (UNitrange(rn ®v) Ou (V)

= ((fc; ® unitT) @ fr,) © (V ® Unitrange(f,f)) Ou (T)
= ((f(; ® unity) ov) & (f) © Unitrange(f,’)) Ou (@)
=Jfq® Jfr

where 1 follows from lemma C.2.3, dom(f) € dom(f; @ unitr) and exact

commutativity, © follows from lemma C.1.8 and lemma C.1.9.

Thus, f, © f- E Q * R. And by satisfaction rules,
FEPS(Q=R)
INDEP-2 We want to show that under the special condition FVp(Q) = 0, f E
P §Q implies that f = P = Q.

If f E P3Q, then there exists f,,, f, such that f,0f, = fand f, EP, f;, E Q.

By restriction property theorem 4.3.1, f; | Q implies that there exists f;
fq such that FVR(Q) C range(f;) € FV(Q) and dom(f)) € FVp(Q). f; C f;

so there exists v, T such that f; = (f] & unity) © v.

Since dom(f;) € FVp(Q) and FVp(Q) = 0, it must dom(f7) = 0, and thus
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PAD

no matter what the domain of f), is, dom(f;) € dom(f,). Thus,

fp © fg=fp 0 (fy@unitr) Ov

=(frof) oV (By lemma C.2.3 and dom(f;) € dom(f}))

Thus, f,® f, C f, © f; = f. By satisfaction rules, f,, P and f; E QO implies
that f, @ f; E P = Q. Thus, by persistence, f | P * O

We want to show that when P Q, P35 (Q * (S » S)) are both in DIBI,,
fEP;Qimplies f | P5(Q * (5> 5)).

One key guarantee we rely on from the grammar of DIBI, is that

FVp(Q) U S = FVp(Q * (S » S)) € FVR(P).

When f | P35Q, there exists f,,, f, suchthat f,0 f, = fand f, E P, f, F O,

By theorem 4.3.1, f, P implies that there exists f, T f, such that
FVR(P) C range(f,) € FV(P), dom(f,) € FFV(P), and f; | P. By the
fact that f,, © f, is defined, and that the definition of preorder in our con-

crete models, f) T f, implies
dom(f;) = range(f,) 2 range(f,) 2 FVr(P) 2 S

Since f; preserves input, § C dom(f,) implies that f; = f; ®unitg, and thus
f» © fg = f» © (fy @ unity).

Note that units = (S » [S]), and f, E Q. Thus, f, @ units | Q = (S » [S]).
Since f, P, it follows that

Jp © (fg ® units) F P35 (Q = (S» [S])
Since f = f, © f; = fp © (f, ® unity),
SEPS(Q=(S>[S])
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RESTEXCH We want to show that when (P « Q)$(R * S) and (PSR) = (Q3S) are
both formula in DIBL,, f = (P * Q) § (R = S) implies f = (P x R) = (Q * S).

The key properties that being in DIBI, guarantees us are that

FVp(R) C FVr(P)  FVp(S) € FVR(Q)

FVp(R = §S) = FVp(R) UFVp(S) € FVR(P * Q) = FVR(P) UFVR(Q)

If f E (P Q)3 (R = S), then there exists fj, f> such that fj © f, = f,
fi EPx*Q, fr ER «S. That is, there exist u;,v; such that u; ® v C fi,

u; E P,and v| E Q; there exist up, v, such thatu, ® vy C 5, us E R, v2 E S.

By theorem 4.3.1,

u; F P implies there exists u| C u; such that FVRr(P) C range(u}) C

FV(P), dom(u}) € FVp(P), and u/ | P.

* v | Q implies there exists v{ C vi such that FVR(Q) C range(v/) C

FV(Q), dom(v}) € FVp(Q), and v/ F Q.

* u> | R implies there exists u}, C us such that FVR(R) C range(u)) C

FV(R), dom(u}) € FVp(R), and u} | R.

* vy | § implies there exists v}, C v, such that FVRr(S) C range(v))

N

FV(S), dom(v)) € FVp(S), and v} [ S.

By Downwards closure property of &, u}, @ v/ is defined and u}, & v, C
u, ® vy C f5. Say that fi = (u; @ vy @ units)) © hy, fo = (v}, ® V), ® Units,) © ho.

Also,

dom(u}, @ v}) = dom(u}) U dom(v)) € FVp(R) UFVp(S) € FVR(P) UFVp(Q)

C range(u) Urange(v]) C range(u;) Urange(v;) = range(u; @ vi)
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Then

f10 fo=(u1 ®v; & units,) © hy © (u) & v, @ units,) © hy
= (u1 ® v ® units,) © (u) ® V) ® h1) © hy (©)
= (u1 ® vi ® Units,) © ((u) ®Vv5) © unitmge%@v;)) ® (UNitgom(n,) © A1) © ho
= (u1 @ vy ® Units,) © (u3 ® v & UNitgom(n;)) © (UNitrange(uyevy) @ 1) © 2
(1)
= (u1 @ vy ® Units,) © (uy ® v ® UNitrange(uavy) ® UNits,) © (UNitrange(usevy) ® 1) © o
= (((u1 ®v1) © (uy & v ® UNitrange(uev,))) @ UNits,) © (UNitrangewyeny) © A1) © o
(1)
= ((u1 © () & UNitange(u;))) & (Vi © (V5 ® UNitrange(r,))) & Units,)
© (UNitrange(uyevy) ® h1) © hy
(t and exact commutativity, associativity)
where © follows from lemma C.2.3, dom(u} ® v}) C range(u; ® vi) C

dom(%;), and T follows from lemma C.1.8 and lemma C.1.9.

Thus, (11 © (4}, ® UNitrange(u;))) ® (vi © (V5 ® UNitrange(v;))) E f1 © fo. Recall
that u, | R. By persistence, u}, ® UNitrange(u;) F R. Similarly, v/, | S, so by

persistence, v, ® UNitrange(v,) F S. Therefore,
(u1 © (”/2 @ Unitrange(ul))) D (Vl © (Vlz S unitrange(vl))) = (P 9 R) * (Q 9 S)

Then, by persistence, f = (P$R) * (Q§S).

Proposition 4.3.5. (AXIOMS FOR ATOMIC PROPOSITIONS) The following axioms
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are sound. For any S, A, B,C C Var,

(S»[A] = [B]) = (S>[A]) « (S» [B]) ifANBCS (REVPAR)
(S» [A] * [B]) — (S [AUB]) (UNIONRAN)
(A>B)5(B»C) = (A C) (ATOMSEQ)
(A>B) > (A»A)s(A> B) (UNITL)
(A>B) > (A»B)s (B> B) (UNITR)

Proof. We prove it one by one.

REVPAR Given any f [ (S » [A] = [B]), by satisfaction rules and semantic of
atomic propositions, there exists f” C f such that for all m € M, such that
m Eq S, f'(m) Er [A] * [B].
Since f’(m) is defined and f’(m) |, [A] = [B], it follows that dom(f’) = S
and range(f’) 2 SU A U B. Thus, we can define fi = nsuaf’, f» = nsusf’.

Note that fi E (S> A), f» E (S> B). Also, because ANB C S,
range(f1) Nrange(f) =(SUA)N(SUB) =S,

and thus f; @ f> is defined. We now want to show that f; & f, C f.

Note f'(m) = [A] = [B] implies that there exists up, u» such that u; @,
2 E f'(m), and dom(u1) 2 A, dom(uz) 2 B. Since f’ preserves input on
its domain S, ngf’(m) = unit(m), so (u1 &, unit(m)) &, (uz &, unit(m)) C
f'(m) &, unit(m) &, unit(m) = f’(m) too. Let y| = maus(u1 &, unit(m)) and
W, = mpus((2 &, unit(m)). Then due to Downwards closure in My, i &, 1))

will also be defined, and

My & (5 E (1 &, unit(m)) &, (u2 ®, unit(m)) C f'(m),
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which implies that ¢} @, ) = nsuaupf’(m). In the range model, this means
that u} = msua f'(m), W, = msupf’(m).

Then for any m’ € Mem[S], any r € Mem[A U BU §],

(wsuavs ) (M) (r) = (wsvavpf (M) (r) = W) & wo(r) = py (r59%) - wo (r59%)
(fi® L)) () = A(m) () - fr(m') (r59P)
= (rsuaf)(m") (594 - (msup f (m') (r5P)

= 1 (59Y) - (5P

Thus, fi ® £ = msuausf’, which implies that fi @ f> E f. By their types,
fi®fhE@>A) *(S>B).
By persistence, f = (S > A) * (S » B).

UNIONRAN Obvious from the semantics of atomic proposition and the range
logic.

ATOMSEQ Givenany f £ (A > B) 5 (B » C), by satisfaction rules and semantic

of atomic propositions, there exists
* fi,fasuchthat fi© fo = f;

* f| E fi such that for any m € M, such that m =4 A, f{(m) &, [B].

* f5 C fa such that for any m € M, such that m |=4 B, f,(m) =, D[C].

Note that f{(m) |, [B] implies that B C range(f/), so npf] is defined. Let
=]
Note that for any m € M, such thatm =4 A, f{'(m) &, [B] too,so f” E (A »

B) too. Also, by transitivity, f|" C f| C fi.
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Say f1 = (f]' ®ns,) ©vi, f2 = (f; ®1s,) © v2, then since range(f]") = B =
dom(f;),

fiofi=(f®ns)0vio(f,®ns,) O,

=(fi'®ns) 0 (f0v) O

(By lemma C.2.3 and dom( f;) = B = range(f;") C dom(v1))

= (flﬂ S 7751) © (fz’ @ ndom(vl)) © (Vl ® nrange(fl)) OV

(By lemma C.2.4)

= (fll, @ 7751) © (fz, D nS) O (Vl @ nrange(fl)) (OR)

= ((fl” © le) S 77S1) O] (Vl ® nrange(fl)) Ov

Sof/ofEfiofa=Tf.
s Mem[A] — D(Mem|[B]), f;: Mem[B] — D(Mem[range(f;)])A, so
'O f;: Mem[A] — D(Mem[range(f;)]). Since range(f;) 2 C, it follows
that /i’ © f; F (A » C), and thus f | (A » C) by persistence.

UNITL If f E (A » B), then there must exists f’ C f such that for all m € M,

such thatm | A, f'(m) &, [B].
Given any witness f’, f’ = Unityem[a] © f’, and also [’ |5 (A > B).
Note that unitMem[A] E (A>A),so f = unitMem[A] Of E(A>A)3(A> B).

UNITR Analogous as the UNITL case, except that now using the fact /' = ' ©

UNitmem(p] for any f': Mem[A] — D (Mem|[B]).
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C.4 CPSL Soundness

Definition 4.3.6 (CPSL Validity). A CPSL judgment {P} ¢ {Q} is valid, written
E {P} c {0}, if for every input distribution 4 € D(Mem[Var]) such that the

lifted input f,, = () > u satisfies f,, | P, the lifted output satisfies fj ., F Q-
Now, we are ready to prove soundness of CPSL.

Theorem 4.3.3 (CPSL Soundness). CPSL is sound: derivable judgments are valid.

Proof. By induction on the derivation. Throughout, we write u : Mem[ Var] for

the input distribution and f : Mem[0] — D (Mem|[ Var]) for the kernel obtained

by lifting the input distribution, and we assume that f satisfies the pre-condition

of the conclusion.

ASSN By restriction (theorem 4.3.1), there exists k| C f such that
FV(e) € FVR(P) C range(k;) € FV(P).

Since f has empty domain, we have f = k| © ky for some k»
Mem|[range(k;)] — D(Mem[Var]|). Let /' = () — [[x <« e](u) be the

lifted output. By the semantics of the program and associativity, we have:

f = () > bind(u, m > unit(m[x = [e] (m)])

= Tvar\(x} f © (m1 = unit(m; U (x = [e] (m1))) ® ma + unit(my))

81 82
where m : Mem[Var], m; : Mem[FV(e)], and m, : Mem[(Var \ {x}) \
FV(e)]. The maps g; and g» evidently preserves input to output and are
thus kernels. Also, because range(k;) € FV(P) € (Var\ {x}) and k; C f,
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we have ki C 7myar\ () f; in addition, since k1 = P, we have g = P by
persistence. Since g1 E g1 ® g2 and g; = (FV(e)»x =¢), wehaveg @ g
(FV(e) » x = e) as well. Thus, we conclude f’ = P § (FV(e) > x = e).

SAMP By restriction (theorem 4.3.1), there exists k; E f such that FVR(P) C
range(k;) € FV(P); let K = range(k;). Since f has empty domain, we
have f = k; © k, for some k> : Mem[K] — D(Mem|[Var]). Let /' = 0

[x & d](n) be the lifted output. We have:

f =) — bind(u,m — bind([[d], v + unit(m[x — v])))
= f o (m - bind([d],v — unit(m[x - v])))

= 7var\(x} S © ((m1 — unit(my)) ® bind([d], v + unit(x — v)))

where m : Mem[Var], m; : Mem[FV(d)], and m, : Mem|[(Var \ FV(d)) \
{x}]. Again, g1 and g» evidently preserves input to the output and thus are
kernels . Because range(k{) € Var\ {x} and k; C f, we have k| C 7vap\(x} f-
Because ki C myar\(x}f and k; | P, we have my,r (1 f | P by persistence.
SincegiC g1 ®grand g F (0> x £ d),wehaveg &g, E (0> x £ d) as

well. Thus, we conclude f" E P § (0> x £ d).
SKIP Trivial.
SEQ Trivial.

COND At the high level, we proceed the proof in three steps: first, we show
that for any f satisfying (0 » [b]); P, there exists ji, j» such that f = j; ©
J2 and range(j;) = {b}; second, we describe exactly two kernels /;, and
lg such that f)jp=n] = lx © j2 and fyp=p) = lg © Jjo; last, we compute

J{lif b then ¢ else '] @nd show that it satisfies the post-condition.

Since all assertions are in DIBI,, we have FVp(P) € FVR(0 > [b]) = {b}.
Since f E (0 » [b]) § P, there exists ki, k, such that k1 © k», = f, with
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k1 II ((Z) > [b]) and ko II P.

By restriction (theorem 4.3.1), there exists j; such that j; C k; and

dom(;1) C FVp(0» [b]) =0

{b} = FVRr(0 > [b]) C range(j1) C FV(0 > [b]) = {b}.

By restriction (theorem 4.3.1), there exists j, such that j, C k; and j; E P,
and dom(j;) € FVp(P) € FVR(0 » [b]) = {b}. Since dom(k;) =

range(k;) 2 {b}, we may assume without loss of generality that j, = P,
Jj2 T ky, and dom(j;) = {b}. Thus j; © j, is defined, and so j; © j, C
ki © ky C f by lemma C.2.5.

By lemma C.2.1, there exists j : Mem[range(j2)] — O (Mem[Var]) such
that j; © (jo ©j) =(j1 © jo) @ j = f. Since j» C j, ® j, we have j, ® j | P.
Thus, we may assume without loss of generality that range(») = Var and
J10a=f=(mu

Let [, l7 : Mem[0] — D (Mem[b]) be defined by [,(()) = unit(b — #) and
Lg(()) = unit(b = ff); evidently, I, = (0 > b =1t) and Iy = (0 » b = ff). Now,

we have:
fulﬂb:zz]] =1y O J2
Tullo=g1 =g © )2

where each equality holds if the left side is defined. Regardless of whether

the conditional distributions are defined, we always have:
ly©@j E(@0>Db=1t)3P
lfoj2E@>Db=[)3P.
Since both of these kernels have empty domain, we have [, © j» = v; and

lg © jo = vy for two distributions v, vy € O(Mem|[Var]). By induction, we
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have:

f|[c]]v,t|:(®>b:tt)3(b:b:tt>Ql)

Sielyy E@> b =) 5(b:b=ff>0).

By similar reasoning as for the pre-conditions, there exists k7, k)
Mem[b] — D(Mem[Var]) such that k| F (b:b=1t » Q1) and k), |
(b:b=ffr> Q) and:

el =1 © k' f[[c]]vﬁ, =1y O k).

Let £ : Mem[b] — D(Mem|Var]) be the composite kernel defined as

follows:

ki([bu]) v=n
K([b—v]) =

K(lb =g v =g
By assumption, k' | ((b:b=tt> Q1) A(b:b=ff » 02)). Now, let p =
u([b = t]) be the probability of taking the first branch. Then we can

conclude:

Jiit b then ¢ etse /i = S ullb=it)@, [Tl b=r)
= flclvuoplclvy
= ficlve ®p ficlvy
= (lu 0 k) ®), (Ig © k)
= a0k o, (lgok)
=(lu®,lg) OK

F @ [6D)s((b:b=1t> Q1) A(b:b=[>02)).

Above, k1@, k; lifts the convex combination operator @, from distributions

to kernels from Mem|[0]. We show the last equality in more detail. For any
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r € Mem|[Var]:

(ln © k') &) (I © K) () (r)

=p- a0 K () + (1= p)- (g © k) (r)

=p-Uu O KN (r)+ (1 =p)- (g © k) (r)

=p lu(O)(b 1) - K (b ) (r) + (1= p) - L) (b = [) - k' (b fF)(r)

= ((lu ®p L) ©@ )M (7).

where the penultimate equality holds because [, and I are deterministic.
WEAK Trivial.

FRAME The proof for this case follows the argument for the frame rule in PSL,

with a few minor changes.

There exists ki, k; such that k; ® k, T f, and k; F P and k; | R; let
S1 = range(k). Also, by restriction, there exists k) C k; such that k) = R
and range (k) € FV(R); let S, = range(k)). Since k; and k; have empty
domains, S; and S, must be disjoint. Let S3 = Var \ (S2 U S;). Since MV (c)
is disjoint from S, by the first side-condition, we have WV(c) € MV(c) C

S1 U Ss3.

Let f” = fi.]. be the lifted output. By induction, we have f’ £ Q; by re-
striction (theorem 4.3.1), there exists k| C f’ such that range(k}) € FV(Q)
and k| | Q. By the last side condition, RV(c) € FVRr(P) C Si.

By soundness of RV and WV (lemma A.2.1), all variables in WV (c) must
be written before they are read and there is a function F : Mem[S;] —

D(Mem[WV(c) U Si]) such that:

mwv(eus; [ellu = bind(u, m — F(m*)).
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Since S, € FV(R), variables in S, are not in MV(c) by the first side-

condition, and S, is disjoint from WV(c) U S;. By soundness of MV, we

have:
wv(eyus,us, ¢l = bind(rwv(cyus,us, 4, F @ UNitpemwy(c)us,])-

Since S; and S, are independent in i, we know that S UWV(c) and $ are

independent in [[¢]u. Hence:

fn51UWV((7)|[C]]/~l S fﬂ'Sz[[C]]'u E f,.

By induction, f’ E Q. Furthermore, FV(Q) < FVR(P) U WV(c) C
S1 U WV(c) by the second side-condition. By restriction (theorem 4.3.1),
Jrs,owviolleln F Q- Furthermore, rs,cllu = ms,p, so s, [c]lu E R as well.

Thus, f’ E Q = R as desired.
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APPENDIX D

THE UNARY FRAGMENT BLUEBELL FOR REASONING ABOUT

INDEPENDENCE AND CONDITIONAL INDEPENDENCE

D.1 The Rules of BLUEBELL

In fig. D.1 we summarize the notation we use for assertions over BLUEBELL’s
g

model. Recall that BLUEBELL s assertions P € PA; £ M; 4 Prop are the upward-

closed predicates over elements of the RA M;.

TP E A
Oown(b) £ ha.b 2 a
PAQ = MNa.P(a) AQ(a)
P+Q 2 Na.3by,by. (by-by) ZanP(by) AQ(by)
Ax:X. K £ ha. 3x: X.K(x)(a)
Vx:X.K £ ha.Vx:X.K(x)(a)
Oown(F, u) = 3p.Own(F, u, p)
E & pu23F, u.own(F, p) «"E < (FG), u(i)) A= pu(i)o E~17

(K: X — PA[)
(K: X — PA))

CuK 2 ha.3F, p,p, k. (F,p,p) 2aAViel u(i)=bind(u,«(@)) (u:D(A),K: A— PAp)

A Vv € supp(p).K(v)(F, k(1) (v), p)
wpt{Q} £ ha.Vuop.Ve. (a-c¢) 2 pop = 3b.((b-c) 2 [t](ro) A Q(b))
El £ (E €true) £ 61re
Own(E) 2 Ju.E & u
(x:q) = 3P, p.OwWn(P, p) = "p(i)(x) = q
P@p = P A3IP.Own(P, p)
|R| 2 3u:D(Val¥). " u(R) =17 = Cuv.[x=v(x)]xex

Figure D.1: The assertions used in BLUEBELL.

(R c Val*, X C I x Var)

Proposition D.1.1 (Upward-closure). All the assertions in fig. D.1 are upward-

closed.

Proof. Easy by inspection of the definitions. The definitions where upward-

closedness is less obvious (e.g. joint conditioning) are made upward-closed by
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construction by explicit use of the order < in the definition. o

Lemma D.1.2. For all u: D(A X B), there exists a k: A — D(B) such that u =

(uo nl_l) ~< K.

Proof. Let puy = o nr;'. Then the result is immediate by letting

@D iy (a) > 0

k(a)(b) =

0 otherwise

D.1.1 Program Semantics

We assume each primitive operator ¢ € {+,—, <,...} has an associated arity

ar(¢) € N, and is given semantics as some function [[¢] : Val*(¥) - Val.

Definition D.1.1. Expressions ¢ € & are given semantics as a function

[e] : Mem[Var] — Val as standard:

[vl(s) = v [xl(s) = () [elers. s ea@)[(s) = [@l(Ler]s - - [eare) 1D

Definition D.1.2 (Term semantics). Given ¢ € T we define its kernel semantics
K] : Mem[Var] — D (Eptem(var|) as follows:
Kl skip] (s) = unit(s)
Kx:=e] (s) £ unit(s[x = [e] ()])
Klx = d](s) £ bind([d] ([er ] (s), .. [en] (), v = return(s[x > v]))
Kl 121 (s) = bind (K[ 21 ] (5), s" = K[ 2] (s))
K[if e then t, else 1] (s) 2 if [e] (s) # O then K[ ] (s) else K[ 1] (s)

K[ repeat e ] (s) = loop,([e] (s), s)
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where loop, simply iterates t:

unit(s) n<0
loop,(n, s) £
bind(loop,(n - 1,s),s" — K[t](s’)) Otherwise
The semantics of a term is then defined as:
|[t]] : D(ZMem[Var]) - Z)(ZMem[Var])

[£1() £ bind(u, s > K[ 1] (s))

Evaluation contexts & are defined by the following grammar:

Ei=x=F | x®d | if E thent elset, | repeat Et
E:=[-]] ¢(e1,E, é)

A simple property holds for evaluation contexts.

Lemma D.1.3. K[ E[e]](s) = K[E[[e] (s)]] ().

Proof. Easy by induction on the structure of evaluation contexts. |

D.2 Measure Theory Lemmas

Notation In what follows, given n € N with n > 1, we write [n] to de-
note the set {1,...,n}. Moreover, for iterated summation we use the notation
Yienjo() f (i) where I = {io,1,...} is countable and @ is a predicate on elements
of I, to denote the sum f(jo)+f(j1)+... where jo, ji, ... is the sublist of ig, iy, . ..
consisting of the elements that satisfy ®. A similar convention is used for other

commutative and associative operators, e.g. U. A countable partition of Q is a
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partition of Q, § € 2(Q), with countably many sets. For uniformity, we rep-
resent countable partitions as S = {A;}ien with the convention that when the

partition has finitely many sets, say n, all the A; with i > n are empty.

As mentioned, BLUEBELL is only concerned with discrete distributions,
i.e. distributions over a countable set of outcomes. The following lemma ex-
presses the key property of o-algebras over countable outcomes that we exploit

for proving the other results.

Lemma D.2.1. Let Q be an countable set, and F to be an arbitrary o-algebra on Q.

Then there exists a countable partition S of Q such that ¥ = o (S).

Proof. For every element x € Q, we identify the smallest event E, € ¥ such that
x € E,, and show that for x,z € Q, either E, = E, or E, N E, = (. Then the set
S = {E\ | x € Q} is a partition of Q, and any event E € ¥ can be represented as

Uer Ex, which suffices to show that 7 = o (9).
For every x, y, let

Q if VE € ¥, either x, y both in E or x, y both not in E
Ayy =

E otherwise,pick any E € # suchthatx €e Eand y ¢ E
Then we show that, for all x, E; = NyeqA, , is the smallest event in ¥ such that
x € E, as follows. If there exists E’, such thatx € E} and E, C E,, then E, \ E/ is
not empty. Let y be an element of E, \ E;, and by the definition of A, ,, we have

y & A,y Thus, y ¢ NycAx, = E, which contradicts with y € E, \ E.

Next, for any x,z € Q, since E, is the smallest event containing x and E; is
the smallest event containing z, the smaller event E; \ E, is either equivalent to

E, or not containing z.
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IfE.\ E; = E,, then E, and E; are disjoint.

If z ¢ E; \ E;, then it must z € E,, which implies that there exists no E € ¥
such that x € E and z ¢ E. Because ¥ is closed under complement, then
there exists no E € ¥ such thatx ¢ E and z € E as well. Therefore, we have
x € yeq Azy = E; as well. Furthermore, because E, is the smallest event in
¥ that contains z and E, also contains z, we have E; C E,; symmetrically,

we have E, C E,. Thus, E, = E,.

Hence, the set S = {E, | x € Q} is a countable partition of Q. O

Lemma D.2.2. If S = {A;}ien is a partition of Q, and ¥ = o (S), then every

event E € F can be written as E = |4;c; A; for some I C N. In other words,

o (8) = {[}|Wies Aill € NV.

Proof. Because o-algebras are closed under countable union, for any / € N,

Wier Ai € 0°(8). Thus, o7(S) 2 {[}|Wie; Ai | 1 €N

Also, {[}] Wies Ai | I € Nis a o-algebra:

* Q= L‘UieN A;.

* Given a countable sequences of events E| = W,y Ai, E2 = Wiep, Aiy ..., let

I = ey Ij; then we have U ey Ei = e A

o If E = W;e; A, then the complement of E is (Q \ E) = W;can ) Ai-

Then, {W;,c;Ai|I C N} is a o-algebra that contains S. Therefore, o(S) =

{[}Wies Ai | I SN, O
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Lemma D.2.3. Let Q be a countable set. If S1 = {A;}ien and So = {B;} jen are both
countable partitions of Q, then o(S1) C o (S,) implies that for any B; € S, with

Bj # 0, we can find a unique A; € Sy such that B; C A;.

Proof. For any B; € S, with B; # 0, pick an arbitrary element s € B; and denote
the unique element of S that contains s as A;. Because A; € Sy and S; € o(S) C
0 (S2), wehave A; € 0(S2). Note that s € B; and B is an element of the partition
S> that generates o (S,), B; must be the smallest event in o(S>) that contains s.
Because s € A; as well, B; being the smallest event containing s implies that

ngAi. O

Lemma D.2.4. Assume we are given a o-algebra F1 over a countable set Q, measure
11 € D(F1), a countable set A, a distribution u € X4, and a function k1: A — D(F)
such that u; = bind(u, «1). Then, for any probability space (Fa,u2) such that
(F1, 1) T (F2, u2), there exists kp such that u, = bind(u, k2), and that for any
a € supp(u), (Fi, k1(a)) C (F3, k2(a)).

Proof. By lemma D.2.1, ¥; = o(S;) for some countable partition S;. Also,
(F1, 1) E (2, pn2) implies that 1 € F>. So we have o (S;) € o(S2), which
by lemma D.2.3 implies that for any B € S, with B # 0, we can find a unique
A € Sy such that B € A. Let f be the mapping associating to any B # 0 the
corresponding A = f(B), and f(B) = 0 when B = 0.

Then, we define «; as follows: for any a € A, E € %3, there exists § C S, such
that E = e B, then define
k2(a)(E) = ) x1(a)(f(B)) - h(B),
BeS

where h(B) = u(B)/u2(f(B)) if u2(f(B)) # 0 and h(B) = 0 otherwise.
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Then we calculate:

bind(u, k2) (E)

=" (@) ka(E)

acA
= ) ula) Y ki(@)(f(B) - h(B)
acA BeS
=), 2 k@) k(@) (f(B) - h(B)
BeS acA
= ) bind(u. k1) (f(B)) - h(B)
BeS
= > mi(f(B) - h(B)
BeS
(B)
= > m(f(B)) - L2
B;M; simys H2(f(B)
H2(B)
= * ) = ' f I
éﬁﬁgi? B (u1(E") = pa(E’) for any E’ € F7)
= D, 1(B)
BeS|uy(f(B))#0

=), m(B) + > p(B)  (Because ux(/(B)) = 0 implies u(B) = 0)
BeS|ua (f(B))#0 BeS|ua(f(B))=0

= > 12(B)

BeS
= /12(L+JBES B)

= ua(E)
Thus, bind(,u, K2) = U3.

Also, for any a € Ay, for any E € ¥, there exists &' C §; such that E =
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H'JAGS' A.

k2(a)(E) = k2(a)(Haes A)

= > xa(a)(A)

AeS’

= > > xa(a)(B)

AeS’ BCA|BeF>

- Y a@my L2

i3 im0 12U (B)

(ZBgA|Be9f2 #2(3))
pa(A)

u2(A)
H2(A)

= > xi(a)(4)-

AES |12 (A)#0

= > xi(@)(A)-
AeS’ |z (A)#0

= > kia)(4)
A€ES’ |2 (A)£0

= > xi(a)(A)

AeS’
= k1(a)(Waes A)

= k1(a)(E)

Thus, for any a, (o1, k1(a)) E (02, k2(a)). O

Lemma D.2.5. Given two o-algebras ¥ and % over two countable underlying sets
Q1,Qy, then a general element in the product o-algebra 1 ® F, can be expressed as

W jyer(Ai X By) for some I € N? and A; € F1, B; € %2 for (i, j) € 1.

Proof. By lemma D.2.1, each o-algebra ¥; is generated by a countable partition
over ;. Let §; = {A;}ien be the countable partition that generates 7, S, =
{Bi}ien be the countable partition that generates #>. By lemma D.2.2, a general
element in | can be written as l4);c; A; for some J C N, and similarly, a general

element in %, can be written as [+, cx By for some K C N.
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Note that {A; X By}, rew is a partition because: if (A; X Bx) N (Aj» X By) # 0
for some j # j’ and k # k’, thenitmust A; N A;» # 0 and By N By # 0, and that

imply that A; = A;» and B; = Bj,; therefore, A; X By = Aj» X By.
We next show that #; ® %> is generated by the partition {A; X By}, ren.

Fi1®F = o (Fi1 X F2)
= U({*}Lﬂjeh A] X Lﬂjefz Bj|J1aJ2 - N)
= 7 ((4Y)jesen (A X BOW, 2 € )

= o ({+}A; x Bi|j, k € N)

Since each A; € §; € 1 and By € S, C % a general element in 71 ®
can be expressed as {x}t); ;c;(A; X Br) | Aj € F1, B € F2,1 C N2 according to

lemma D.2.1. O

Lemma D.2.6. Given two probability spaces (¥4, ta), (Fp, 1p) € P(L), their indepen-
dent product (Fa, na) ® (Fp, pp) exists if p,(Eqy) - pup(Ep) =0 forany E, € Fo, Ep € Fp
such that E, N E;, = 0.

Proof. We first define u : {E,NE, | E; € Fa, Ep € Fp} — [0,1] by u(E, N Ep) =
Ua(Eq)-pp(Ep) for any E, € F,, Ep, € F3, and then show that ¢ could be extended

to a probability measure on 7, & 5.

* We first need to show that u is well-defined. Thatis, E, N E, = E; N E},
implies uq(Eq) - up(Ep) = pa(EL) - up(E}).
When E, NE, = E; NE,, itmust E,NE, 2 E,NE, = E; NE,, Thus,
E,\ E, C E, \ Ep, and then E, \ E is disjoint from E;; symmetrically,

E; \ E, is disjoint from E;. Since E,, E, are both in ¥,, we have E, \ E
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and E \ E, both measurable in ¥,. Their disjointness and the result above
implies that . (E,\ E}) - up(Ep) = 0and pq(E;\Eq) - pup(E;) = 0. Symmetric
reasoning can also show that E; \ Ej is disjoint from E;, N E,, and Ep \ E;
is disjoint from E;, N E,, which implies u.(E, \ E}) - up(E; N E,) = 0 and

Ha(Ej \ Ey) - i (EL) = 0.

Then there are four possibilities:

= If pp(Ep) = 0and up(E}) = 0, then g (Eq)-up(Ep) = 0 = pg(Ey) pp(E})-

- If us(E; \E)) =0and up(E, \ E;) =0. Then

Ha(Ea) - tp(Ep) = pa((Eq \ Ea) W (E; OV Ea)) - o (Ep)
= (ta(Eq \ Ea) + pa(EG N Ea)) - tp(Ep)
= pa(Ey N Ea) - pp(Ep)
= (Ha(Ea \ Eg) + ta(EG N Ey)) - iy (Ep)

= Ma(Eg) - i (Ep)
Thus, either u,(E) N E,;) = 0, which implies that
Ha(Eq) - pup(Ep) = (040) - up(Ep) = 0= (0+0) - up(Ep) = pa(Ey) -t (Ep),
or we have both u,(E; \ Ej) = 0 and up(Ep \ E}) = 0, which imply that

Ha(Ea) - iy (Ep) = pa(Ey) - iy (Ep)
= ta(Ey) - 1p((Ep N EL) W (Ep \ Ep))
= pa(Ey) - (up(Ep N E) +0)
= ua(Ey) - (up(Ep N Ep) + up(Ep \ Ep))

= ta(Eq) - pp(E}).
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- It yp(E}) = 0and pp(E, \ E;) =0, then

:ua(Ea) ' /Jb(Eb) = (,ua(Ea N Eéz) + /Ja(Ea \E;)) ’ (ﬂb(Eb N El’y) + ﬂb(Eb \ El’)))

= ua(EaNE)) - up(Ep \ E})

Because ua(Ep \ E}) - up(E} 0 Eq) = 0 and pa(E} \ Ep) - y(E}) = O.

ThUS, Ha (Ea) : /Jb(Eb) =0= /Ja(E;) ' :ub(EZ,)

- If up(Ep) = 0and up(E, \ E,) = 0, then symmetric as above.

In all these cases, uq(Eq) - up(Ep) = pa(E7) - up(E,) as desired.
Show that u satisfy countable additivity in {E, N E}, | E, € ¥4, Ep € 5}

We start with showing that y is finite-additive. Suppose E; N E} =
@ie[n](Ai N B;) where each A; € ¥, and B; € ¥,. Fix any A; N B;, there
is unique minimal A € ¥, containing A; N B;, because if A 2 A; N B; and
A’ D AiNB;,then ANA’ 2 A;,NB;and ANA’ € ¥4 too,and AN A’ is smaller.
Because we have shown that u is well-defined, in the following proof, we
can assume without loss of generality that A; is the smallest set in F, con-
taining A; N B;. Similarly, we let B; to be the smallest set in ¥}, containing
A; N B;. Thus, E} N E} = Wicp, (Ai N B;) implies every A; is smaller than Ej
and every B; is smaller than E}. Therefore, Ej 2 Uie[q)A; and E} 2 Uie[n Bi,

which implies that
E; NE) 2 (Uic[n)Ai) N (Yie[n Bi) 2 Vi) (Ai N B;) = E; N Ey,

which implies that the 2 in the inequalities all collapse to =.

Forany I C [n], define a; = Nic;A;\ (Uie[a)\14:), and B = NierBi\ (Uie[a)\1Bi)-
Foranyl # I’,a;nay = 0. Thus, {a;}c[4) is a set of disjoint sets in Uje[,,A;,

and similarly, {B;}/c[, is a set of disjoint sets in Uje[,B;. Also, for any
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i € [n], wehave A; = Uic(n)jicr@r and B; = Ujc[y)jie1B1- Furthermore, for any

I,
a1 NVic(n Bi € (Vie(n)Ai) N (Vien) Bi) = Wien Ai N Bis
and thus,

a1 NVic(nBi = (Wie[a) Ai 0 Bi) N (@1 N Vie[n) Bi)

= Wiep) (Ai N Bi N @y N Ujepn B))

= Wier(Ai N Bi N ar N Ujepn B)) (Aina;=0ifi ¢ 1)
= Wier(Ai N Bi Nay) (B; N Uje[n)B; = B; for any i)
= Wier(Bi N ay) (A;Naj;=a;foranyi€)
= a7 N U;erB; (D.1)
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Now,

u(Eg; NE)

= u((ViegmAi) N (Yie[n) Bi))

= u((Wicpny @) N (Yiern Bi)) (By definition of /)

= pa(Wicpn @) - o (VUie[n) Bi) (By definition of u)

= [ Z ,Lta(a’[)] - 1y (Uie[n) Bi) (By finite-additivity of u,)

Ic[n]

= Z Ha(ar) - up(Yie[n) Bi)
Ic(n]

= Z plar N (Ve Bi)) (By definition of u)
Ic[n]

= Z p(ar N (VierB;)) (By eq. (D.1))
IC[n]

= Z Ha(ar) - pp(VierBi) (By definition of u)
IC(n]

= Z Halar) - pp (Vier (Wpcn)jierBr)) (By definition of /)
IC(n]

= Z Ma(ag) - 1y (Wpcaginr+0Br)

IC[n]

= Z Ma(ay) - Z up(Brr)
IC[n]

I'Cln)|INI’#0

Z > talan) - up(Br)

1 Cln]|InI’#0

Meanwhile, for any 7, I’, if [I N I’| > 2, then there exists some j, k such that
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jelnl'andkelINnl,so

Halar) - up(Br) = pa(NierAi \ (Uiepn\1A4i)) - 1p(NierBi \ (Vie[n)\1B1))
< a(Aj N Ag) - up(Bj N By)
= u(A; N Ax N B; N By)
=u((AjNBj)N (Ax N By))
= u(0)

=0.
Thus, continuing our previous derivation,
u(E; N EY)

> taler) -y (Br)
rcn]|linl’ 0

>, Halan) - pp(Br)  (Because ua(ar) - uy(Br) = 0if |10 1] 2 2)

2
C[n]
2
IC[n] I'C[n]|1=|INT|
2
€[n]
2
€[n]

D0 talan) - up(Br)

n] IC[n]liel I'Cn][INI'={i}

1

D walar) - py(Br)

i
i IC[n]liel I'C[n]|iel’

(Because . (aj) - up(Br) = 0if [INT'] > 2)

= Z Z Ma(ar) - Z uy(Brr)
i€[n]

IC[nliel rcinlliel’

= Z Ha(A;) - pup(B;)

i€[n]

= Z u(A; N B;)

ie[n]
Thus, we established the finite additivity. For countable additivity, sup-

pose E, N Ep = ¥;en(Ai N B;). By the same reason as above, we also have
E,NEp = (UienA;) N (UienB;) = Uien(A; N B;) = E, N Ep,.
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Then,

U(E,;NEp)
= u((YienA;) N (YienBi))

= pa(VienA;) - tp(YienB))

Ha(lim Ujepn) A) - pp ( lim Usepn) Bi)

Jim pa(Vien)Ai) - im g (Uie(n) Bi) (By continuity of u, and uy)

= lim pq (Uiern) Ai) - o (Vie[n) Bi) (1)
= lim " uy(By) - ta(A)) (By eq. (D.1))
i€[n]
= > up(Bi) - ta(A), (D2)
ieEN

where (1) holds because that the product of limits equals to the limit of the
product when both lim,_,co 14 (Uie[n]A;) and lim,_,co 5 (Uje[n) Bi) are finite.

Thus, we proved countable additivity as well.
Next we show that we can extend u to a measure on 7, ® 7.

So far, we proved that u is a sub-additive measure on the {E, N E,|E, € Fu, Ep € Fp},
which forms a n-system. By a known theorem in probability theory
(e.g. [Rosenthal, 2006, Corollary 2.5.4]), we can extend a sub-additive mea-
sure on a m-system to the o-algebra it generates if the 7-system is a semi-
algebra. Thus, we can extend y to a measure on c({E,NEy, | E, € 4, Ep €

Fp}) if we can proveJ ={E,NEy, | E, € ¥4, Ep € Fp} is a semi-algebra.

— J contains @ and Q: trivial.

— J is closed under finite intersection: (E,NE,) N(E,NE}) = (E,NE;)N

(Ep N E}), where E, N E, € ¥;,and E, N E; € F5.
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— The complement of any element of J is equal to a finite disjoint union

of elements of J:

(E,NEp© =ESVES

=(ESNQ)w (E, NES)
where ES E, € 5, and ES,Q € F.
As shown in Li et al. [2023a],
O{E.NEp | Eq € Fa. Ep € Fp}) =Fa® Fp (D.3)

Thus, the extension of u is a measure on ¥, & ¥p.
¢ Last, we show that u is a probability measure on 7, ® Fp: p(2) = p,(L) -

up(Q) = 1. O

Lemma D.2.7. Consider two probability spaces (1, p1), (%2, n2) € P(Q), and some

other probability space (24, u) and kernel « such that uy = bind(u, «).

Then, the independent product (71, u1) ® (2, n2) exists if and only if for any a €

supp(u), the independent product (1, k(a)) ® (F2, u2) exists. When they both exist,

(F1, 11) ® (F2, 2) = (F1 ® F2, bind(u, ha. k(a) ® p2))

Proof. We first show the backwards direction. By lemma D.2.6, for any a €
supp(u), to show that the independent product (77, «(a)) ® (1, u1) exists, it

suffices to show that for any E; € #1,E» € ¥ such that Ey N E; = 0,

k(a)(Ey) - ua(Ez) = 0.

Fix any such E|, E,, because (771, 1) ® (%2, 12) is defined, we have u(Ey) -

u2(Ez) =0, then either uy(E;) =0 or ux(E;) = 0.
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e If 41 (E;) = 0: Recall that

w1 (E1) = bind(p, €)(E1) = ) p(a) - k(@)(E1) = Y u(a) - k(a) (E)
acA acsupp(u)
Because all u(a) > 0 and «(a)(E;) > 0 for all @ € supp(p) 2gesupp(u) #(@) -
k(a)(E1) = 0 implies that u(a) - k(a)(E;) = 0 for all a € supp(u). Thus, for
all a € supp(u), it must «(a)(E;) = 0. Therefore, k(a)(E;) - u2(E,) = 0 for all
a € supp(u) with this Ey, E».

e If up(E;) = 0, then it is also clear that x(a)(E) - u2(Ez) = 0 for all a €

supp(u).

Thus, we have «(a)(E;) - u2(E2) = 0 for any E;y N E; = 0 and a € supp(u).

By lemma D.2.6, the independent product (#1, x(a)) ® (71, u1) exists.

For the forward direction: for any E; € 1 and E, € %, such that E; N E; = 0,

the independent product (771, x(a)) ® (F2, u2) exists implies that
k(a)(Er) - p2(E2) = 0.
Thus,

u1(Ey) - u2(Ez) = bind(u, k) (E1) - u2(E>)

= [Z,u(a)-K(a)(Eﬂ - 2 (E)

acA

= Z wu(a) - (k(a)(Ey) - u2(E))

acA,
= D, @) 0=0

acA,

Thus, by lemma D.2.6, the independent product (F1, u1) ® (%2, u2) exists. For
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anyE1 S 7:1 and E2 S 7:2,

bind(u, Aa. k(a) ® uy)(Eq N Ey)

- Z,u(a) “(k(a)® o) (E1 N Ey)
aesupp(u)

= Z,u(a) ~k(a)(Ey) - ua(En)

aesupp ()

= Z u(a) - k(a)(Ey) | - u2(Er)

aesupp(u)
=bind(u, ) (Ey) - u2(E>)
= ui(Ey) - u2(Er)

= (11 ® u2)(E1 N Ez)

Thus, (%1, u1) ® (F2, u2) = (F1 ® F2, bind(u, ha. k(a) ® uz)). O

D.3 Construction of the BLUEBELL Model

Lemma D.3.1. The structure PSp is an ordered unital resource algebra (RA) as defined
in definition 5.3.1.

Proof. We defined - and < the same way as in Li et al. [2023a], and they have
proved that - is associative and commutative, and < is transitive and reflexive.

We check the rest of conditions one by one.

Condition a - b = b - a The independent product is proved to be commutative

in Lietal. [2023a].

Condition (a - b) - ¢ =a - (b - ¢) The independent product is proved to be asso-

ciative in Li et al. [2023a].
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Conditiona < b = b < ¢ = a < ¢ The order < is proved to be transitive in Li

et al. [2023a].
Condition a < a The order < is proved to be reflexive in Li et al. [2023a].

Condition V(a - b) = V(a) Pattern matching on a - b, either there exists prob-
ability spaces P, P> such that a = P, b = P, and P; ® P, is defined, or
a-b=14.

Case: a - b = 4 Note that V(a - b) does not hold when a - b = 4, so we can
eliminate this case by ex falso quodlibet.

Case: a-b =P, ®P, Then a = Py, and thus V(a).

Condition V(&) Clear because € # 4.

Condition a < b = V(b) = V(a) Pattern matching on a and b, either there ex-
ists probability spaces #;, P, such that a = P, b = P, and P C P, is
defined, or b = 5.

Case: b = 4 Then V(b) does not hold, and we can eliminate this case by

ex falso quodlibet.

Case: a = Py, b = P, and P C P> We clearly have V(a).

Condition ¢ - a = a Pattern matching on q, either a = / or there exists some

probability space # such that a = .

Case:a=4 Thene-a=4 =a.

Case:a=P Thene-a=a.

Conditiona < b = a - ¢ < b - ¢ Pattern matching on a and b. If a < b, then

either b = 4 or there exists , P’ such thata = P and b = P’.

Case: b =4 Then b - c = 4 is the top element, and thena -c < b - c.
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Otherwise a X b iff P X P’, theneitherb-c =4 and a-c X b - ¢ follows,
or b -c =% ®%P” for some probability space ¢ = P”. Then P < P’
implies that - P” is also defined and - " X P-P”. Thus,a-c 2 b-c

too. O

Lemma D.3.2 (RA composition preserves compatibility).

Fi#pr= R #pr= (F®h)#(p1-p2)

Proof. Let S| = {x € Var | pi(x) =0}, S2 = {x € Var | pa(x) =0}. If 71 # p, then
there exists | € P((Var \ S1) — Val) such that £ = P ® 15, ,va In addition, if
F> # pa, then there exists P, € P((Var \ §;) — Val) such that #, = P} ® Tg,va.
Then,

P-Pr=P1®P,

= (P ® Is,—val) ® (P ® Ts,val)

Say (F/,u}) = P{, and (7}, u}) = P;. Then the sigma algebra of #; - P, is

o({(E1 xSy > Val) N (E; xS, —> Val) | Ey € F/,E> € 75 })

= ({((E1 x (S1\ S2) = Val) N (Ex X (S2\ E1) — Val)) X (S1 N S2) | E1 € F{,E> € F5})

Then, there exists £” € P((Var \ (S; N S»)) — Val) such that P; - P, = P’ ®
1(s,ns,)—Vval). Also,
{x € Var | (p1 - p2)(x) = 0}
={x € Var | p;(x) + p2(x) = 0}
={x € Var | p;(x) = 0and p,(x) =0}

=51 NS

Therefore, 1 & %> is compatible with p; - p» O

333



Lemma D.3.3. The structure (Perm, <

.V, -, &) is an ordered unital resource algebra

(RA) as defined in definition 5.3.1.

Proof. We check the conditions one by one.

Condition a - b = b - a Follows from the commutativity of addition.
Condition (a - b) -c =a - (b - c) Follows from the associativity of addition.

Conditiona < b = b < ¢ = a 2 ¢ = is a point-wise lifting of the order < on

arithmetics, so it follows from the transitivity of <.

Condition a < a < is a point-wise lifting of the order < on arithmetics, so it

follows from the reflexivity of <.

Condition V(a - b) = V(a) By definition,

V(a-b) = Vx e Var,(a-b)(x) <1
= Vx € Var,a(x) + b(x) < 1
= Vx € Var,a(x) < 1

= V(a)

Condition V(&) Note that & = A_. 0 satisfies that Vx € Var,&(x) < 1,s0 V(¢&).

Condition a < b = V(b) = V(a) By definition, a < b means Vx € Var.a(x) <
b(x), and V(b) means that Vx € Var.b(x) < 1. Thus, a <X b and V(b)

implies that Vx € Var.a(x) < b(x) < 1, which implies V(a).
Condition ¢ - a = a By definition,
g-a=.(A.0)(x)+a(x)
=M.0+a(x)

=da.
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Conditiona < b = a-c < b - ¢ By definition,

a Xb o VxeVar.a(x) < b(x)
= Vx € Var.a(x) + c(x) < b(x) +c(x)

=a-cb-c m|

Lemma D.3.4. The structure PSpPm is an ordered unital resource algebra (RA) as

defined in definition 5.3.1.

Proof. We want to check that PSpPm satisfies all the requirements to be an or-
dered unital resource algebra (RA). Because PSpPm is very close to a product of
PSp and Perm, the proof below is very close to the proof that product RAs are
RA.

First, lemma D.3.2 implies that - is well-defined.

Then we need to check all the RA axioms are satisfied. For any a, b € PSpPm

and any P, p1, P2, p2 such that a = (Py, p1), b = (P2, p2)-

We check the conditions one by one.

Condition V(a - b) = V(a) By definition, a-b = (P, p1) - (P2, p2) = (P1- P2, p1-
p2). And V(P - P2, p1 - p2) implies that V(P; - P») and V(p; - p2). Because
PSp and Perm are both RAs, we have V(%)) and V(p;). Thus, V(®1, p1)-

Condition V(&) Clear because & = (ITmem[var], Ax.0) and Tmem[var] # ¢, and

Vx.(Ax.0)(x) < 1.

Conditiona < b = V(b) = V(a) a = b implies that #; < P> and p; < p2. V(b)
implies that , # 4, and Vx.(p2)(x) < 1. Thus, ; # 4, and Vx.(p1)(x) < L.
And therefore, V(b).
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Conditione-a =a ¢-a = (Imem[var], M. 0) - (P1, p1)
= (]]Mem[Var] -P1,Ax.0-py)
= (7)1,]?1) =da.

Conditiona < b = a-c < b-c a = bimplies that ; < P, and p; < p».

Say ¢ = (P3,p3). Thena-c= (P -P3,p1-p3)and b-c = (P2 - P3,p2 - p3).
Because 1 X P, P1 - P3 2 P, - P3; similarly, py - p3 X p2 - p3. Thus,

a-c=b-c. o
Lemma D.3.5. If M is an RA, then M! is also an RA.
Proof. RA is known to be closed under products, and M’ can be obtained as
products of M, so we omit the proof. o
Lemma D.3.6. M, is an RA.

Proof. By lemma D.3.4, PSpPm is an RA. By lemma D.3.5, M; = PSmeI is also
an RA. O

D.4 Characterizations of Joint Conditioning

Interestingly, it is possible to characterize the conditioning modality using the

other connectives of the logic.

Proposition D.4.1 (Alternative Characterization of Joint conditioning). The fol-

lowing is a logically equivalent characterization of the joint conditioning modality:

CuK 4 3F, 1, p, k. OWN(F, i, p) * "Vi € I. u(i) = bind(u, k(i)
x Yv € supp(u). Own(F, k(I)(v), p) = K(v)
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Proof. In the following, we sometimes abbreviate Vi € I. (i) = bind(u, (7)) by

writing just p = bind(y, «).

We start with the embedding;:

AF, u, p, k. OWN(F, u, p) = "Vi € I. u(i) = bind(u, (7))

* Ya € supp(w). Own(F, k(1) (a), p) -+ K(a)

4 Ar.3F, w, p, k. (OWN(F, i/, p) =~ = bind(u, k) =

(Ya € supp(u).OwWn(F, ka, p) + K(a)))(r)
A Ar.3F, w1, p, &, Fs 1, p1s Fas 2, p2, 73, 43, P3s

r 3 (F1, 1, p1) - (F2, 2, p2) - (F3, 13, P3)A

(F1, 11, p1) 2 (F, 1, p) AT =bind(p, €)' A

(Ya € supp(u).Vri,ra.r1 - (F3, 43, p3) =ra Ary 2 (F, ka, p) = K(a)(r2))
- Ar.3F, w, p, F3, 43, p3, K.

r 3(F, 1, p) - (F3,u3) A" =bind(u, €)"A

(Ya € supp(u).¥ri,ra.r1 - (F3, 43, p3) =ra Ary 2 (F,ka, p) = K(a)(ry))

For the last equivalence, the forward direction holds because

r 2 (F1, 11, p1) - (F2, 12, p2) - (F3, 43, p3)
3 (F1, u1, p1) - (F3, 43, p3)

.| (7:,#’[7) : (9:3’/13’173)-

The backward direction holds because we can pick (7i,u1,p1) = (F,up),

(%2, n2) be the trivial probability space on s and p, = A_. 0.

* To show that the embedding implies the original assertion C, K, we start

337



with u(7) ® p3(i). For any i, we have u(i) = bind(u, (7)), and thus

(i) ® p3(i) = bind(, k(i) @ p3 ().

According to lemma D.2.7, u(i)®u3(i) is defined implies that (i) (a) ® u3 (i)

is defined for any a €. Furthermore,

p (i) ® p3(i) = bind(u, ha. k(i) (a) ® u3(i))

We abbreviate the hyperkernel [i: Aa. k(i)(a) ® uz(i) | i € I] as «’. For any

a € supp(u), the assertion
Va € supp(u) .Vri,ra.r1 @ (3, 143, p3) =ra Ary 2 (F,k(I)a, p) = K(a)(r)
applies with the specific case r| = (7, k(I)(a), p), gives us

K(a)(F.«(I)(a), p) - (F3, 43, p3)])

By the definition of composition in our resource algebra, we have that

K(a) holds on (¥ @ F3,« (I)(a), p + p3).

For any r,
— If V(r), then there exists ', i/, p’ such that r = (¥7, i/, p’). Note that
r=(F,1.p") 2 (F,u,p) - (F3. 143, p3) = (F & F3, 4 ® u3, p + p3)

By lemma D.24, yu ® pu3 = bind(u, «’) implies that there exists
k” such that u(i) = bind(u,«”(i)), and that for any a € suppyu,
(F ® F3,£(1)(a))

Ir

(F',k"(I)(a)). Thus, by monotonicity with
respect to the extension order, that would imply K(a) holds on
(F',k"(I)(a),p’). And K(a) holds on (F',«"”(I)(a),p’) for any a €
supp u together with u(i) = bind(u, x”(i)) implies that r satisfy the

original assertion of conditioning modality.
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— If not V(r), then r satisfies any assertions, so r satisfy the original

assertion of conditioning modality.

* To show the other direction that having the original assertion implies the

embedded assertion. Assume C, K(r), that s,

AF, wu, pok. (F,ou, p) 2 r AVi el u(i) =bind(u, k(i) (r)

AYv € supp(u).K(v)(F,k(I)(v), p)

To show that r also satisfy the embedding, we pick the witness for
the existential quantifier as follows: let (73, u3) be the trivial probabil-
ity space on Mem[Var]; let p3 = A_.0; pick (Fembds Hembd> Pembd) be the

(%riga HMorig> porig) that witness C, K(r), and kembd = Korig-

Then:

— First we show

rz (%rig, Morig> porig)
= (%riga Horig> porig) - (F3, 13, P3)

= (Fembd> Membd»> Pembd) * (73, U3, P3)

— Horig = bind(x, Korig(l) (a)) implies prempa = bINd(u, kembd (1) (a))-

— For any ry,rp,

r1 - (73, 143, p3) =r2 Ar1 2 (Fembds Kembd (1) (@), Pembd)

implies that 7, = 71 3 (Forig, Korig(1) (@), Porig)- By the assumption that
the orig assertion holds, we have K(a)(Forig, Korig (1) (@), Porig), which

implies K (a)(r2).

Therefore, r also satisfy the embedding. O
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D.5 Soundness

D.5.1 Soundness of Primitive Rules

Soundness of Distribution Ownership Rules

Lemma D.5.1. DIST-IN]J is sound.

Proof. Assume a valid a € M; is such that both £ ¢ p(a) and E & y'(a) hold.

Let a = (F, o, p), then we know p = pp o E™! = i/, which proves the claim. O

Lemma D.5.2. SURE-MERGE is sound.

Proof. The proof for the forward direction is very similar to the one for sec-
tion 5.3.5. For a € My, if ([E | = [E2])(a). Then there exists a,a> such that
ay -ay 2 aand [Ei|(a1), [E2|(az). Say a = (F,u.p), ar = (F1.u1, p1) and

az = (%2, 42, p2). Then [E{](a;) implies that
w1 (E7' (True)) = 1
And similarly,
ua(E; ' (True)) = 1
Thus,
u(E7 (True) n E; ' (True)) = ui (E;'(True)) - pa(E; ' (True)) = 1.
Hence,

u(E; A E;'(True)) = u(E; ' (True) N E; ' (True)) = 1
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Thus, [E| A E>|(a).

Now we prove the backwards direction: Say a = (F, u, p). if [E1 A E2](a),

then u(E; A E;'(True)) = 1, and then

p(E7 (True)) > u(Ey A E5'(True)) = 1

u(E5 " (True)) > u(E; A E;'(True)) = 1

Let 71 = o(E; (True)) and 3 = o (E; ' (True)). Then,

E1[(F1, g, Ao 0)
[ E2 | (F2, ptl7z» A 0)

(Fio il b 0) * (Fao palyz s Ao 0) 2 a
Thus, [E{| * [ E>]| holds on a. O

Lemma D.5.3. PROD-SPLIT is sound.

Proof. For any (¥, u, p) such that ((E1, E2) & pu1 ® u2)(F, u, p), by definition, it

must

3F 1 (OWN(F', 1) (F o . p) * (E1s E) < (F/ (i), 1/ (D) A 1 ® o = ' (i) © (E1, En) ™"

We can derive from it that

IF W0 (F ) 2 (F L p p)+
(Va,b € A.3Lap, Vs € F'(0D)- Lap € (Bt E2)™(@,5) € Ua A H' (L) = 1 (Uap)\
1 @ i2(a,b) = 1 (1) (Lay) = 1 ()(Ua)

Also, for any a, b,a’, b’ € A such thata # a’ or b # b’, we have L, disjoint from
Ly » because on L, N Ly 4, the random variable (Ej, E2) maps to both (a, b)

and (da’, b’).
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Define

F1()) = 0 ({(Upea Lap) | @ € A} U {(Upea Uas) | @ € A}),
and similarly define

F2(i) = 0 ({(Uaea Lap) | b € A} U {(Uuea Uas) | b € A}).

Denote pu’ restricted to 77 as u’; and p’ restricted to 75 as /5.

We want to show that (71(i), 1’1 (7)) ® (F2(i), '5(i)) E (F'(i), 4’ (i)), which

boils down to show that for any X; € (i), any X» € %2(i),

W (X1 N Xo) =p'((X1) - (5(X2)

For convenience, we will denote Upea L, as L,, denote UyeaL,p as Ly, de-

note UpeaU, » as U,, and denote U,eaU, p as Up.

First, using a standard construction in measure theory proofs, we rewrite
¥1 and ¥, as sigma algebra generated by sets of partitions. Specifically, 7 is

equivalent to

U({ﬂaeSl La N maeSQ Ua \ (UaeA\S| La U UaeA\Sz Ua) | S1, S2 - A})

and similarly, %> is equivalent to

o ({Mper, Lo 0 Nper, Un \ (Upeavry Lo Y Upearr, Up) | T1, T2 € A}).

Thus, by lemma D.2.2, any event X; in #7 can be represented by

Ws,en.s.en, Naes; La N Naes, Ua \ (Ugears, La Y Ugears, Ua)

for some I, I, € P(A), where P is the powerset over A. Similarly, any event X,

in %, can be represented by
Wssen,siery MNbess Lo N Mpes, Un \ (Upearss Lo U Upears, Us)
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for some I3, 14 € P(A). Thus, X| N X, can be represented as

XiNnX; = (@Slell,Szelz maesl LsnN ﬂaesg U, \ (UaEA\S1 L,V UaeA\SQ Ua))
N(Wssersuer, MNpess Lo N Npes, Us \ (Upearss Lo YU Upears, Up))
= @S1611,52€[2,S3€]3,S4€I4(maesl La N maeSZ Ud \ (UaEA\Sl La U UaeA\52 Ud))

N (Mpess Lo N Mpes, Up \ (Upearss Lo Y Upears, Us))

Because L, ; and L, are disjoint as long as not a = a’ and b = b’, we have
L, disjoint from L, if a # a’. Thus, (Nes, LaNNaes, Ua\ (Ugears, LaYUgears, Ua)

is not empty only when S is singleton and empty.

* If S; is empty, then

MNaes, LaNNaes, Ua\(Ugzears, LaVUgears, Ua) = Naes, Ua\(Ugea LaVlUgears, Ua)
has measure 0 because |J,c4 L, has measure 1.

¢ Otherwise, if S; is singleton, say S| = {a’}, then
Maes, La N Naes, Ua \ (Uaears, La Y Ugears, Ua) = Lo N (Naes, Ua \ Ugears, Ua)-

Furthermore,

/J,(maeSQ Ud) = ,u’(maeSz LoaW (Ua\ La))

= :u,(maeSz Ly)+0

And (M es, Lq is non-empty only if S5 is a singleton set or empty set. Thus,
Lo N Naes, Ua \ Ugears, Ua) S Nyes, Ua has non-zero measure only if S5 is

empty or a singleton set.
— When $; is empty,
La’ N ﬂaesz Ua \ UaeA\Sz Ua = La’ \ UaeA Ua c La’ \ Ua’ =0
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— When S, ={d'},
Lo N (Naes, Ua \ Ugears, Ua = Lo \ Ugen azar Ua-
— When S, = {a”} for some a” # a’
Lo N (MNaes, Ua \ Ugears, Ua = Lo N Ua» \ Ugenaza Ua
=0
Thus,

W (X1) =" Us,en,.s5e1 Naes; La N Naesy Ua \ (Ugears, La Y Ugears, Ua)N)

# (Utrensoen (Lar 0 Naes, Ua \ Uaeys, Ua))

M U{a "rYelinl, Ly NUy \ UaeA a#a’ Uq )

(
[
(
# (Utrenon(La \ Usear Uo))
(
(
[

# (Utwrenon (Lo \ Useaare (La UUa \ L))

1 (Utarenon (Lo \ Usenar (L))

=M U{a }611012 )
Denote Uyyernr, Lo @s X{- And X \ X| and X] \ X; both have measure 0.
Similar results hold for X, as well, and we can show that
K (X2) =,U'( Upyenni Lb’)

Denote Uy yersni, Loy as Xj. And X5 \ X and X)) \ X; both have measure 0.
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Thus,

(X1 N Xp) =/ (X1 N X2 N X)) + /(X1 N X2) \ X))
=/ (X1NX,NX[)+0
=/(XiNXNXINX)+u' (XinXonX)\X5)+0
=/ (XiNnXoNX{NX;)+0+0
=/ (XiNnXoNX{NX)+u' (X2nX;NX)\Xh)
=1/ (X2 N X] N X))
=1/ (X2 N X[ 0 X5) + 1/ (X 0 X))\ Xa)
=1/ (X] N X;)
:/J/((U{a’}elmlz Lo) 0 (Uppyenni, Lb'))
::ul(U{a’}elmlz,{b’}el3ﬁl4 La',b')

= > W(Law)
{a’}el NI
{b’'}elznly

Next we show that p'(i)(Lsp) = ¢/'()(X1) - ¢/ (i)(X2). Note that p’(L,) =

Yo (Lap) = #/(E7'(a)), and p'(Lp) = X t'(Lap) = p'(E5' (b)) And 1 ® po =

W (i) o (Ey, E»)~! implies that

# (D) (Lap) = p1 ® pa(a, b)

= wi(a) - p2(b)
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Then

wi(a) = pa) - Y m(b)

beA

= > (@) - pa(b)

beA

= > () (Lap)

beA

= u'(i)(z La,b)

beA

=1 (i) (La),

and similarly,

pa(b) = (Z m(a)) - pa(b)

acA

= > (@) - (b))

acA

= > W () (Lap)

acA

= u’(i)(z La,b)
acA

= 1 (D) (Lyp).

Thus,

1 (i) (Lap) = p1(a) - pa(b) = p'(i)(La) - 1 (i) (L)
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Therefore,

pXinX)= > ' (Lay)
{a’}YelinIy
{b'}elznly

= S WL W (L)
{a’}YelinI;
{b'}Yelznly

=Y W (L) Y (L)

{a’}YelinI, {b'}elznly
=u'(X1) - 4’ (X2)
=u1(X1) - u5(X2)

Thus we have (%1, /1) ® (92, 4"y) € (7, 1). Let py = py = Ax. p'(x) /2.

Next we show that Ey & ui(F1, 1y, p1) and Ex & ur(F2, 1’5, p2). By definition,

Ei & u(F1, 1, p1) is equivalent to
3F”, w1 (OWN(F”, 1) (Fi. i1, p1)  Ey < (F7 (i), p” (i) Ay = " (i) 0 E7 ',

which is equivalent to

3F", 1 (F 1) 2 (F1.u'y) * (Va € A3S., T, € F7(0).

Sa CET'(a) C Ty A" (i)(Sa) = 1 (i)(Sa) A pi(a) = p”(i)(Sa) = 1" ()(T,))

We can pick the existential witness to be #j,u’;. For any a € A, E;{'(a) =

Upea(E1, E2)~'(a, b). Because we have L, C (Ey, E;)"!(a,b) € U,, then

Upea Lap € EyN(a) = Upea(E1, E2) ™ (a,b) € Upea Uap-

By definition, for each a, Upeca Loy € F1(i) and Upeq Uap € Fi1(i), and we also

347



have

() (Upea Lap) = D 1 ()(Layp)

beA

= > 1D (Uap)

beA
=11 (1)) (Upea Uap)

= u1(a)

Thus, Sy = Upea Lap and T, = Upea Uap witnesses the conditions needed for

Ei & ui(F1, 11, p1). And similarly, we have E; & pr (%2, (5, p2). O

Soundness of Conditioning Rules
Lemma D.5.4. C-TRUE is sound.

Proof. Let € = (F¢, Ue, pe) € M; be the unit of M; and « = Av. y,. Then,

True v Own(¥F,, us)
FOwN(Fe, ug) * " Vi € I. ug (i) = bind(u, k(i)
FOwWN(Fe, pe) = "Vi € I. us(i) = bind(u, k(7)) " = True

b 3Fe, ey k. OWN(F, pe) = "Vi € 1. (i) = bind(u, (i)

* (Vv € supp(u).OWn(F, k(1) (v), pe) = True)

F Cy-.True o

Lemma D.5.5. C-FALSE is sound.

Proof. Assume a € M; is such that V(a) and that it satisfies C, v. False. By
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definition, this means that, for some %y, uo, po, and «o:

(%0, Ho> po) = a (D.4)
Vi € 1. uo(i) = bind(u, xo(i)) (D.5)
Vv € supp(u). False(Fo, ko(1)(v), po) (D.6)

Let vo € supp(u)—we know one exists because y is a (discrete) probability distri-
bution. Then by (D.6) on vy we get False (%o, «o(I)(vo), po) holds. Since False(-)

is by definition false, we get False(a) holds ex falso. o

Lemma D.5.6. C-CONS is sound.

Proof. Assume a € M; is such that V(a) and that it satisfies C, v. K(v). By defi-

nition, this means that, for some %, uo, po, and «:

(%o, to, po) 2 a (D.7)
Vi € I. uo(i) = bind(, ko(i)) (D.8)
Vv € supp(u). K (v) (%o, ko(1)(v), po) (D.9)

Then by the premise Vv. K(v) + K’(v) and (D.9) we obtain

Vv € supp(u). K’ (v)(Fo, ko(1)(v), po) (D.10)
By (D.7), (D.8), and (D.10) we get C,, v. K’(v) as desired. O

Lemma D.5.7. C-FRAME is sound.

Proof. Assume a € M; is such that V(a) and that it satisfies P *+ C, v. K(v). By

definition, this means that there exist some (71, u1, p1), (%2, 42, p2), and « such
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that

(F1, 1, p1) - (F2, a2, p2) 2 a (D.11)
P(F1, 11, p1) (D.12)

Vi € I (i) = bind(u, k(i) (D.13)

Vv € supp(p). K(v)(F2, k(1) (v), p2) (D.14)

Now let:

(F", 1, p") = (F1(D), 1 () @& (F2(0), p2 (i) K (i) = .y (i) @ k(i) (v)

By lemma D.2.7, for each i € I:

(F' ', p") = (F1(), u1 (i) ® (F2(0), ua(i))
= (F1(i) ® F2(i), bind (i, Mv. 111 (i) @ k(i) (v)))  (By lemma D.2.7)

= (F1()) ® F2(i), bind(u, «'(i)))
Notice that «’(I)(v) = u; ® «(I)(v). Thus we obtain:

(F.1,p) 2a (D.15)

Vi € .y’ (i) = bind(u, £ (7)) (D.16)
and for all v € supp(u),

(F1, w1, p1) ® (F2, k(D) (v), p2) = (F', pu @ k(D) (v), p) 2 (F', &' (D)(v), p') (D.17)

P(F1, 11, p1) (D.18)
K(v) (2, k(1)(v), p2) (D.19)
which gives us that a satisfies C, v. (P * K(v)) as desired. O

Lemma D.5.8. C-UNIT-L is sound.

Proof. Straightforward. O
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Lemma D.5.9. C-UNIT-R is sound.

Proof. We prove the two directions separately.

Forward direction £ ¢ u+ C,v.|[E =v| By unfolding the assumption £ % pu

we get that there exist 7, u such that:
Own(F, 1) * "E < (F (i), u(i))" # “p = pu(i) o E7'"
holds. Let

L ()i # sy o DX N(E=v)TD
<=M T @ =

Av.yy if j=1i

That is, (j) maps every v to u(j) when i # j, while when i = j it maps v
to the distribution u(i) conditioned on E = v. Note that « is well defined

because

1. although the events X N (E = v)~! and (E = v)~! might not belong to
¥ (i), their probability is uniquely determined by almost measurabil-

ity of E;
2. we are only interested in the cases where v € supp(u), which implies

that the denominator is not zero: u(i)((E =v)~!) = u(v) > 0.
By construction we obtain that

Vj €1 u(j) = bind(u, k(j)) (D.20)

Vv € supp(p). k(D(V)((E =v)™) =1 (D.21)

From (D.21) we get that [E = v| holds on (¥ (i), (i) (v), p(i)), from which
it follows that:

own(F,«k(I)(v),p) = [E=v
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Therefore we obtain

3F, 1k, p.OWN(F, u, p) * "Vj € L.u(j) =bind(u, k()"

* (Vv € A,.0wn(F,k(I)(v),p) =+ [E =V])

which gives us C, v. [E = v| by proposition D.4.1.

Backward direction C,v. [E =v]| + E & p First note that

E=v|(¥,«(v),p)
= (((E =v) € true) & 5True)(T»K(I)(V)’p)
& ((E = v) € true) < (7). k(i) (v)) A 5o = k(i) (v) o (E = v) € true)”!

& ((E =v) etrue) < (F (i), k(@) (v)) A b, = k(i)(v) o E7!

for some «. This implies "E < ¥ (i), k(i)(v)". Then, for any value v €

supp(4),

u(i) o E7(v) = (bind(u, k(1)) © E™')(v)
= bind (s, (i) (™ (v))
= > () - k()N ET (1)

v’ €supp ()

= > u() - (kD) 0 ET(v)

v'esupp ()

= ) u() 60 (v)

v’ esupp(u)

= p(v)

This implies the pure facts that E < (F (i), u(i)) and u = u(i) o E~!. There-
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fore:

Cuv.[E=v|+3F,u,«,p.Own(F,u,p)*"Vjelu(j)=bind(u, «(j))"
* (Vv € A,.0wn(F,k(I)(v),p) =+ [E =v])
F3F, 1. OWN(F, ) % "E < (F (i), (i) % "p = p(i) o E77

FE L u m|

Lemma D.5.10. C-ASSOC is sound.

Proof. Define «’ = Av.bind(x(v), Aw.return(v, w)). We start by rewriting the as-
sumption C,v. Cc) w. K(v,w) so that k” is used and K depends only on the

binding of the innermost modality:

Cuv.Cy w.K(v,w) F Cyv. Crry(V',w). K(v, w) (C-TRANSF, C-CONS)

F Cuv.Cony(V,w). K(v',w) (C-PURE, C-CONS)

C-TRANSF is applied to the innermost modality by using the bijection f,(w) =

(v,w). Then, since (v',w) € supp(k’(v)) = v =/, we can replace v’ for v in K.
Our goal is now to prove:
Cuv.Coy(V,w). K(V',w) F Coind(ux) (Vs w). K(V', w)
Let a € M; be such that V(a) and that it satisfies C, v. Cx () (V',w). K(V', w).
From this assumption we know that, for some %y, 1o, po, and «o:

(Fo, o, po) 2 a (D.22)

Viel. uy(i) =bind(u, ko (i)) (D.23)
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such that ¥Yv € supp(u), there are some ", uY, p}, and k| satisfying:

(T]vuu‘fa P‘f) = (%a KO(I)(V)’ PO) (D24)
Vi e 1. uy(i) = bind(«’(v), ] (7)) (D.25)
V(v',w) € supp(k'(v)). KOV, w)(F, k] (1) (v',w), p]) (D.26)

Our goal is to prove Cpind(u«)(V',w). K(v',w) holds on a. To this end, we

want to show that there exists Ké such that:

Vi € 1. uo(i) = bind(bind(u, '), k5 (i) (D.27)

V(v',w) € supp(bind(u, ). K(v', w) (%o, &5 (1) (v'), po) (D.28)

Now let

Ko (i) = MV, w). & (D) (Vs w).
which by construction and eq. (D.25) gives us
py (i) = bind(«’(v), k] (7)) = bind(«"(v), k2(i))

Therefore, by eq. (D.24), we can apply lemma D.2.4 and obtain that there exists

a K’2 such that

ko (i) (v) = bind(«'(v), k5(i)) (D.29)

(Fo, &5() (Vs w)) 2 (FY, k2(D) (Vs w)) = (7, &4 () (v, w)) (D.30)
By egs. (D.23) and (D.29) we have:

po(i) = bind(, ko (7))
= bind(u, Av. bind(«’(v), k5 (i))) By associativity of bind

= bind(bind(u, &), &5 (i))
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which proves eq. (D.27).

Finally, to prove eq. (D.28), we can observe that (v',w) € supp(bind(u, «"))
implies v' € supp(u); therefore, by (D.26), upward closure of K (v’, w), and (D.30)

and (D.24), we can conclude K (v', w) holds on (%o, &5 (1)(v), po), as desired. O

Lemma D.5.11. C-UNASSOC is sound.

Proof. Assume a € M is such that V(a) and that it satisfies Cping(ux) w- K(w).

By definition, this means that, for some %o, 1o, po, and «o:

(%o, to, Po) 2 a (D.31)
Vi € I. uo(i) = bind(bind(u, «), k(7)) (D.32)
Vw € supp(bind(u, )). K (w) (%o, ko(I) (W), po) (D.33)

Our goal is to show that a satisfies C, v. Cy(,) w. K(w), for which it would suffice

to show that there is a «; such that:
Vi € 1. uo(i) = bind(u, 1 (7)) (D.34)
and for all v € supp(u) there is a «} with

Viel.k(i)(v) = bind(x(v), &5 (i) (D.35)

Vw € supp(k(v)). K (w)(Fo, k3 (1)(w), po) (D.36)

To prove this we let

k1 (i) = Av.bind(k(v), k(7)) k5 (i) = ko (i)

By the associativity of bind we have
po(i) = bind(bind(u, k), k(i) = bind(x, Av.biNd(k(v), ko(i))) = bind(u, k1 (i)
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which proves (D.34). By construction,
k1(i)(v) = bind(k(v), ko (7)) = bind(x(v), k5 (i))

proving (D.35). Finally, v € supp(u) and w € supp(x(v)) imply w €
supp(bind(u, )), so by (D.33) we proved (D.36), concluding the proof. m]

Lemma D.5.12. C-SKOLEM is sound.

Proof. For any resource r = (F, i, p),

(Cyv.3x:Var.Q(v,x))(F, u, p)

& k. Vi € Lu(i) = bind(u, k(i) AVv € supp(u). (3x: X.Q(v,x))(F,«(I)(v), p)

For all v € supp(u), 3x:X.Q(v,x) holds on (F,«(I)(v),p). Thus,
Q(v,x,)(F,«(I)(v), p) holds for some x,. Then define f : A — Var by letting

f(v) =x, for v € supp(u). Then,

Jk. Vi € L.u(i) = bind(u, k(i) A Vv € supp(u). Q(v, f(W)(F,«k(I)(v), p)
And therefore ¥, u, p satisfies 3f: A — Var.C,v.Q(v,x). O

Lemma D.5.13. C-TRANSF is sound.

Proof. For any resource a = (F, u, p), if (C,v. K(v))((F, i, p)), then

k. (F,u,p) 2a AViel. u(i)=bind(u, (i)

A Vv € supp(u).(K(v))((F, k(1) (v), p))
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u = bind(y, k) says that for any E € 7,

p(E) =" u(v) - k() (v)(E)

vesupp(u)

= Z u(f) - k(D (f(v))(E) (Because f is bijective)
v|f(v)esupp(u)

= Z H ) - k(D(f()(E) (Because u'(v) = u(f(v)))

vesupp(u’)

= bind(x’, Mv. k(1) (f (v)))(E)
Thus, u = bind(y’, Av. k(1) (f(v))). Furthermore, (K(f(v)))((F,«(I)(f(v)), p)).
Thus, if we denote Av. x(I)(f(v)) as «/, it satisfies

(T,#,p) <aANVie I/J(l) = bind(,u,’K,(i))

A Vv € supp(u).(K(v))((F, & (1) (v), p))

Thus, (G}, v. K(£(:)) (F 4, p)). o

Lemma D.5.14. SURE-STR-CONVEX is sound.

Proof. Assume a € M; is a valid resource that satisfies C, v.(K(v) * [E). Then,

by definition, we know that, for some (%o, 1o, po) and «o:

(%0, o, po) 2 a (D.37)

Vi € I. uo(i) = bind(u, ko (i) (D.38)

and, for all v € supp(u), there are (F", u{, p}), (¥, 13, p3) such that

(?:11}9 /Jllja PY) ) (?zv’ /J;’ p;) = (%’KO(I)(V)a PO) (D39)
KW)(F)', uy> py) (D.40)
E(F,), 1y, p3) (D.41)
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From (D.41) we know that for all v € supp(u) there are L}, L;, U}, U; € %, (i)

such that:

Ly c E™'(False) C U} wy(Ly) = us(Uy) =0

LY c E7!(True) c U} (L)) = py(UY) =1
Without loss of generality, all L, LY, Uy, U{ can be assumed to be only non-trivial
on FV(E). Consequently, we can also assume that pj(x) < 1 for every x, and in

addition p(x) > 0if and only if x € FV E and j = i. From these components we

can construct a new resource:

O'({mvesum)(ﬂ) LY, Uvesupp(p) Ulv}) if j=1i

F3(J) =
{Mem|[Var], 0} if j#£i
M3 = pols
min{p;(x)|v € supp(u)} if j=i Ax e FV(E)
pP3 = Ax.

0 otherwise

By construction we obtain that Vj € I.73(j) € %o(j), and that V(73, u3, p3).

Now letting p| = po — p3, we obtain a valid resource (%o, to, p})-

Moreover, we have ¥p = Fo@Fzand Vj € I.VX € F3(j). u3(X) € {0, 1}, which

means that forany X € 73 and Y € %o, uz(X) - po(Y) = po(XNY). Then, by (D.38):

(%o, bind(u, ko), p) ® (73, 13, p3) 2 (Fo, Ho, po) = a

To close the proof it would then suffice to show that C,v.K(v) holds on
(%o, bind(, ko), p}) and that [E] holds on (73(j), u3, p3). The latter is obvious.
The former follows from the fact that «o(j YWler = 1 () by upward-closure

and (D.40) this means that, for all v € supp(u):
KW)(F", 11s py) = K)(Fo, ko (D) (v), p))

358



which proves our claim. o

Lemma D.5.15. C-FOR-ALL is sound.

Proof. By unfolding the definitions,

C.v.Vx: X.0(v)
& 3F, uo, k. OWN((F, o)) * Vi € I. uo(i) = bind(u, k(i)
« (Ya € A, OWn((F, [i k(i) (a) | i € I])) = Vx : X.0(v))
= Vx : X.3F, o, k. OWn((F, o)) * "Vi € I. (i) = bind(u, k(i)
« (Ya € A, OWNn((F, [i: k(i) (a) | i € I])) « Q(v))

SVx X Cuv.0(v)

Lemma D.5.16. C-PURE is sound.

Proof. We first prove the forward direction: For any a € M, if

("u(X) =1"%C,.K(v))((a)), then there exists some Fy, 1o, po, and ko:

(%0, Ho> po) 2 a
Vi € I. uo(i) = bind(u, xo(i))

Vv € supp(u). (K(v))((Fo, ko (1) (v), Po))

The pure fact "u(X) = 1" implies that X 2 supp(u) , and thus for every
v € supp(u), "v € X'. Therefore, (K(v))((Fo, ko(I)(v), po)), which witnesses that
(Cu."veXT=K(v))((a).

We then prove the backward direction: if C,."v € X '+ K(v), then there exists
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%o, Mo, Po, and ko:

(%0, o, po) 2 a
Vi € I. uo(i) = bind(u, xo(7))

Vv e supp(p). ("v e X7« K(v))((Fo, ko (1) (v), po))

Then it must X 2 supp(u), which implies that " x(X) = 1. Meanwhile, "v € X «
K(v) holding on (%o, xo(I)(v), po) implies that K(v) holds on (%o, ko(I)(v), po)

Therefore, "u(X) = 1" * C, .K(v) holds on a. ]

D.5.2 Soundness of Primitive WP Rules

Structural Rules

Lemma D.5.17. WP-CONS is sound.

Proof. For any resource q, if (wpt{Q})(a), then

Vuo.Ve. (a-c) = po = 3b. ((b-c) = [1] (ko) A (Q)((B)))

From the premise O + Q’, and the fact that » must be valid for (b - ¢) 2 ] (uo)

to hold, we have that Q(b) implies Q’(b). Thus, it must

Yuo.Ye. (a-c¢) 2 po = 3b. ((b-c) 2 [t](uo) A Q'(b)),
which says (wp{Q’})(a). O

Lemma D.5.18. WP-FRAME is sound.
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Proof. Let a € M; be a valid resource such that it satisfies P + wpz{Q}. By

definition, this means that, for some ai, as:

ayj-axy=a (D.42)
P(ay) (D.43)
Yuo, c. (az-c) 2 po = 3b. ((b-c) =[] (o) A Q(b)) (D.44)

Our goal is to prove a satisfies wpt { P * Q}, which, by unfolding the definitions,

amounts to:

Ja' 2 a.Yug,c'.(a’-c") 2 po = 3by, b. ((by-b)-c") 2 1] (o) AP(b1)AQ(D) (D.45)

Our goal can be proven by instantiating a’ = (a; -a2) and b = a;, from which

we reduce the goal to proving, for all uo, c’:
((a1-az) -¢') 2 po = 3b. (a1 - b) - ') 2 [t]|(uo) A P(ar) NQ(b)  (D.46)

We have that P(a;) holds by (D.43). By associativity and commutativity of the

RA operation, we reduce the goal to:
(az-(ar-¢)) 2 po = 3b.(b-(ar- ")) 2 [t](uo) A Q(b) (D.47)
This follows by applying assumption (D.44) with ¢ = (a; - ¢’). o

Lemma D.5.19. C-WP-SWAP is sound.

Proof. By the meaning of conditioning modality and weakest precondition

transformer,

(ownyar A Cyv.wpt{Q(v)})(a)
& oWNnyar(a) A3F, 1, pk. (Fou, p) 2 a AVi e I u(i) =bind(u, k(7))
A Vv € supp(p).(wpt {Q(v)})(F, k(1) (v), p)
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Intuitively, for each v, running ¢ on each fibre (¥, «(I)(v), p) gives a output re-

source that satisfies Q(v).

Assume V(a) holds and let a = (%4, Ha, Pa). By lemma D.2.4, when
(F,u,p) 2 a, p = bind(u, ) iff that there exists k” such that u, = bind(u, ")

and «(I)(v) € «”(I)(v) for every v. Thus,

(Cuv.wpt {Q(W)})(Fas Ha> Pa) & Tk. Vi € 1. ua(i) = bind(u, ”(i))
A Vv € supp(u).(wpt {Q(v))(F, k(1) (v), p)

We want to show that
wpt{C,v.Q(v)}(a)

which is equivalent to
Vu' . Nc.a-c 2p' = 3d".a - c 2] (@) A(CLQ(V))(a).

Let’s fix an arbitrary y’, ¢ that satisfy V(a - ¢) Aa - ¢ < a,, we try to construct
a corresponding a’. The high-level approach that we will take is to show that
running ¢ on a takes us to a resource that is equivalent to bind the set of output

resource satisfying Q(v) to u.

Recall that a = (%4, tta, pa) also satisfies ownyyr, which says 7, = Zyar. We
claim thata-c 2 (Zvar, ¢, p1) holds implies that the probability space c is trivial.
Say ¢ = (F¢, Me, pe), then for any E € 7, the event E must also in ¥, and Xy,
because they are the full sigma algebra. By definition of a - ¢ X (Zvar, &', p1), we

have
He(E) - pa(E) = W' (ENE) = y'(E). (D.48)

Another implication of a - ¢ X (Zvar, ¢, p1) is that we have u.(E) = p'(E) and
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Hq(E) = p'(E). Combining with eq. (D.48), we can conclude
W(E) - p'(E) = W' (E),

which implies that u.(E) = ¢/'(E) € {0,1}. Therefore, c is a trivial probability

space and

(ﬁl’K(I)(V),pa) = (7-;17K(1)(V)’pa)

Furthermore, for every v € supp(u), we have (wpt{Q(v)})(F,«(I)(v),p)
which implies
V&' (Fas k(1) (v), pa) - ¢ 2 K (1) (v) (D.49)

= Jay. (ay - ¢ 2 [J( (D)) A Q) (ay). (D.50)

Therefore,

a-c=ay = Vv esupp(u).(V((Fa, k(1) (v), pa) - ¢) A (Far k(D) (V), pa) - ¢ 2 (Zvar, k(1) (v), 1)
(By D.2.7 and D.2.4)

= Vv € supp(u).Ja,. V(a, - ¢) A (ay - ¢ 2 Evar, [1](«(1)(v)), 1)) A Q(v)(ay)
(By eq. (D.49))

= Vv € supp(u).pa, + Pc 2 1A QW) Zvar, [¢] (' (1)(v)),1).

(By upwards closure)

Let a;, = (Zvar, [t] (K (I)(v)), pa). Because pu.(E) € {0,1} for any E € ¥,
for every v, we have (Zvar, [ (' (I)(v))) - (Fe, uc) defined and thus a), - ¢ valid.

Define
a = (Zvar, bind (g, Av. [[t]] (K/(I) (v)), pa)
By lemma D.2.7, V(aj,-c) forall v € supp, implies V(a’-c). Also, because Q(v)(ay)

forallve A,, (C,v.Q(v))(a’). Thus, (wpt{C,v.Q(v)})(a). O
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Program Rules

Lemma D.5.20. WP-SKIP is sound.

Proof. Assume a € M; is valid and such that P(a) holds. By unfolding the

definition of WP, we need to prove
Yuo.Ve. (a-c¢) 2 po= 3b. ((b-¢) 2 [[t](ro) A P(b))
which follows trivially by [ [i: skip] ]| (10) = po and picking b = a. m|

Lemma D.5.21. WP-SEQ is sound.

Proof. Assume ag € M is a valid resource such that (wp [i:#] {wp [i:#'] {Q}})(ao)
holds. Our goal is to prove (wp ([i:2;']) {Q})(ao) holds, which unfolds by defi-

nition of WP into:

Yuo. Yeo. (ao - co) 2 o = Jaz. ((az - co) 2 [[i:t;71] (o) A Q(a2)) (D.51)

Take an arbitrary ug and co such that (ag - co) < po. By unfolding the WPs in

the assumption, we have that there exists a a; € M; such that:

(ay - co) 2 [[1:¢]] (po) (D.52)

Yui.Ver. (ar - c1) 2 pp = 3az. ((az - c1) 2 [[E7]] (1) A Q(a2)) (D.53)

We can apply (D.53) to (D.52) by instantiating u; with [[[i:7]] (1), and ¢; with

co, obtaining:

Jaz. ((az - co) 2 [Li: /TN L= 1] (10) A Q(a2))

Since by definition, [[#;#']|(xo0) = [#']([](#0)), we obtain the goal (D.51) as de-

sired. O
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Lemma D.5.22. WP-ASSIGN is sound.

Proof. Leta € M, be a valid resource, and let a(i) = (7, u, p). By assumption we
have p(x) = 1 and p(y) > O for all y € FV(e). We want to show that a satisfies

wp [i: x :=e] {[x = e]}. This is equivalent to
Vuo.Ve. (a-c 2 ug) = 3b. (b-c 2 [ [irx:=e]](no) A [x =e](D))
We show this holds by picking b as follows:
b = ali: (Fp, up, p)] Fo = {Mem[Var],0,A,Mem[Var] \ A} A = {s[x > [e](s)]ls € Mem[Var]
where y;, is determined by setting u,(A) = 1.

By construction we have that [x = e](b) holds. To close the proof we then

need to show that (b - ¢) = [[[i: x:=e]](u0)-

Let c(i) = (F¢, te, pe). Observe that by the assumptions on p, we have V(b)
since ¥}, is only non-trivial on FV(e) U {x}; moreover, by the assumption V(a - c¢)
we have that V(p + p.) holds, which means that p.(x) = 0, and thus #. is trivial

on x.
Let us define the function pre: (Mem|[Var]) — % (Mem| Var]) as:

pre(X) = {sls[x — [e] ()] € X}.

That is, pre(X) is the weakest precondition (in the standard sense) of the assign-

ment. By construction, we have:

pre(A) = Mem| Var]| pre(X; N X,) = pre(X;) N pre(X3)

pre(Mem[Var] \ A) =0 pre(X.) = X, for all X, € F.
In particular, the latter holds because 7. is trivial in x.

365



By unfolding the definition of [ - ||, it is easy to check that for every X e

ZMem [Var]-

[ := €] (10) (X) = po(pre(X))

We are now ready to show (b-¢) = [[[i: x :=e] ] (10) by showing that (%, up)®
(Fer tte) = (Fp @ Fe [ x:= €] (no) | (7,07.)) Where o = uo(i). To show this it suffices
to prove that for every X, € ¥, and every X, € %, [x:=e](uo)(Xp N X,) =

1p(Xp) - e (X:). We proceed by case analysis on Xj:

Case: X;, = A Then:

[x:=e](10)(A N Xc) = po(pre(A N X))
= uo(pre(A) N pre(X.))
= uo(Mem|[Var] N pre(X,))
= po(pre(Xc))
= up(A) - po(X.)

= up(A) - pe(Xe)
Case: X, = Mem|[Var] \ A Then:

[%:=e](uo)(Mem[Var] \ AN X.) = uo(pre((Mem|[Var] \ A) N X))
= po(pre(Mem[Var] \ A) N pre(X,))

= uo(0 N pre(X,))
=0

= up(Mem[Var] \ A) - u.(X,)

Case: X;, = Mem[Var] or X;, = 0 Analogous to the previous cases. m|

Lemma D.5.23. WP-SAMP is sound.
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Proof. Assume a € M; is valid and such that a(i) = (¥, i, p), with p(x) = 1. Our

goal is to show that a satisfies wp [i: x = d (V) | {x £ d(V)} which is equivalent to

proving, for all uo and for all ¢:

(@-c=2pp)=3b.(b-c2li:x=d )] (ro) A (x 2 d(¥))(D)) (D.54)
Let uo = po(i) and p; = [[x = d (V) [|(uo). Moreover, let ¢(i) = (Fe, tes Pe)-
Observe that by the assumptions on p and validity of a - ¢, we have p.(x) = 0,

which means ¥ is trivial on x. We aim to prove (D.54) by letting

>

b = ali: (Fp, up, po)] Mp = pilg,

Fp = o ({[}]{s € Mem[Var]|s(x) = v}|v € Val)

>

Py = (x:1)

Note that by construction V(p, + p.), and V(b) since ¥} is only non-trivial

in x. Similarly to the proof for section 5.4, we define the function

pre: &»(Mem|Var]) —» (Mem|Var]) as:

pre(X) = {s|3v € Val. s[x — v] € X}.

Since ¥. is trivial on x, for all X, € ¥, pre(X.) = X.. Moreover, for all X;, €

b \ {0}, pre(X,) = Mem|[Var], since Xj, is trivial on every variable except x.

By unfolding the definitions, we have:

w1 (X) =[x~ d ) [ (uo)(X)

= > mo(pre(s)) - [d] () (s(x))

seX
We now show that (%5, up) ®(Fe, pe) = (Fp®Fe, pil(5,07,.)) by showing that for all

Xp € Fpand X, € For u1(Xp N Xe) = up(Xp) - ue(Xe). To prove this we first define
V: P?(Mem|[Var]) —» %(Val) as V(X) £ {s(x)|s € X}, and S,, = {s]|s(x) = w}. We
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observe that X}, = 4,,cv(x,) Sw, and thus X, N X = 4,,ey(x,)(Xc N Sy); moreover,

pre(X. N Sy,) = {s|s[x — w] € X.} = X.. Thus, we can calculate:

ui(Xp N Xe) = > o(pre(s)) - [d] () (s(x))

seXpNX,

= > wore(s)) - [d1F)(w)

weV(Xp) seX.NSyy

D ([[d]l(vxw) - Zuo(pre(S)))

weV(Xp) seX:NSyy

= Z |Id]] (V)(w) - uo(pre(Xe N SW)))

WEV(Xb)

-1 2. [[d]](vxw)) - po(Xe)

weV(Xp)

= up(Xp) - pe(Xe)

The last equation is given by a - ¢ < up which implies that u. = pol#., and by:

2, Ho(pre(s)) - [d](F) (s(x))

seXp

DD ro(pre(s)) - [d] () (w)

weV(Xp) seSw

D Ldl @ o)

weV(Xp)

up(Xp) = p1(Xp)

Finally, we need to show (x ¢ d(V))(b) which amounts to proving x < (%5, up)
and [d]](¥) = upox~!. The former holds because by construction x is measurable
in F,. For the latter, for all W C Val:

(1 0 x™ Y (W) = (7' (W)) = > LAl H) (w) = D [d] () (w) = [d] ) (W). ©

weV (x~H(W)) wew

Lemma D.5.24. WP-IF-PRIM is sound.
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Proof. For any valid resource a,

(if vthen wp [i: 1] {Q(1)} else wp [i:12] {Q(0)})(a)
(wp [i:6:]{Q(D (@) ifv =1

(wp [i:2] {Q(0)})(a) otherwise

=

3b.(b-c) 2 [i: 1] (o) AQ(1)(b) ifv=1
S Yup.Ve.(a-¢) 2 po =

3b.(b-c) 2 [i: 2] (o) A Q(0)(b) otherwise
& Yuop.Ve.(a-¢) 2 up=3b. (b-c) X [i:ifvthent else ] (uo) A Q(v = 1)(b)

=(wp [i:if vthent; else 1] {Q(v = 1)})(a)

Lemma D.5.25. WP-BIND is sound.

Proof. For any resource a = (¥, u, p), ([e = v]=wp [i: 8[\1]] {0 (F, u, p) iff there

exists (1, u1, p1), (%2, 2, p2) such that

(fe=v])(F1, u1, P1)

(wp [ii S[V]] {OD) (F2, 2, p2)
(F1, 11, p1) * (F2, p2, p2) 2 (F, s p)

By the upwards closure, we also have

([e=vD)(F,u,p)

(wp [i! S[V]] {OH (T, 1. p)

The fact that ([e = v])(F1, u1, p1) implies that u;((e = v)~!(True)) = 1, which

implies that [e] (s) = v for all s € supp(u1(i)).
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By lemma D.1.3, we have for any s € Mem|[ Var],

Kl ELelll(s) = K& el ()T (),

which implies that for any po over Zyem[var]

[Elelll(1o) = s — uo; K[E[el] (s)
=5 po; K[E[[e] ()1 (s)
=5 — po; K[EV]](s)

= [Ev1] (o).
Define w1}, = [ [i: &[v]]]o. Thus, (wp [i: 8[\/]] (0))(a) iff
Vio.Ve. (V(a-e) Aa-c S ay) = 3d'.(V(d ) Ad -c < ay AQ(d))
iff
Yuo.Ve.(V(a-c)Aa-c =ay) =3a’.(V(d' -c)ANa' -c = au A 0(a"))

i (wp [i: a[e]] {Q})((a))-

Lemma D.5.26. WP-LOOP-UNF is sound.

Proof. By definition,

[repeat (n+1) t](u) = (s « w; 5" — loop,(n, s); K[t](s"))

= [(zepeat n 1); 1] (1)
thus the rule follows from the argument of lemma D.5.21.

Lemma D.5.27. WP-LOOP is sound.

Proof. By induction on n.
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Base case n = 0 Analogously to lemma D.5.20 since, by definition, [ repeat 07 (xo) =
Ho-

Induction step n > 0 By induction hypothesis P(0) - wp [j: repeat (n —1) t] {P(n-
1)} holds, and we want to show that P(0) - wp [j: repeat n t] {P(n)}. By
lemma D.5.26, it suffices to show P(0) + wp [j: repeat (n— 1) t] {wp [j:t] {P(n)}}.
By applying the induction hypothesis and lemma D.5.17 we are left with
proving P(n — 1) + wp [j:t] {P(n)} which is implied by the premise of the

rulewithi=n-1<n. O

D.5.3 Soundness of Derived Rules

In this section we provide derivations for the rules we claim are derivable in

BLUEBELL.

Ownership and Distributions

Lemma D.5.28. SURE-DIRAC is sound.

Proof.

E &6, 4 3F, . Own((F, p)) * "uo E-' =46,
4 3F, 1. OWn((F, 1) = "o (E=v)"" = 61rue

4 [E=v O

Lemma D.5.29. SURE-EQ-IN]J is sound.
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Proof.

[E=v|*[E=V|FE L6, xE L6, (SURE-DIRAC)
FE 26, ANE &6,
FTo, =0, (DIST-INJ)

Fry =y O

Lemma D.5.30. SURE-SUB is sound.

Proof.

Ey 2 px[(Ex=f(E1))|F Cuv.[Er=v]*[(E2= f(E1))| (C-UNIT-R, C-FRAME)

F Cuv. |[Er=vAEy= f(E)] (SURE-MERGE)
F Cyv.[Ex= f(v)] (C-CONS)
F Cuv.Csy,y V- [Ex =V (C-UNIT-L)
F CuV.[Ey =V (C-ASSOC, C-SURE-PROYJ)

where u’=bind(u, Ax. 6 () = u o f~1. By C-UNIT-R we thus get E; £ po f71. O

Lemma D.5.31. DIST-FUN is sound.

Proof. Assume E: Mem|[Var] — A and f: A — B, then:

Efpur Cyv.[(E=v)] (C-UNIT-R)
- Cuv.[(foE) = f(V)] (c-cONS)
F Cuv. Cs, o, V. [(fOE) = V] (C-UNIT-1)
F CuV. [(foE)=V] (C-ASSOC, C-SURE-PROYJ)

where p' = bind(u, Ax. 7)) = o f71. By C-UNIT-R we thus get (f o E) &

,uof_l. mi
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Lemma D.5.32. DIRAC-DUP is sound.

Proof.
E L6, [E=v]| (SURE-DIRAC)
FIE=v]|*|[E=v] (SURE-MERGE)
FE L6, %«E L0, (SURE-DIRAC)
O

Lemma D.5.33. DIST-SUPP is sound.

Proof.
ExXpur Cyv.[E=v] (C-UNIT-R)
Fu(supp(p)) =17« Cyv.[E =]
F Cyv.("v esupp(p)” * [E =v]) (C-PURE)

F Cuv.([E=v]*[E €supp(u)])

F(Cyv.[E=v])*[E € supp(u)] (SURE-STR-CONVEX)
FE & u=*|E €supp(u)] (C-UNIT-R)
o

Lemma D.5.34. PROD-UNSPLIT is sound.

Proof.

Ey 2y *Ey & g+ Cyyvi. Cyyva. ([E1 = vi] % [E3 =v2])  (C-UNIT-R, C-FRAME)

F Cuyvi- Cuy va. [(E1, E2) = (vi,v2) ] (SURE-MERGE)
F Cuyous (i, v2). [(E1, E2) = (vi,v2)] (C-ASSOC)
F(E1LE2) i ® po (C-UNIT-R)
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Joint conditioning

Lemma D.5.35. C-FUSE is sound.

Proof. Recall that u <« = A(v,w). u(v)x(v)(w). which can be reformulated as

1 =<k =bind(u, Av. (bind(k(v), Aw. return(v, w)))).
The (+) direction is an instance of C-ASSOC.
The (4) direction follows from C-UNASSOC:

C/J-<K(v/7 W,)- K(Vl’ W,) F Cu V. Cbind(x(v),kw.d(v,w)) (V,’ W/)- K(V,a W,)
F Cuv. Ceyw. Cs, ., (Vs W) K(V', W)

F Cuv.Ceyw. K(v,w)

Lemma D.5.36. C-SWAP is sound.

Proof.

Cuyv1-Cuy v2. K(vi,v2) b Cuyops (Vi,v2). K(vi,v2)

F Cuyv2. Cyyvi- K(vi,v2)

Where
p1® po = py < (Ao pro) = pp < (Ao 1)

justifies the applications of C-FUSE.

Lemma D.5.37. SURE-CONVEX is sound.
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Proof. By SURE-STR-CONVEX with K = True. O

Lemma D.5.38. Section 5.3.5 is sound.

Proof.
Cuv.EXpu' v Cyv.Cyw.[E=w] (C-UNIT-R)
FCuww.Cyv.|E=w| (C-SWAP)
F Cuww.|E=w] (SURE-CONVEX)
FE & 4 (C-UNIT-R)
O

Lemma D.5.39. The following rule is sound:

V(v,-) € supp(u).Vu'. Cy w. P(v) + P(v)

Cu(v,w).P(v) i+ Clon-1 v.P(v)

Proof. Assume that for all (v,_) € supp(u), Vu'.Cy w. P(v) + P(v) (ie. P(v) is

convex). By lemma D.1.2 there is some « such that u = (uo 7Y <«k. Then:

Cu(v,w). P(v) 4F Cyop-1 V. Ciy w. P(v) (C-FUSE)

AF Cpor-1 V. P(v)

The last step is justified by the convexity assumption in the (+) direction, and

by C-TRUE and C-FRAME in the (4) direction. O

Lemma D.5.40. C-SURE-PROJ is sound.

Proof. By lemma D.5.39 and lemma D.5.37. |

Lemma D.5.41. Section 5.3.5 is sound.
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Proof.

Cu Vi (|—E1 =v;|*xEp) & ,uz) F Cu Vi (|—E1 =y = Cu, V2. [E,y = V2-|) (C-UNIT-R)
b Cuyvi-Cuyva. ([E1 =vi] % [Ex =v2]) (C-FRAME)

F Cuvi-Cuy v2. [E1 =vi A Ey =vy| (SURE-MERGE)

F Cuiep (1, v2). [(E1, E2) = (v, v2) ] (C-ASSOC)
F(E1, E2) & (1 ® o) (C-UNIT-R)
FEy A pup*Ey & pp (PROD-SPLIT)

O

Lemma D.5.42. Section 5.3.5 is sound.

Proof. By lemma D.5.39 and lemma D.5.38. O

Weakest Precondition

Lemma D.5.43. Section 5.4 is sound.

Proof. Special case of WP-LOOP with n = 0, which makes the premises trivial. O

Lemma D.5.44. Section 5.4 is sound.
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Proof. From the premises, we derive:

Pxle=1]rwp[l:t;]{O(1)} Pxle=0]+wp[l:t2] {Q(0)}

Vb e{0,1}.P«[e=1]rifbthenwp [1:1;]{Q(1)} else wp [1:1,] {Q(0)}

WP-IF-PRIM
Vbe{0,1}.P«[e=b| +rwp[l:(if b thent else )] {Q(b =1)}
WP-BIND
Vbe{0,1}.P«[e=b]| rwp[l:(if e thent else)]|{Q(b =1)}
C-CONS

Cgb.(P+le=b])FCgb.wp[l:(if e thent else )] {Q(b=1)}

C-UNIT-R,C-FRAME
Pxe2fI-Cgb.wp[l:(if e thent elsen)]{Q(b=1)}

C-WP-SWAP
Pxe X Brwp[l:(if e thent| else)]{Csb.Q(b =1)}
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